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Introduction

This is an introduction to linear algebra. The main part of the book features row operations
and everything is done in terms of the row reduced echelon form and specific algorithms.
At the end, the more abstract notions of vector spaces and linear transformations on vector
spaces are presented. However, this is intended to be a first course in linear algebra for
students who are sophomores or juniors who have had a course in one variable calculus
and a reasonable background in college algebra. I have given complete proofs of all the
fundamental ideas but some topics such as Markov matrices are not complete in this book but
receive a plausible introduction. The book contains a complete treatment of determinants
and a simple proof of the Cayley Hamilton theorem although these are optional topics.
The Jordan form is presented as an appendix. I see this theorem as the beginning of more
advanced topics in linear algebra and not really part of a beginning linear algebra course.
There are extensions of many of the topics of this book in my on line book [9]. T have also
not emphasized that linear algebra can be carried out with any field although I have done
everything in terms of either the real numbers or the complex numbers. It seems to me this
is a reasonable specialization for a first course in linear algebra.
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2.0.1 Outcomes

A. Understand the symbol, F" in the case where F equals the real numbers, R or the
complex numbers, C.

B. Know how to do algebra with vectors in F”, including vector addition and scalar
multiplication.

C. Understand the geometric significance of an element of F” when possible.

The notation, C™ refers to the collection of ordered lists of n complex numbers. Since
every real number is also a complex number, this simply generalizes the usual notion of
R™, the collection of all ordered lists of n real numbers. In order to avoid worrying about
whether it is real or complex numbers which are being referred to, the symbol F will be
used. If it is not clear, always pick C.

Definition 2.0.1 Define F" = {(x1,--- ,x,) 1 2; €F forj=1,--- ,n}.

(xlv"' axn):(yla"' ayn)

if and only if for all j = 1,--- ,n, x; = y;. When (x1,--- ,x,) € F", it is conventional
to denote (z1,--- ,xy) by the single bold face letter, x. The numbers, x; are called the
coordinates. The set

{(07 707ta05 ’O)tEF}

for t in the ith slot is called the it" coordinate azis. The point 0 = (0, - - - ,0) is called the
origin. Elements in F™ are called vectors.

Thus (1,2,44) € F3? and (2,1,4i) € F? but (1,2,4i) # (2,1,44) because, even though the
same numbers are involved, they don’t match up. In particular, the first entries are not
equal.

The geometric significance of R™ for n < 3 has been encountered already in calculus or
in pre-calculus. Here is a short review. First consider the case when n = 1. Then from the
definition, R! = R. Recall that R is identified with the points of a line. Look at the number
line again. Observe that this amounts to identifying a point on this line with a real number.
In other words a real number determines where you are on this line. Now suppose n = 2
and consider two lines which intersect each other at right angles as shown in the following
picture.



10 FY

6

Notice how you can identify a point shown in the plane with the ordered pair, (2,6).
You go to the right a distance of 2 and then up a distance of 6. Similarly, you can identify
another point in the plane with the ordered pair (—8,3). Go to the left a distance of 8 and
then up a distance of 3. The reason you go to the left is that there is a — sign on the eight.
From this reasoning, every ordered pair determines a unique point in the plane. Conversely,
taking a point in the plane, you could draw two lines through the point, one vertical and the
other horizontal and determine unique points, z; on the horizontal line in the above picture
and x5 on the vertical line in the above picture, such that the point of interest is identified
with the ordered pair, (z1,22). In short, points in the plane can be identified with ordered
pairs similar to the way that points on the real line are identified with real numbers. Now
suppose n = 3. As just explained, the first two coordinates determine a point in a plane.
Letting the third component determine how far up or down you go, depending on whether
this number is positive or negative, this determines a point in space. Thus, (1,4, —5) would
mean to determine the point in the plane that goes with (1,4) and then to go below this
plane a distance of 5 to obtain a unique point in space. You see that the ordered triples
correspond to points in space just as the ordered pairs correspond to points in a plane and
single real numbers correspond to points on a line.

You can’t stop here and say that you are only interested in n < 3. What if you were
interested in the motion of two objects? You would need three coordinates to describe
where the first object is and you would need another three coordinates to describe where
the other object is located. Therefore, you would need to be considering R®. If the two
objects moved around, you would need a time coordinate as well. As another example,
consider a hot object which is cooling and suppose you want the temperature of this object.
How many coordinates would be needed? You would need one for the temperature, three
for the position of the point in the object and one more for the time. Thus you would need
to be considering R®. Many other examples can be given. Sometimes n is very large. This
is often the case in applications to business when they are trying to maximize profit subject
to constraints. It also occurs in numerical analysis when people try to solve hard problems
on a computer.

There are other ways to identify points in space with three numbers but the one presented
is the most basic. In this case, the coordinates are known as Cartesian coordinates after
Descartes! who invented this idea in the first half of the seventeenth century. I will often
not bother to draw a distinction between the point in space and its Cartesian coordinates.

The geometric significance of C™ for n > 1 is not available because each copy of C
corresponds to the plane or R2.

1René Descartes 1596-1650 is often credited with inventing analytic geometry although it seems the ideas
were actually known much earlier. He was interested in many different subjects, physiology, chemistry, and
physics being some of them. He also wrote a large book in which he tried to explain the book of Genesis
scientifically. Descartes ended up dying in Sweden.
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2.1 Algebra in F”

There are two algebraic operations done with elements of F”. One is addition and the other
is multiplication by numbers, called scalars. In the case of C™ the scalars are complex
numbers while in the case of R™ the only allowed scalars are real numbers. Thus, the scalars
always come from F in either case.

Definition 2.1.1 Ifx € F" and a € F, also called a scalar, then ax € F" is defined by
ax =a(x1, - ,x,) = (az1, - ,azy,) . (2.1)
This is known as scalar multiplication. If x,y € F" then x +y € F" and is defined by

X+y:(1’13"' 7xn)+(y17"' 7yn)
=@ +y, %0+ Yn) (2.2)

F™ is often called n dimensional space. With this definition, the algebraic properties
satisfy the conclusions of the following theorem.

Theorem 2.1.2 For v,w € F" and «, 8 scalars, (real numbers), the following hold.

V4+W=W+V, (2.3)
the commutative law of addition,
(v+w)+z=v+(w+12), (2.4)
the associative law for addition,
v+0=v, (2.5)
the existence of an additive identity,
v+ (—v) =0, (2.6)

the existence of an additive inverse, Also

a(v+w)=avtaw, (2.7)
(a+ B) v =av+pv, (2.8)
a(pBv) =apf(v), (2.9)
v =v. (2.10)

In the above 0 = (0,--- ,0).

You should verify these properties all hold. For example, consider 2.7

a(v+w)=a(vy+wy, v, +wy,)
= (a(v1 +w1), (v, +wn))
= (av1 + awy, -, qU, + qwy,)
= (auy, - ,avy) + (qwy, -, awy,)
= av + aw.

As usual subtraction is defined as x —y = x+ (—y).
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2.2 Geometric Meaning Of Vectors

The geometric meaning is especially significant in the case of R™ for n = 2,3. Here is a
short discussion of this topic.

Definition 2.2.1 Let x = (1, -+ ,Zn) be the coordinates of a point in R™. Imagine an
arrow with its tail at 0 = (0,---,0) and its point at x as shown in the following picture in
the case of R3.

(!E1,CE27$3) =X

Then this arrow is called the position vector of the point, x. Given two points, P,(Q
whose coordinates are (p1,--+ ,pn) and (q1,- -, qn) respectively, one can also determine the
position vector from P to Q defined as follows.

—
PQ=(q1—p1, 40 — Pn)

Thus every point determines a vector and conversely, every such vector (arrow) which
has its tail at O determines a point of R”, namely the point of R™ which coincides with the
point of the vector. Also two different points determine a position vector going from one to
the other as just explained.

Imagine taking the above position vector and moving it around, always keeping it point-
ing in the same direction as shown in the following picture.

(551,3727553) =X

e

After moving it around, it is regarded as the same vector because it points in the same
direction and has the same length#Thus each of the arrows in the above picture is regarded
as the same vector. The components of this vector are the numbers, x1, -+ ,z,. You
should think of these numbers as directions for obtainng an arrow. Starting at some point,
(a1,a9, -+ ,a,) in R™ you move to the point (a; + 1, -+ ,a,) and from there to the point
(a1 + x1,a2 + x2,a3- -+ ,a,) and then to (a; + x1,as + x2,a3 + 23, -+ ,a,) and continue
this way until you obtain the point (a1 + 1, a2 + z2,- -+ ,a, + ). The arrow having its
tail at (a1,as2, - ,a,) and its point at (a; + 1,a2 + xa, - ,a, + ) looks just like the
arrow which has its tail at O and its point at (z1,---,z,) so it is regarded as the same
vector.

2.3 Geometric Meaning Of Vector Addition

It was explained earlier that an element of R™ is an n tuple of numbers and it was also
shown that this can be used to determine a point in three dimensional space in the case

2] will discuss how to define length later. For now, it is only necessary to observe that the length should
be defined in such a way that it does not change when such motion takes place.
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where n = 3 and in two dimensional space, in the case where n = 2. This point was specified
relative to some coordinate axes.

Consider the case where n = 3 for now. If you draw an arrow from the point in three
dimensional space determined by (0,0,0) to the point (a,b,c¢) with its tail sitting at the
point (0,0,0) and its point at the point (a,b,c), this arrow is called the position vector
of the point determined by u = (a,b,¢). One way to get to this point is to start at (0,0,0)
and move in the direction of the z; axis to (a,0,0) and then in the direction of the xo axis
to (a,b,0) and finally in the direction of the x5 axis to (a,b, c). It is evident that the same
arrow (vector) would result if you began at the point, v = (d, e, f), moved in the direction
of the x; axis to (d + a,e, f), then in the direction of the xo axis to (d+a,e+b, f), and
finally in the x5 direction to (d+ a,e+b, f + ¢) only this time, the arrow would have its
tail sitting at the point determined by v = (d, e, f) and its point at (d + a,e+ b, f +¢). It
is said to be the same arrow (vector) because it will point in the same direction and have
the same length. It is like you took an actual arrow, the sort of thing you shoot with a bow,
and moved it from one location to another keeping it pointing the same direction. This
is illustrated in the following picture in which v + u is illustrated. Note the parallelogram
determined in the picture by the vectors u and v.

Thus the geometric significance of (d, e, f) + (a,b,¢) = (d+a,e+ b, f + ¢) is this. You
start with the position vector of the point (d,e, f) and at its point, you place the vector
determined by (a,b,c) with its tail at (d, e, f). Then the point of this last vector will be
(d+a,e+b, f+c). This is the geometric significance of vector addition. Also, as shown
in the picture, u + v is the directed diagonal of the parallelogram determined by the two
vectors u and v. A similar interpretation holds in R™,n > 3 but I can’t draw a picture in
this case.

Since the convention is that identical arrows pointing in the same direction represent
the same vector, the geometric significance of vector addition is as follows in any number of
dimensions.

Procedure 2.3.1 Let u and v be two vectors. Slide v so that the tail of v is on the point
of u. Then draw the arrow which goes from the tail of u to the point of the slid vector, v.
This arrow represents the vector u + v.
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u+v

—
Note that P+PQ = Q.

2.4 Distance Between Points In R” Length Of A Vector

How is distance between two points in R™ defined?

Definition 2.4.1 Let x =(x1, - ,x,) and y =(y1, -+ ,Yn) be two points in R™. Then
|x —y| to indicates the distance between these points and is defined as

n 1/2
distance between x andy =|x—y| = (Z |y — yk2> .
k=1

This is called the distance formula. Thus |x| = |x — 0|. The symbol, B (a,r) is defined
by

B(a,r)={xeR":|x—a|<r}.
This is called an open ball of radius r centered at a. It means all points in R™ which are
closer to a than r. The length of a vector x is the distance between x and 0.

First of all note this is a generalization of the notion of distance in R. There the distance

between two points, « and y was given by the absolute value of their difference. Thus |z — y|
1/2

is equal to the distance between these two points on R. Now |z — y| = ((x — y)2> where
the square root is always the positive square root. Thus it is the same formula as the above
definition except there is only one term in the sum. Geometrically, this is the right way to
define distance which is seen from the Pythagorean theorem. Often people use two lines
to denote this distance, ||x — y||. However, I want to emphasize this is really just like the
absolute value. Also, the notation I am using is fairly standard.

Consider the following picture in the case that n = 2.

(ylv yQ)

A

There are two points in the plane whose Cartesian coordinates are (z1,z2) and (y1,y2)
respectively. Then the solid line joining these two points is the hypotenuse of a right triangle
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which is half of the rectangle shown in dotted lines. What is its length? Note the lengths
of the sides of this triangle are |y; — 21| and |y2 — 22| . Therefore, the Pythagorean theorem
implies the length of the hypotenuse equals

1/2 1/2
(|y1 — x|+ Jyo — 962|2> = ((yl —21)° + (y2 — CEQ)Q)

which is just the formula for the distance given above. In other words, this distance defined
above is the same as the distance of plane geometry in which the Pythagorean theorem
holds.

Now suppose n = 3 and let (21,22, x3) and (y1, y2, y3) be two points in R3. Consider the
following picture in which one of the solid lines joins the two points and a dotted line joins
the points (x1,z2,x3) and (y1,y2, z3) .

) (y1, Y2, 93)

B (y17y27x3)

(@1, 22,23) " 0 0 ) )

By the Pythagorean theorem, the length of the dotted line joining (x1,z2,z3) and
(y1, Y2, x3) equals

((yl - CE1)2 + (Y2 — 962)2)1/2

while the length of the line joining (y1,y2, x3) to (y1, Y2, y3) is just |ys — x3|. Therefore, by
the Pythagorean theorem again, the length of the line joining the points (z1,z2,2z3) and

(y1,¥y2,y3) equals

1/2

{ [((yl —21)" + (y2 — 1?2)2)1/1 2 + (y3 — $3)2}

= ((Zh —x1)? + (y2 — 22)° + (y3 — x3)2)1/2 ;

which is again just the distance formula above.

This completes the argument that the above definition is reasonable. Of course you
cannot continue drawing pictures in ever higher dimensions but there is no problem with
the formula for distance in any number of dimensions. Here is an example.

Example 2.4.2 Find the distance between the points in R* a = (1,2, —4,6) andb = (2,3, —1,0)
Use the distance formula and write

la—b>=(1-2°+2-3%+(—4—(=1))*+ (6 —0)*> =47
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Therefore, |a — b| = /47.

All this amounts to defining the distance between two points as the length of a straight
line joining these two points. However, there is nothing sacred about using straight lines.
One could define the distance to be the length of some other sort of line joining these points.
It won’t be done in this book but sometimes this sort of thing is done.

Another convention which is usually followed, especially in R? and R? is to denote the
first component of a point in R? by z and the second component by 3. In R3 it is customary
to denote the first and second components as just described while the third component is
called z.

Example 2.4.3 Describe the points which are at the same distance between (1,2,3) and
(0,1,2).

Let (z,vy, z) be such a point. Then

V-2 -2+ -3 =2+ y -1+ (- - 2"

Squaring both sides
(=1 +@-2"+(=-3)" =2+ (y— 1)+ (-2’

and so

2?24+ 14+ —dy+ 22 —6z=a24+9° -2y +5+ 22— 4z
which implies

2414 -4y — 62 = -2y +5—4z

and so

2x + 2y + 2z = —9. (2.11)

Since these steps are reversible, the set of points which is at the same distance from the two
given points consists of the points, (x,y, z) such that 2.11 holds.

There are certain properties of the distance which are obvious. Two of them which follow
directly from the definition are

x—yl=ly —x[,
|x —y| > 0 and equals 0 only if y = x.

The third fundamental property of distance is known as the triangle inequality. Recall that
in any triangle the sum of the lengths of two sides is always at least as large as the third
side. I will show you a proof of this later. This is usually stated as

Ix+y| < x|+ 1y]-

Here is a picture which illustrates the statement of this inequality in terms of geometry.

X+Yy
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2.5 Geometric Meaning Of Scalar Multiplication

As discussed earlier, x = (x1,%2,23) determines a vector. You draw the line from 0 to
x placing the point of the vector on x. What is the length of this vector? The length
of this vector is defined to equal |x| as in Definition 2.4.1. Thus the length of x equals
V2% + 23 + 23. When you multiply x by a scalar, a, you get (ax1, aza, axz) and the length

of this vector is defined as \/((ax1)2 + (amg)? + (ax3)2) = |a| /2% + 23 + x3. Thus the

following holds.

|ax| = [l [x].

In other words, multiplication by a scalar magnifies the length of the vector. What about
the direction? You should convince yourself by drawing a picture that if « is negative, it
causes the resulting vector to point in the opposite direction while if @ > 0 it preserves the
direction the vector points.

You can think of vectors as quantities which have direction and magnitude, little arrows.
Thus any two little arrows which have the same length and point in the same direction are
considered to be the same vector even if their tails are at different points.

You can always slide such an arrow and place its tail at the origin. If the resulting
point of the vector is (a,b,c), it is clear the length of the little arrow is va? + b2 + ¢2.
Geometrically, the way you add two geometric vectors is to place the tail of one on the
point of the other and then to form the vector which results by starting with the tail of the
first and ending with this point as illustrated in the following picture. Also when (a,b,c)
is referred to as a vector, you mean any of the arrows which have the same direction and

magnitude as the position vector of this point. Geometrically, for u = (u1, us, us) , au is any
of the little arrows which have the same direction and magnitude as (quq, ausg, cus) .

The following example is art which illustrates these definitions and conventions.

Exercise 2.5.1 Here is a picture of two vectors, u and v.
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T

Sketch a picture of u+ v,u — v, and u+2v.

First here is a picture of u + v. You first draw u and then at the point of u you place the
tail of v as shown. Then u + v is the vector which results which is drawn in the following
pretty picture.

Next consider u — v. This means u+ (—v). From the above geometric description of
vector addition, —v is the vector which has the same length but which points in the opposite
direction to v. Here is a picture.

Finally consider the vector u+2v. Here is a picture of this one also.

2v

u-—+2v
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2.6 Vectors And Physics

Suppose you push on something. What is important? There are really two things which are
important, how hard you push and the direction you push. This illustrates the concept of
force.

Definition 2.6.1 Force is a vector. The magnitude of this vector is a measure of how hard
it is pushing. It is measured in units such as Newtons or pounds or tons. Its direction is
the direction in which the push is taking place.

Vectors are used to model force and other physical vectors like velocity. What was just
described would be called a force vector. It has two essential ingredients, its magnitude and
its direction. Geometrically think of vectors as directed line segments or arrows as shown in
the following picture in which all the directed line segments are considered to be the same
vector because they have the same direction, the direction in which the arrows point, and

the same magnitude (length).

Because of this fact that only direction and magnitude are important, it is always possible
to put a vector in a certain particularly simple form. Let pq be a directed line segment or
vector. Then it follows that pq consists of the points of the form

p+t(q—p)

where t € [0,1]. Subtract p from all these points to obtain the directed line segment con-
sisting of the points
0+t<q_p)v te [071}

The point in R™, q — p, will represent the vector.
Geometrically, the arrow, pq, was slid so it points in the same direction and the base is
at the origin, 0. For example, see the following picture.

/

In this way vectors can be identified with points of R™.

Definition 2.6.2 Let x =(x1, -+ ,x,) € R". The position vector of this point is the
vector whose point is at x and whose tail is at the origin, (0,---,0). If x=(x1, - ,Zn)
is called a vector, the vector which is meant is this position vector just described. Another
term associated with this is standard position. A vector is in standard position if the tail
is placed at the origin.



20 FY

It is customary to identify the point in R™ with its position vector.
The magnitude of a vector determined by a directed line segment pq is just the distance
between the point p and the point q. By the distance formula this equals

n 1/2
(Z (ax — pk)2> =|p—d|

k=1

and for v any vector in R™ the magnitude of v equals (3°)_; v,%)l/Q =1v|.

Example 2.6.3 Consider the vector, v =(1,2,3) in R™. Find |v|.

First, the vector is the directed line segment (arrow) which has its base at 0 = (0,0, 0)
and its point at (1,2,3). Therefore,

lv| = V12 +22 + 32 = V14,

What is the geometric significance of scalar multiplication? If a represents the vector, v
in the sense that when it is slid to place its tail at the origin, the element of R™ at its point

is a, what is rv?
" 1/2 " 1/2
lrv| = <Z (rai)2> = <Z r? (ai)2>
k=1

k=1
1/2 - i
= (?) (Za?) = |r||v].
k=1

Thus the magnitude of rv equals |r| times the magnitude of v. If r is positive, then the
vector represented by rv has the same direction as the vector, v because multiplying by the
scalar, r, only has the effect of scaling all the distances. Thus the unit distance along any
coordinate axis now has length r and in this rescaled system the vector is represented by a.
If » < 0 similar considerations apply except in this case all the a; also change sign. From
now on, a will be referred to as a vector instead of an element of R™ representing a vector
as just described. The following picture illustrates the effect of scalar multiplication.

e

Note there are n special vectors which point along the coordinate axes. These are

where the 1 is in the i*" slot and there are zeros in all the other spaces. See the picture in
the case of R?.

es3 4
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The direction of e; is referred to as the i*" direction. Given a vector, v = (ai,--- ,a,),
a;e; is the it component of the vector. Thus ae; = (0,---,0,a;,0,---,0) and so this
vector gives something possibly nonzero only in the i*" direction. Also, knowledge of the i*"
component of the vector is equivalent to knowledge of the vector because it gives the entry
in the i*" slot and for v = (ay, -+ ,an),

n
vV = E a;e;.
k=1

What does addition of vectors mean physically? Suppose two forces are applied to some
object. Each of these would be represented by a force vector and the two forces acting
together would yield an overall force acting on the object which would also be a force vector
known as the resultant. Suppose the two vectors are a :ZZZI a;e; and b 222:1 bse;.
Then the vector, a involves a component in the i** direction, a;e; while the component in
the i*" direction of b is b;e;. Then it seems physically reasonable that the resultant vector
should have a component in the i*" direction equal to (a; + b;) e;. This is exactly what is
obtained when the vectors, a and b are added.

a+b= (Cl1+b1,~~- aan+bn)-
n
= (ai—&—bi)ei.
=1

7

Thus the addition of vectors according to the rules of addition in R™ which were presented
earlier, yields the appropriate vector which duplicates the cumulative effect of all the vectors
in the sum.

What is the geometric significance of vector addition? Suppose u, v are vectors,

u:(ulv"' 7Un)7V:(’U1,"' avn>

Then u+v =(uj + vy, ,uy + v,) . How can one obtain this geometrically? Consider the
directed line segment, Ou and then, starting at the end of this directed line segment, follow
the directed line segment u (u + v) to its end, u + v. In other words, place the vector u in
standard position with its base at the origin and then slide the vector v till its base coincides
with the point of u. The point of this slid vector, determines u + v. To illustrate, see the
following picture

Note the vector u + v is the diagonal of a parallelogram determined from the two vec-
tors u and v and that identifying u + v with the directed diagonal of the parallelogram
determined by the vectors u and v amounts to the same thing as the above procedure.

An item of notation should be mentioned here. In the case of R™ where n < 3, it is
standard notation to use i for eq,j for es, and k for e3. Now here are some applications of
vector addition to some problems.

Example 2.6.4 There are three ropes attached to a car and three people pull on these ropes.
The first exerts a force of 2i+3j—2k Newtons, the second ezerts a force of 3i+5j + k Newtons
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and the third exerts a force of 51 — j+2k. Newtons. Find the total force in the direction of
i.

To find the total force add the vectors as described above. This gives 10i+7j + k
Newtons. Therefore, the force in the i direction is 10 Newtons.
As mentioned earlier, the Newton is a unit of force like pounds.

Example 2.6.5 An airplane flies North East at 100 miles per hour. Write this as a vector.

A picture of this situation follows.

The vector has length 100. Now using that vector as the hypotenuse of a right triangle
having equal sides, the sides should be each of length 100/v/2. Therefore, the vector would
be 100/+/2i + 100//2j.

This example also motivates the concept of velocity.

Definition 2.6.6 The speed of an object is a measure of how fast it is going. It is measured
in units of length per unit time. For example, miles per hour, kilometers per minute, feet
per second. The velocity is a vector having the speed as the magnitude but also specifying
the direction.

Thus the velocity vector in the above example is 100/+/2i + 100/v/2j.

Example 2.6.7 The velocity of an airplane is 100i+ j+k measured in kilometers per hour
and at a certain instant of time its position is (1,2,1). Here imagine a Cartesian coordinate
system in which the third component is altitude and the first and second components are
measured on a line from West to East and a line from South to North. Find the position of
this airplane one minute later.

Consider the vector (1,2,1), is the initial position vector of the airplane. As it moves,
the position vector changes. After one minute the airplane has moved in the i direction a
distance of 100 x 61—0 = % kilometer. In the j direction it has moved % kilometer during this
same time, while it moves 6—10 kilometer in the k direction. Therefore, the new displacement
vector for the airplane is

5 1 1 8 121 121
1,2,1 - —,— ==z, —,—
(”)+<3’60’60> (3’ 60’60)
Example 2.6.8 A certain river is one half mile wide with a current flowing at 4 miles per
hour from FEast to West. A man swims directly toward the opposite shore from the South

bank of the river at a speed of 8 miles per hour. How far down the river does he find himself
when he has swam across? How far does he end up swimming?

Consider the following picture.
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—_—

You should write these vectors in terms of components. The velocity of the swimmer in
still water would be 3j while the velocity of the river would be —4i. Therefore, the velocity
of the swimmer is —4i 4 3j. Since the component of velocity in the direction across the river
is 3, it follows the trip takes 1/6 hour or 10 minutes. The speed at which he travels is
V42 + 32 = 5 miles per hour and so he travels 5 x % = % miles. Now to find the distance
downstream he finds himself, note that if = is this distance,  and 1/2 are two legs of a
right triangle whose hypotenuse equals 5/6 miles. Therefore, by the Pythagorean theorem
the distance downstream is

(5/6) — (1/2)? = ; miles.

2.7 Exercises With Answers

1. The wind blows from West to East at a speed of 30 kilometers per hour and an airplane
which travels at 300 Kilometers per hour in still air is heading North West. What is
the velocity of the airplane relative to the ground? What is the component of this
velocity in the direction North?

Let the positive y axis point in the direction North and let the positive x axis point in
the direction East. The velocity of the wind is 30i. The plane moves in the direction
i+ j. A unit vector in this direction is % (i+j). Therefore, the velocity of the plane
relative to the ground is 30i+% (i+j) = 150v/2j + (30 4+ 150v/2) i. The component

of velocity in the direction North is 150/2.

2. In the situation of Problem (1l how many degrees to the West of North should the
airplane head in order to fly exactly North. What will be the speed of the airplane
relative to the ground?

In this case the unit vector will be —sin (6) i+ cos (0) j. Therefore, the velocity of the
plane will be
300 (—sin (6) i+ cos (9) j)

and this is supposed to satisfy

300 (—sin (8) i+ cos (0) j) + 30i = 0i+7j.
Therefore, you need to have sin @ = 1/10, which means # = . 100 17 radians. Therefore,
the degrees should be @ = 5.7296 degrees. In this case the velocity vector of the
plane relative to the ground is 300 (%) j

3. In the situation of 2/ suppose the airplane uses 34 gallons of fuel every hour at that air
speed and that it needs to fly North a distance of 600 miles. Will the airplane have
enough fuel to arrive at its destination given that it has 63 gallons of fuel?

The airplane needs to fly 600 miles at a speed of 300 (‘{—9709). Therefore, it takes

600

Tan (Y = 2.0101 hours to get there. Therefore, the plane will need to use about
o

68 gallons of gas. It won’t make it.
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4. A certain river is one half mile wide with a current flowing at 3 miles per hour from

East to West. A man swims directly toward the opposite shore from the South bank
of the river at a speed of 2 miles per hour. How far down the river does he find himself
when he has swam across? How far does he end up swimming?

The velocity of the man relative to the earth is then —3i + 2j. Since the component
of j equals 2 it follows he takes 1/8 of an hour to get across. During this time he is
swept downstream at the rate of 3 miles per hour and so he ends up 3/8 of a mile

down stream. He has gone (%)2 + (%)2 = .625 miles in all.

. Three forces are applied to a point which does not move. Two of the forces are

2i — j + 3k Newtons and i — 3j — 2k Newtons. Find the third force.

Call it ai + bj + ck Then youneed a+2+1=0,b—1-3=0,and c+3 -2 = 0.
Therefore, the force is —3i + 4j — k.



Systems Of Equations

3.0.1 Outcomes

A. Relate the types of solution sets of a system of two or three variables to the intersections
of lines in a plane or the intersection of planes in three space.

B. Determine whether a system of linear equations has no solution, a unique solution or
an infinite number of solutions from its echelon form.

C. Solve a system of equations using Gauss elimination.

D. Model a physical system with linear equations and then solve.

3.1 Systems Of Equations, Geometric Interpretations

As you know, equations like 2x + 3y = 6 can be graphed as straight lines in R?. To find
the solution to two such equations, you could graph the two straight lines and the ordered
pairs identifying the point (or points) of intersection would give the z and y values of the
solution to the two equations because such an ordered pair satisfies both equations. The
following picture illustrates what can occur with two equations involving two variables.

™~

‘one solution two glarallel lines inﬁnitelc}i .
no solutions many solutions
T T T

In the first example of the above picture, there is a unique point of intersection. In the
second, there are no points of intersection. The other thing which can occur is that the
two lines are really the same line. For example, x +y = 1 and 2z + 2y = 2 are relations
which when graphed yield the same line. In this case there are infinitely many points in the
simultaneous solution of these two equations, every ordered pair which is on the graph of
the line. It is always this way when considering linear systems of equations. There is either
no solution, exactly one or infinitely many although the reasons for this are not completely
comprehended by considering a simple picture in two dimensions, R2.

Example 3.1.1 Find the solution to the system x +y =3, y —x = 5.

25
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You can verify the solution is (z,y) = (—1,4) . You can see this geometrically by graphing
the equations of the two lines. If you do so correctly, you should obtain a graph which looks
something like the following in which the point of intersection represents the solution of the
two equations.

(Ivy) = (7174) —

Example 3.1.2 You can also imagine other situations such as the case of three intersecting
lines having no common point of intersection or three intersecting lines which do intersect
at a single point as illustrated in the following picture.

Y Y

/

In the case of the first picture above, there would be no solution to the three equations
whose graphs are the given lines. In the case of the second picture there is a solution to the
three equations whose graphs are the given lines.

The points, (z,y, z) satisfying an equation in three variables like 2z + 4y — 5z = 8 form
a plane %' and geometrically, when you solve systems of equations involving three variables,
you are taking intersections of planes. Consider the following picture involving two planes.

1Don’t worry about why this is at this time. It is not important. The following discussion is intended
to show you that geometric considerations like this don’t take you anywhere. It is the algebraic procedures
which are important and lead to important applications.
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Notice how these two planes intersect in a line. It could also happen the two planes
could fail to intersect.

Now imagine a third plane. One thing that could happen is this third plane could have
an intersection with one of the first planes which results in a line which fails to intersect the
first line as illustrated in the following picture.

New Plane

/

Thus there is no point which lies in all three planes. The picture illustrates the situation
in which the line of intersection of the new plane with one of the original planes forms a line
parallel to the line of intersection of the first two planes. However, in three dimensions, it
is possible for two lines to fail to intersect even though they are not parallel. Such lines are
called skew lines. You might consider whether there exist two skew lines, each of which
is the intersection of a pair of planes selected from a set of exactly three planes such that
there is no point of intersection between the three planes. You can also see that if you tilt
one of the planes you could obtain every pair of planes having a nonempty intersection in a
line and yet there may be no point in the intersection of all three.

It could happen also that the three planes could intersect in a single point as shown in

the following picture.

New Plane

In this case, the three planes have a single point of intersection. The three planes could



28 SYSTEMS OF EQUATIONS

also intersect in a line.

Thus in the case of three equations having three variables, the planes determined by
these equations could intersect in a single point, a line, or even fail to intersect at all. You
see that in three dimensions there are many possibilities. If you want to waste some time,
you can try to imagine all the things which could happen but this will not help for more
variables than 3 which is where many of the important applications lie.

Relations like © + y — 2z + 4w = 8 are often called hyper-planes.? However, it is
impossible to draw pictures of such things.The only rational and useful way to deal with
this subject is through the use of algebra not art. Mathematics exists partly to free us from
having to always draw pictures in order to draw conclusions.

2

3.2 Systems Of Equations, Algebraic Procedures

3.2.1 Elementary Operations

Consider the following example.
Example 3.2.1 Find x and y such that

r4+y=7and 2z —y=_8. (3.1)
The set of ordered pairs, (x,y) which solve both equations is called the solution set.

You can verify that (z,y) = (5,2) is a solution to the above system. The interesting
question is this: If you were not given this information to verify, how could you determine
the solution? You can do this by using the following basic operations on the equations, none
of which change the set of solutions of the system of equations.

Definition 3.2.2 Elementary operations are those operations consisting of the follow-
mng.

1. Interchange the order in which the equations are listed.

2The evocative semi word, “hyper” conveys absolutely no meaning but is traditional usage which makes
the terminology sound more impressive than something like long wide flat thing.Later we will discuss some
terms which are not just evocative but yield real understanding.
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2. Multiply any equation by a nonzero number.
3. Replace any equation with itself added to a multiple of another equation.

Example 3.2.3 To illustrate the third of these operations on this particular system, con-
sider the following.

rH+y="7

20 —y =8

The system has the same solution set as the system

r+y="7
—3y=-6"

To obtain the second system, take the second equation of the first system and add -2 times
the first equation to obtain
—3y = —6.

Now, this clearly shows that y = 2 and so it follows from the other equation that z4+2 =7
and so z = 5.

Of course a linear system may involve many equations and many variables. The solution
set is still the collection of solutions to the equations. In every case, the above operations
of Definition [3.2.2] do not change the set of solutions to the system of linear equations.

Theorem 3.2.4 Suppose you have two equations, involving the variables, (x1,--- ,Zy)
Ei= f1, B = fo (3.2)

where Ey and Es are expressions involving the variables and fi and fo are constants. (In
the above example there are only two variables, x and y and Fy = x +y while Fy = 2x —y.)
Then the system Ey = f1, Es = fo has the same solution set as

Ei=fi, BEa+aE = fo+afi. (3.3)

Also the system E1 = f1, Es = fo has the same solutions as the system, Es = fo, B4 = f1.
The system Ey = fi1,E> = fo has the same solution as the system E1 = f1,aFE> = af
provided a # 0.

Proof: If (x1,---,xz,) solves By = f1,E2 = fo then it solves the first equation in
Ey = f1, Es4+aFE] = fotaf,. Also, it satisfies aF1 = a f1 and so, since it also solves Fy = fo
it must solve Es + aFEy = fo + af;. Therefore, if (x1,--- ,x,) solves By = f1,Ey = fo it
must also solve Es +aFE7 = fa+afi. On the other hand, if it solves the system E; = f; and
Es +aFy = fo+ afy, then aF; = af; and so you can subtract these equal quantities from
both sides of Es+aF, = fo+af; to obtain Fo = f5 showing that it satisfies B4 = f1, Es = fo.

The second assertion of the theorem which says that the system E; = f1, Es = f3 has the
same solution as the system, Fs = fo, E1 = f1 is seen to be true because it involves nothing
more than listing the two equations in a different order. They are the same equations.

The third assertion of the theorem which says E; = fi1, Fo = fo has the same solution
as the system E7 = f1,aEs = afs provided a # 0 is verified as follows: If (x1,--- ,z,) is a
solution of Ey = f1, Fo = f5, then it is a solution to E1 = f1,aFE> = af; because the second
system only involves multiplying the equation, Fs = fs by a. If (21, -+ ,x,) is a solution
of Fy = f1,aFs = afs, then upon multiplying aFy = afs by the number, 1/a, you find that
Ey = fo.

Stated simply, the above theorem shows that the elementary operations do not change
the solution set of a system of equations.
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Here is an example in which there are three equations and three variables. You want to
find values for z,y, z such that each of the given equations are satisfied when these values
are plugged in to the equations.

Example 3.2.5 Find the solutions to the system,

T+ 3y + 6z =25
2z + Ty + 142 = 58 (3.4)
2y 452 =19

To solve this system replace the second equation by (—2) times the first equation added
to the second. This yields the system

T+ 3y + 6z =25
y+22z=28 (3.5)
2y4+52 =19

Now take (—2) times the second and add to the third. More precisely, replace the third
equation with (—2) times the second added to the third. This yields the system

r+3y+62=25
y+2z=28 (3.6)
z=3

At this point, you can tell what the solution is. This system has the same solution as the
original system and in the above, z = 3. Then using this in the second equation, it follows
y+ 6 = 8 and so y = 2. Now using this in the top equation yields x + 6 + 18 = 25 and so
x = 1. This process is called back substitution.

Alternatively, in [3.6] you could have continued as follows. Add (—2) times the bottom
equation to the middle and then add (—6) times the bottom to the top. This yields

r+3y="7
y=2
z=3

Now add (—3) times the second to the top. This yields

r=1
y=2,
z=3

a system which has the same solution set as the original system. This avoided back substi-
tution and led to the same solution set.

3.2.2 Gauss Elimination

A less cumbersome way to represent a linear system is to write it as an augmented matrix.
For example the linear system, 3.4/ can be written as

1 3 6 |25
2 7 14 |58
0 2 5 |19
It has exactly the same information as the original system but here it is understood there is
1 3 6
an x column, 2 |, ay column, 7 | and a z column, 14 ] . The rows correspond

0 2 )
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to the equations in the system. Thus the top row in the augmented matrix corresponds to
the equation,
T+ 3y + 6z = 25.

Now when you replace an equation with a multiple of another equation added to itself, you
are just taking a row of this augmented matrix and replacing it with a multiple of another
row added to it. Thus the first step in solving 3.4 would be to take (—2) times the first row
of the augmented matrix above and add it to the second row,

Note how this corresponds to 3.5l Next take (—2) times the second row and add to the
third,

This augmented matrix corresponds to the system

z+3y+62=25
y+22z=28
z=3

which is the same as 3.6l By back substitution you obtain the solution z = 1,y = 6, and
z=3.
In general a linear system is of the form

a11%1 + -+ a1pTn = by
, (3.7)

Am1T1 +  + A Tn = bm

where the z; are variables and the a;; and b; are constants. This system can be represented
by the augmented matrix,

| . (3.8)
Am1 e Amn | bm

Changes to the system of equations in 3.7/ as a result of an elementary operations translate
into changes of the augmented matrix resulting from a row operation. Note that Theorem
3.2.4/implies that the row operations deliver an augmented matrix for a system of equations
which has the same solution set as the original system.

Definition 3.2.6 The row operations consist of the following
1. Switch two rows.
2. Multiply a row by a nonzero number.
3. Replace a row by a multiple of another row added to it.

Gauss elimination is a systematic procedure to simplify an augmented matrix to a
reduced form. In the following definition, the term “leading entry” refers to the first
nonzero entry of a row when scanning the row from left to right.



32 SYSTEMS OF EQUATIONS

Definition 3.2.7 An augmented matriz is in echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of any
rows above it.

Definition 3.2.8 An augmented matriz is in row reduced echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of any
rows above it.

3. All entries in a column above and below a leading entry are zero.

4. FEach leading entry is a 1, the only nonzero entry in its column.

Example 3.2.9 Here are some augmented matrices which are in row reduced echelon form.

O OO
O O OO
o o= O
O O N Ot
S O @
o = o o
OO OO
[Nl )
OO = OO

| 0
| 0
| 0
| 1
| 0

Example 3.2.10 Here are augmented matrices in echelon form which are not in row re-
duced echelon form but which are in echelon form.

1 4
1065 8 | 2 35 |

020 | 7
0022713

oo 30
0000GO0] 1 000 | 1
00000O0T]O 000 |0

Example 3.2.11 Here are some augmented matrices which are not in echelon form.

00010
123 | 3 12| 3 ggg}g
0010 | 2 (24 ] =6 || 2§ ]
000 |1 40 | 7 001 |0
000710

Definition 3.2.12 A pivot position in a matrix is the location of a leading entry in an
echelon form resulting from the application of row operations to the matrix. A pivot column
is a column that contains a pivot position.

For example consider the following.

Example 3.2.13 Suppose

12 3 | 4
A=[3 21| &6
4 4 4 | 10

Where are the pivot positions and pivot columns?
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Replace the second row by —3 times the first added to the second. This yields

1 2 3 | 4
0 -4 —8 | —6
4 4 4 | 10

This is not in reduced echelon form so replace the bottom row by —4 times the top row
added to the bottom. This yields

1 2 3 | 4
0 -4 -8 | —6
0 -4 -8 | —6

This is still not in reduced echelon form. Replace the bottom row by —1 times the middle
row added to the bottom. This yields

1 2 3 | 4
0 -4 -8 | —6
00 0 | ©

which is in echelon form, although not in reduced echelon form. Therefore, the pivot posi-
tions in the original matrix are the locations corresponding to the first row and first column
and the second row and second columns as shown in the following:

1] 2 3 | 4
3 [2] 1] 6

4 4 4 | 10

Thus the pivot columns in the matrix are the first two columns.
The following is the algorithm for obtaining a matrix which is in row reduced echelon
form.

Algorithm 3.2.14

This algorithm tells how to start with a matrix and do row operations on it in such a
way as to end up with a matrix in row reduced echelon form.

1. Find the first nonzero column from the left. This is the first pivot column. The
position at the top of the first pivot column is the first pivot position. Switch rows if
necessary to place a nonzero number in the first pivot position.

2. Use row operations to zero out the entries below the first pivot position.

3. Ignore the row containing the most recent pivot position identified and the rows above
it. Repeat steps 1 and 2 to the remaining sub-matrix, the rectangular array of numbers
obtained from the original matrix by deleting the rows you just ignored. Repeat the
process until there are no more rows to modify. The matrix will then be in echelon
form.

4. Moving from right to left, use the nonzero elements in the pivot positions to zero out
the elements in the pivot columns which are above the pivots.

5. Divide each nonzero row by the value of the leading entry. The result will be a matrix
in row reduced echelon form.
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This row reduction procedure applies to both augmented matrices and non augmented
matrices. There is nothing special about the augmented column with respect to the row
reduction procedure.

Example 3.2.15 Here is a matriz.

OO O OO
OO o= O
SO~ =N
N O N =W
= O N W N

Do row reductions till you obtain a matriz in echelon form. Then complete the process by
producing one in reduced echelon form.

The pivot column is the second. Hence the pivot position is the one in the first row and
second column. Switch the first two rows to obtain a nonzero entry in this pivot position.

O OO oo
OO OO =
OO = N =
N O N Wk
—_— O NN W

Step two is not necessary because all the entries below the first pivot position in the resulting
matrix are zero. Now ignore the top row and the columns to the left of this first pivot
position. Thus you apply the same operations to the smaller matrix,

OO~ N
N O DN W
= O NN

The next pivot column is the third corresponding to the first in this smaller matrix and the
second pivot position is therefore, the one which is in the second row and third column. In
this case it is not necessary to switch any rows to place a nonzero entry in this position
because there is already a nonzero entry there. Multiply the third row of the original matrix
by —2 and then add the second row to it. This yields

01 1 4 3
00 2 3 2
00 0 -1 =2
0 0 0 O 0
00 0 2 1

The next matrix the steps in the algorithm are applied to is

-1 -2
0 0
2 1

The first pivot column is the first column in this case and no switching of rows is necessary
because there is a nonzero entry in the first pivot position. Therefore, the algorithm yields
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for the next step

01 1 4 3
00 2 3 2
00 0 -1 -2
0 0 0 O 0
000 0 =3

Now the algorithm will be applied to the matrix,

(%)

There is only one column and it is nonzero so this single column is the pivot column.
Therefore, the algorithm yields the following matrix for the echelon form.

01 1 4 3
00 2 3 2
00 0 -1 =2
000 0 =3
00 0 O 0

To complete placing the matrix in reduced echelon form, multiply the third row by 3 and
add —2 times the fourth row to it. This yields

011 4 3
00 2 3 2
000 =3 0
000 0 =3
000 0 O

Next multiply the second row by 3 and take 2 times the fourth row and add to it. Then
add the fourth row to the first.

01 1 4 0
0 0 6 9 0
000 -3 0
000 0 =3
0 0 0 O 0

Next work on the fourth column in the same way.

03 3 0 0
006 0 0
00 0 -3 0
00 0 0 =3
000 0 O

03 0 0 0
006 0 0
00 0 -3 0
000 0 -3
000 0 O
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Finally, divide by the value of the leading entries in the nonzero rows.

01 0 00
001 00
00 010
00 0 01
00 0 0O

The above algorithm is the way a computer would obtain a reduced echelon form for a
given matrix. It is not necessary for you to pretend you are a computer but if you like to do
so, the algorithm described above will work. The main idea is to do row operations in such
a way as to end up with a matrix in echelon form or row reduced echelon form because when
this has been done, the resulting augmented matrix will allow you to describe the solutions
to the linear system of equations in a meaningful way.

Example 3.2.16 Give the complete solution to the system of equations, bx+10y—T7z = —2,
20 +4y — 32 =—1, and 3x + 6y + 52 = 9.

The augmented matrix for this system is

2 4 -3 | -1
5 10 -7 | -2
36 5 | 9

Multiply the second row by 2, the first row by 5, and then take (—1) times the first row and
add to the second. Then multiply the first row by 1/5. This yields

w o N

4
0o 1 | 1
6

Now, combining some row operations, take (—3) times the first row and add this to 2 times
the last row and replace the last row with this. This yields.

2 4
00 1 | 1
00

This is impossible because the last row indicates the need for a solution to the equation
Ox 4+ 0y +0z=20

and there is no such thing because 0 # 20. This shows there is no solution to the three given
equations. When this happens, the system is called inconsistent. In this case it is very
easy to describe the solution set. The system has no solution.

Here is another example based on the use of row operations.

Example 3.2.17 Give the complete solution to the system of equations, 3xr —y — 5z = 9,
y— 10z =0, and -2z +y = —6.
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The augmented matrix of this system is

3 -1 -5 | 9
0 1 —10 | 0
2 1 0 | -6

Replace the last row with 2 times the top row added to 3 times the bottom row. This gives

3 -1 =5 | 9
0 1 —-10 | ©
0 1 -10 | 0

The entry, 3 in this sequence of row operations is called the pivot. It is used to create
zeros in the other places of the column. Next take —1 times the middle row and add to the
bottom. Here the 1 in the second row is the pivot.

3 -1 -5 | 9
0 1 —10 | 0
00 0 |0

Take the middle row and add to the top and then divide the top row which results by 3.

10 -5 | 3
01 —-10 | 0
00 0 | 0

This is in reduced echelon form. The equations corresponding to this reduced echelon form
are y = 10z and & = 3 + 5z. Apparently z can equal any number. Lets call this number,
t. ¥Therefore, the solution set of this system is = 3 + 5t,y = 10t, and z = t where t
is completely arbitrary. The system has an infinite set of solutions which are given in the
above simple way. This is what it is all about, finding the solutions to the system.

There is some terminology connected to this which is useful. Recall how each column
corresponds to a variable in the original system of equations. The variables corresponding to
a pivot column are called basic variables . The other variables are called free variables.
In Example [3.2.17] there was one free variable, z, and two basic variables, x and y. In de-
scribing the solution to the system of equations, the free variables are assigned a parameter.
In Example 3.2.17 this parameter was t. Sometimes there are many free variables and in
these cases, you need to use many parameters. Here is another example.

Example 3.2.18 Find the solution to the system

r+2y—z4+w=3
r+y—z+w=1
r+3y—z+w=>5

The augmented matrix is

12 -11 ] 3
11 -11 |1
13 -1 115

Take —1 times the first row and add to the second. Then take —1 times the first row and
add to the third. This yields

1 2 -11 ] 3
0 -1 0 0 | -2
0o 1 0 0 2

3In this context t is called a parameter.
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Now add the second row to the bottom row

1 2 -11 | 3
0 -1 0 0 | -2 (3.9)
00 0 0] O

This matrix is in echelon form and you see the basic variables are x and y while the free
variables are z and w. Assign s to z and ¢ to w. Then the second row yields the equation,
y = 2 while the top equation yields the equation, z + 2y — s+t = 3 and so since y = 2, this
gives x +4 — s+t = 3 showing that r = —1+s—t,y = 2,2 = s, and w = ¢t. It is customary
to write this in the form

x —1+s—t

Y _ 2

. = < . (3.10)
w t

This is another example of a system which has an infinite solution set but this time
the solution set depends on two parameters, not one. Most people find it less confusing
in the case of an infinite solution set to first place the augmented matrix in row reduced
echelon form rather than just echelon form before seeking to write down the description of
the solution. In the above, this means we don’t stop with the echelon form [3.9. Instead we
first place it in reduced echelon form as follows.

10 -1 1 | -1
01 0 0| 2
00 0 0] O
Then the solution is y = 2 from the second row and x = —1 + 2z — w from the first. Thus

letting z = s and w = t, the solution is given in [3.10.

The number of free variables is always equal to the number of different parameters
used to describe the solution. If there are no free variables, then either there is no solution
as in the case where row operations yield an echelon form like

There are a lot of cases to consider but it is not necessary to make a major production of
this. Do row operations till you obtain a matrix in echelon form or reduced echelon form
and determine whether there is a solution. If there is, see if there are free variables. In this
case, there will be infinitely many solutions. Find them by assigning different parameters
to the free variables and obtain the solution. If there are no free variables, then there will
be a unique solution which is easily determined once the augmented matrix is in echelon
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or row reduced echelon form. In every case, the process yields a straightforward way to
describe the solutions to the linear system. As indicated above, you are probably less likely
to become confused if you place the augmented matrix in row reduced echelon form rather
than just echelon form.

In summary,

Definition 3.2.19 A system of linear equations is a list of equations,

011%1 + G12T2 + -+ - + A1 Ty = by
G211 + a22%2 + -+ + 2Ty = by

Am1%1 + AGm2T2 + -+ + AGmpTn = bm

where a;; are numbers, and b; is a number. The above is a system of m equations in the n
variables, T1,To -+ ,Ty. Nothing is said about the relative size of m and n. Written more
simply in terms of summation notation, the above can be written in the form

n
Zaijxj :fj7 1=1,2,3,---,m
Jj=1

It is desired to find (x1,--- ,x,) solving each of the equations listed.

As illustrated above, such a system of linear equations may have a unique solution, no
solution, or infinitely many solutions and these are the only three cases which can occur for
any linear system. Furthermore, you do exactly the same things to solve any linear system.
You write the augmented matrix and do row operations until you get a simpler system in
which it is possible to see the solution, usually obtaining a matrix in echelon or reduced
echelon form. All is based on the observation that the row operations do not change the
solution set. You can have more equations than variables, fewer equations than variables,
etc. It doesn’t matter. You always set up the augmented matrix and go to work on it.

Definition 3.2.20 A system of linear equations is called consistent if there exists a solu-
tion. It is called inconsistent if there is no solution.

These are reasonable words to describe the situations of having or not having a solu-
tion. If you think of each equation as a condition which must be satisfied by the variables,
consistent would mean there is some choice of variables which can satisfy all the conditions.
Inconsistent would mean there is no choice of the variables which can satisfy each of the
conditions.
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Matrices

4.0.3 Outcomes

A. Perform the basic matrix operations of matrix addition, scalar multiplication, trans-
position and matrix multiplication. Identify when these operations are not defined.
Represent the basic operations in terms of double subscript notation.

B. Recall and prove algebraic properties for matrix addition, scalar multiplication, trans-
position, and matrix multiplication. Apply these properties to manipulate an algebraic
expression involving matrices.

C. Recall the cancelation laws for matrix multiplication. Demonstrate when cancelation
laws do not apply.

D. Evaluate the inverse of a matrix using row operations.
E. Solve a linear system using matrix algebra.

F. Recall and prove identities involving matrix inverses.

4.1 Matrix Arithmetic

4.1.1 Addition And Scalar Multiplication Of Matrices

You have now solved systems of equations by writing them in terms of an augmented matrix
and then doing row operations on this augmented matrix. It turns out such rectangular
arrays of numbers are important from many other different points of view. Numbers are
also called scalars. In these notes numbers will always be either real or complex numbers.
I will refer to the set of numbers as F sometimes when it is not important to worry about
whether the number is real or complex. Thus F can be either the real numbers, R or the
complex numbers, C.

A matrix is a rectangular array of numbers. Several of them are referred to as matrices.
For example, here is a matrix.

1 2 3 4
5 2 8 7
6 -9 1 2

The size or dimension of a matrix is defined as m x n where m is the number of rows and n
is the number of columns. The above matrix is a 3 x 4 matrix because there are three rows
and four columns. The first row is (12 3 4), the second row is (52 8 7) and so forth. The

41
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1
first column is | 5 | . When specifying the size of a matrix, you always list the number of
6
rows before the number of columns. Also, you can remember the columns are like columns
in a Greek temple. They stand upright while the rows just lay there like rows made by
a tractor in a plowed field. Elements of the matrix are identified according to position in
the matrix. For example, 8 is in position 2,3 because it is in the second row and the third
column. You might remember that you always list the rows before the columns by using
the phrase Rowman Catholic. The symbol, (a;;) refers to a matrix. The entry in the ;"
row and the 5 column of this matrix is denoted by a;;. Using this notation on the above
matrix, asz = 8,a32 = —9,a12 = 2, etc.
There are various operations which are done on matrices. Matrices can be added mul-
tiplied by a scalar, and multiplied by other matrices. To illustrate scalar multiplication,
consider the following example in which a matrix is being multiplied by the scalar, 3.

1 2 3 4 3 6 9 12
31 5 2 8 7 |=11 6 24 21
6 -9 1 2 18 =27 3 6

The new matrix is obtained by multiplying every entry of the original matrix by the given
scalar. If A is an m x n matrix, —A is defined to equal (—1) A.

Two matrices must be the same size to be added. The sum of two matrices is a matrix
which is obtained by adding the corresponding entries. Thus

1 2 -1 4 0 6
3 4 |+ 2 8 = 5 12
5 2 6 —4 11 -2

Two matrices are equal exactly when they are the same size and the corresponding entries
are identical. Thus

0 0

h)A(00)

0 0

because they are different sizes. As noted above, you write (¢;;) for the matrix C' whose

ijt" entry is ¢;;. In doing arithmetic with matrices you must define what happens in terms

of the c¢;; sometimes called the entries of the matrix or the components of the matrix.
The above discussion stated for general matrices is given in the following definition.

Definition 4.1.1 (Scalar Multiplication) If A = (a;;) and k is a scalar, then kA = (ka;;) .

2 0 14 0
Example 4.1.2 7(1 _4>—( 7 —28)'

Definition 4.1.3 (Addition) If A = (ai;) and B = (b;;) are two m x n matrices. Then
A+ B = C where
C = (cij)

fOT‘ Cij = Qjj + b”

Example 4.1.4
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To save on notation, we will often use A;; to refer to the ij'" entry of the matrix, A.

Definition 4.1.5 (The zero matriz) The m X n zero malriz is the m X n matriz having
every entry equal to zero. It is denoted by 0.

Example 4.1.6 The 2 x 3 zero matriz is < 8 8 8 )

Note there are 2 x 3 zero matrices, 3 X 4 zero matrices, etc. In fact there is a zero matrix
for every size.

Definition 4.1.7 (Equality of matrices) Let A and B be two matrices. Then A = B means
that the two matrices are of the same size and for A = (a;;) and B = (b;;), a;j = by for all
1<i<mandl <j<n.

The following properties of matrices can be easily verified. You should do so.
e Commutative Law Of Addition.

A+ B=DB+A, (4.1)
e Associative Law for Addition.
(A+B)+C=A+(B+0), (4.2)
e Fxistence of an Additive Identity
A+0=A4, (4.3)
o Existence of an Additive Inverse
A+ (-A)=0, (4.4)
Also for «, 8 scalars, the following additional properties hold.

e Distributive law over Matrix Addition.

a(A+ B) =aA+ aB, (4.5)

e Distributive law over Scalar Addition
(a+ 0) A= aA+ pA, (4.6)
e Associative law for Scalar Multiplication
a(BA) = af(4), (4.7)

e Rule for Multiplication by 1.
1A = A. (4.8)

As an example, consider the Commutative Law of Addition. Let A + B = C and
B+ A=D.Whyis D=C?

Cij = A” + B,‘j = Bij + Aij = Dij.

Therefore, C' = D because the ij" entries are the same. Note that the conclusion follows
from the commutative law of addition of numbers.
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4.1.2 Multiplication Of Matrices

Definition 4.1.8 Matrices which are nx1 or 1 xn are called vectors and are often denoted
by a bold letter. Thus the n X 1 matrix

Z1

Ty
is also called a column vector. The 1 x n matriz

(21 Tn)
is called a row vector.

Although the following description of matrix multiplication may seem strange, it is in
fact the most important and useful of the matrix operations. To begin with consider the
case where a matrix is multiplied by a column vector. First consider a special case.

< 123 ) A

4 5 6 9

One way to remember this is as follows. Slide the vector, placing it on top the two rows as
shown and then do the indicated operation.

_ Tx14+8x24+9x3 1\ [ 50
Tx4+8x5+9x6 ) \ 122 |-

multiply the numbers on the top by the numbers on the bottom and add them up to get a
single number for each row of the matrix as shown above.
In more general terms,

Z1
( a11 Q12 a13 > _ ( 1171 + a12T2 + a1373 )

O W

x2
a1 Qg2 Q23 3 2171 + a22T2 + A23T3

Another way to think of this is
a
I1< 11 >—|—:1:2(a12 >—|—133<a13)
az1 a22 a3

Thus you take 7 times the first column, add to x5 times the second column, and finally
x3 times the third column. In general, here is the definition of how to multiply an (m x n)
matrix times a (n X 1) matrix.

Definition 4.1.9 Let A = A;; be an m x n matriz and let v be an n x 1 matriz,

Then Av is an m x 1 matriz and the it" component of this matriz is

(AV)Z = Ailvl + Ai2v2 + -+ Ainvn = ZAijvj'
j=1
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Thus .

> =1 A1jv;

Av =
21 Amjvj

In other words, if

where the ag are the columns,
n
Av = E VEag
k=1

This follows from 4.9 and the observation that the j** column of A is

Alj
A
50 4.9 reduces to
Aqy A1 Aip
Ay Az Aop
V1 . + va . + -t o, .
Aml Am2 Amn

Note also that multiplication by an m X n matriz takes an n x 1 matriz, and produces an
m X 1 matriz.

Here is another example.

Example 4.1.10 Compute

1 21 3 ;
02 1 -2 0
21 4 1 1

First of all this is of the form (3 x 4) (4 x 1) and so the result should be a (3 x 1). Note
how the inside numbers cancel. To get the element in the second row and first and only
column, compute

4
Z AokVE = (2101 + Q2202 + G23V3 + G24U4
k=1

= 0x142x24+1x0+(-2)x1=2.

You should do the rest of the problem and verify

1 2 1 3 ; 8
02 1 -2 0 | = 2
21 4 1 1 )
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The next task is to multiply an m X n matrix times an n X p matrix. Before doing so,
the following may be helpful.

For A and B matrices, in order to form the product, AB the number of columns of A
must equal the number of rows of B.

these must match!
—_—

(mx n)(nxp )=mxp

Note the two outside numbers give the size of the product. Remember:

[If the two middle numbers don’t match, you can’t multiply the matrices!

Definition 4.1.11 When the number of columns of A equals the number of rows of B the
two matrices are said to be conformable and the product, AB is obtained as follows. Let
A be an m x n matriz and let B be an n X p matriz. Then B is of the form

B:(blv"' 7bp)

where by is an n X 1 matriz or column vector. Then the m X p matriz, AB is defined as
follows:
AB = (Aby,--- , Ab,) (4.10)

where Aby, is an m x 1 matriz or column vector which gives the k" column of AB.

Example 4.1.12 Multiply the following.

1 2 1 120
0 2 1 0 31
-2 1 1
The first thing you need to check before doing anything else is whether it is possible to
do the multiplication. The first matrix is a 2 X 3 and the second matrix is a 3 x 3. Therefore,

is it possible to multiply these matrices. According to the above discussion it should be a
2 x 3 matrix of the form

First column Second column Third column

2

(121) (1) (121) : (121) 0
0 2 1 _9 0 2 1 1 0 2 1 1

You know how to multiply a matrix times a vector and so you do so to obtain each of the
three columns. Thus

[t

(121) é 3(1) _(—193)
0 2 1 9 1 1 -2 7 3
Example 4.1.13 Multiply the following.

1 20 192 1

0 3 1 0 2 1

-2 1 1
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First check if it is possible. This is of the form (3 x 3) (2 x 3). The inside numbers do not
match and so you can’t do this multiplication. This means that anything you write will be
absolute nonsense because it is impossible to multiply these matrices in this order. Aren’t
they the same two matrices considered in the previous example? Yes they are. It is just
that here they are in a different order. This shows something you must always remember
about matrix multiplication.

Order Matters!

Matrix Multiplication Is Not Commutative!

This is very different than multiplication of numbers!

4.1.3 The ij"" Entry Of A Product

It is important to describe matrix multiplication in terms of entries of the matrices. What
is the 5" entry of AB? It would be the i*" entry of the j** column of AB. Thus it would
be the i'" entry of Ab;. Now

and from the above definition, the i*" entry is
> AuBy;. (4.11)
k=1

In terms of pictures of the matrix, you are doing

A A o Agg By Bz -+ By
Aoy Agy -+ Agy Bay Byy -+ DBy,
A"Ll Am2 e A’mn Bni Bpa - Bnp

Then as explained above, the j* column is of the form

A A - A, By
Ay Az - Ay By
Aml Am2 o Amn an

which is a m x 1 matrix or column vector which equals

A A1 Ain
Aoy Az Aoy,

: By + : Baj + -+ : B,
Aml Am2 Amn

The second entry of this m x 1 matrix is

m

A2 Bij + AxoBoj+ -+ Aoy Brj = ZAQkBkj-
=1
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Similarly, the i** entry of this m x 1 matrix is

AinBij+ AieBaj + -+ AinByj = Z Aix By
k=1

This shows the following definition for matrix multiplication in terms of the ;" entries of
the product coincides with Definition 4.1.11.

Definition 4.1.14 Let A = (A;;) be an m x n matriz and let B = (B;;) be an n X p matriz.
Then AB is an m X p matrix and

(AB),; = ZAikBkj- (4.12)
k=1
Another way to write this is
Blj
(AB);; = (An A - Ain) :
B,

Note that to get (AB)ij you involve the it" row of A and the ' column of B.

2 31
7T 6 2 )°
First check to see if this is possible. It is of the form (3 x 2) (2 x 3) and since the inside

numbers match, the two matrices are conformable and it is possible to do the multiplication.
The result should be a 3 x 3 matrix. The answer is of the form

1 2 1 2 1 2

31 (3) 31 (g) 31 (;)

2 6 2 6 2 6
where the commas separate the columns in the resulting product. Thus the above product
equals

Example 4.1.15 Multiply if possible

N W
D~ N

16 15 5
13 15 5 ,
46 42 14

a 3 x 3 matrix as desired. In terms of the ;" entries and the above definition, the entry in
the third row and second column of the product should equal

E azrbrz = az1biz + azabaa
J

= 2x346x6=42.

You should try a few more such examples to verify the above definition in terms of the ij*"
entries works for other entries.

Example 4.1.16 Multiply if possible

N W =
S =N
S NN
O O W
[eol VRN
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This is not possible because it is of the form (3 x 2) (3 x 3) and the middle numbers
don’t match. In other words the two matrices are not conformable in the indicated order.

Example 4.1.17 Multiply if possible

O NN
S O W

1 1 2
2 3 1
0 2 6
This is possible because in this case it is of the form (3 x 3) (3 x 2) and the middle

numbers do match so the matrices are conformable. When the multiplication is done it
equals

13 13
29 32
0 0

Check this and be sure you come up with the same answer.

1
Example 4.1.18 Multiply if possible | 2 ( 1 210 )
1

In this case you are trying to do (3 x 1) (1 x 4). The inside numbers match so you can
do it. Verify

1 1210
2 (12 10)=2420
1 1210

4.1.4 Properties Of Matrix Multiplication

As pointed out above, sometimes it is possible to multiply matrices in one order but not
in the other order. What if it makes sense to multiply them in either order? Will the two
products be equal then?

1 2 0 1 0 1 1 2
Example 4.1.19 Compare < 3 4 ) ( 1 0 > and ( 1 0 > ( 3 4 )
The first product is
1 2 01y (21
3 4 10/ \4 3 )"

0 1 1 2\ (3 4
1 0 3 4 ) \1 2 )"
You see these are not equal. Again you cannot conclude that AB = BA for matrix mul-

tiplication even when multiplication is defined in both orders. However, there are some
properties which do hold.

The second product is

Proposition 4.1.20 If all multiplications and additions make sense, the following hold for
matrices, A, B,C and a,b scalars.

A(aB +bC) = a(AB) + b(AC) (4.13)

(B+C)A=BA+CA (4.14)
A(BC) = (AB)C (4.15)
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Proof: Using Definition 4.1.14,

(A(aB +10)),,

> Ai (aB +bC),;
k

= ZAZ]C (aBkj + bij)
k

= a Z AikBkj + bz Aikaj
k k

= a(AB),; +b(AC),
= (a(AB)+b(AC)),.

Thus A(B + C) = AB + AC as claimed. Formula 4.14] is entirely similar.
Formula [4.15! is the associative law of multiplication. Using Definition 4.1.14,

ZAik (BO)y,
2

> A BuCi;
k !

Z (AB)il Clj

l
((AB)C),; -

(A(BQC)),;

This proves 4.15.

4.1.5 The Transpose

Another important operation on matrices is that of taking the transpose. The following
example shows what is meant by this operation, denoted by placing a T" as an exponent on

the matrix.
T

zl), ‘11 _ ( 1 3 2 )

9 6 4 1 6
What happened? The first column became the first row and the second column became the
second row. Thus the 3 x 2 matrix became a 2 x 3 matrix. The number 3 was in the second

row and the first column and it ended up in the first row and second column. Here is the
definition.

Definition 4.1.21 Let A be an m x n matriz. Then AT denotes the n x m matriz which
is defined as follows.

(A7), = Aji

ij

(12—6)T_ ;g
3 5 4 6

Example 4.1.22

The transpose of a matrix has the following important properties.
Lemma 4.1.23 Let A be an m X n matriz and let B be a n X p matriz. Then

(AB)" = BT AT (4.16)
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and if a and B are scalars,
(aA+ BB)" = aA” + BT (4.17)

Proof: From the definition,
((B)), = (@B,
= Z Aji B
k
= Z (BT)ik: (AT)kj

~ (Bra)

The proof of Formula [4.17! is left as an exercise and this proves the lemma.

ij

Definition 4.1.24 An n x n matriz, A is said to be symmetric if A = AT. It is said to
be skew symmetric if A = —AT.

Example 4.1.25 Let

2 1 3
A= 1 5 =3
3 -3 7
Then A is symmetric.
Example 4.1.26 Let
0 1 3
A= -1 0 2
-3 =2 0

Then A is skew symmetric.

4.1.6 The Identity And Inverses

There is a special matrix called I and referred to as the identity matrix. It is always a
square matrix, meaning the number of rows equals the number of columns and it has the
property that there are ones down the main diagonal and zeroes elsewhere. Here are some
identity matrices of various sizes.

10 0 0
(1)10 (1)(1)8 01 00
’01’001’0010
0 0 01

The first is the 1 x 1 identity matrix, the second is the 2 x 2 identity matrix, the third is
the 3 x 3 identity matrix, and the fourth is the 4 x 4 identity matrix. By extension, you can
likely see what the n x n identity matrix would be. It is so important that there is a special
symbol to denote the ij*" entry of the identity matrix
Lij = 0y

where d;; is the Kroneker symbol defined by

P lifi=y

YT 0ifi#£y

It is called the identity matrix because it is a multiplicative identity in the following
sense.
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Lemma 4.1.27 Suppose A is an m X n matriz and I, is the n X n identity matriz. Then
Al, = A. If I,,, is the m X m identity matriz, it also follows that I,,A = A.

Proof:
(AIn)ij = ZAik(Skj
E
and so AI, = A. The other case is left as an exercise for you.

Definition 4.1.28 Annxn matriz, A has an inverse, A~" if and only if AA™1 = A714A =
I. Such a matriz is called invertible.

It is very important to observe that the inverse of a matrix, if it exists, is unique. Another
way to think of this is that if it acts like the inverse, then it is the inverse.

Theorem 4.1.29 Suppose A~' exists and AB = BA =1. Then B = A~".

Proof:
A'=A"'"T=A"(AB)= (A"'A)B=1B = B.

Unlike ordinary multiplication of numbers, it can happen that A # 0 but A may fail to
have an inverse. This is illustrated in the following example.

11

Example 4.1.30 Let A = ( 11

> . Does A have an inverse?
One might think A would have an inverse because it does not equal zero. However,
11 -1\ [0
11 1 A0
and if A~! existed, this could not happen because you could write
0 _a4-1 0 _ 41 -1 —
(8) = ((5)) = ((3))
_ (A1 -1\ _ -1\ _ [ -1
_(AA)<1 ()= ().
a contradiction. Thus the answer is that A does not have an inverse.

11

Example 4.1.31 Let A = ( 1 9

> . Show < _21 _11 > is the inverse of A.

To check this, multiply

(2 ()0

showing that this matrix is indeed the inverse of A.
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4.1.7 Finding The Inverse Of A Matrix

In the last example, how would you find A=!'? You wish to find a matrix, < ; Z) ) such

(a) (5 a)=(o )

This requires the solution of the systems of equations,

that

r+y=1Lx+2y=0

and
z+w=0,z4+2w=1.

Writing the augmented matrix for these two systems gives

(L11) (w1

(1119) (419

for the second. Lets solve the first system. Take (—1) times the first row and add to the

second to get
11 | 1
01 | -1

Now take (—1) times the second row and add to the first to get

10| 2
01 | -1)

Putting in the variables, this says = 2 and y = —1.
Now solve the second system, [4.19 to find z and w. Take (—1) times the first row and

add to the second to get
11 ] 0
o1 1] 1)°

Now take (—1) times the second row and add to the first to get
10| -1
01| 1 )
Putting in the variables, this says z = —1 and w = 1. Therefore, the inverse is
2 -1
-1 1 ’
Didn’t the above seem rather repetitive? Note that exactly the same row operations
were used in both systems. In each case, the end result was something of the form (I|v)

for the first system and

where [ is the identity and v gave a column of the inverse. In the above, ; , the first

column of the inverse was obtained first and then the second column ( 5} ) .



54 MATRICES

To simplify this procedure, you could have written

1 1] 10
1 2 | 01
and row reduced till you obtained

1 0] 2 -1
01 | -1 1

and read off the inverse as the 2 x 2 matrix on the right side.
This is the reason for the following simple procedure for finding the inverse of a matrix.
This procedure is called the Gauss-Jordan procedure.

Procedure 4.1.32 Suppose A is an n x n matriz. To find A™' if it exists, form the
augmented n X 2n matriz,

(A[I)
and then, if possible do row operations until you obtain an n x 2n matriz of the form
(I|B). (4.20)

When this has been done, B = A~'. If it is impossible to row reduce to a matriz of the form
(I|B), then A has no inverse.

1 2 2
Example 4.1.33 Let A= 1 0 2 . Find A~ if it exists.
3 1 -1
Set up the augmented matrix, (A|I)
12 2 [ 100
10 2 | 010
31 -1 ] 00 1

Next take (—1) times the first row and add to the second followed by (—3) times the first
row added to the last. This yields

1 2 2 | 1 00
0 -2 0 | -1 10
0 -5 -7 | =3 0 1

Then take 5 times the second row and add to -2 times the last row.

1 2 2 | 1 0 0
0 =10 0 | =5 5 0
0 0 14| 1 5 —2

Next take the last row and add to (—7) times the top row. This yields

7 14 0 | -6 5 -2
0 —-10 0 | =5 5 0
0 0 14| 1 5 -2

Now take (—7/5) times the second row and add to the top.

-7 0 0 | 1 -2 -2
0 =10 0 | =5 5 0
0 0 14| 1 5 =2
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Finally divide the top row by -7, the second row by -10 and the bottom row by 14 which
yields

102 2
100 [ -7 7 7
o100 | 32 -1 0
001 | 5 & -7
Therefore, the inverse is
_1 2 2
77 7
1 1
z 3 0
1 5 _1
14 14 7
1 2 2
Example 4.1.34 Let A=| 1 0 2 |. Find A~ if it exists.
2 2 4

Write the augmented matrix, (A|T)
122 | 100
102 ] 010
2 2 400 1

and proceed to do row operations attempting to obtain (I|A‘1) . Take (—1) times the top
row and add to the second. Then take (—2) times the top row and add to the bottom.

1 2 2] 1 00
0 -2 0| -1 10
0 -2 0| -2 0 1

Next add (—1) times the second row to the bottom row.

1 2 0
0 -2 0] -1 1 0
0 0 1

At this point, you can see there will be no inverse because you have obtained a row of zeros
in the left half of the augmented matrix, (A|I). Thus there will be no way to obtain I on
the left.

1 0 1
Example 4.1.35 Let A= 1 -1 1 . Find A7 if it exists.
1 1 -1

Form the augmented matrix,
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Now do row operations until the n x n matrix on the left becomes the identity matrix. This
yields after some computations,

|
S Nl

N[

1
1
L =3

Checking the answer is easy. Just multiply the matrices and see if it works.

o L 1
1 0o 1 2 100
1 -1 1 -1 0 |=1010
11 -1 1 -3 -3 00 1

Always check your answer because if you are like some of us, you will usually have made a
mistake.

Example 4.1.36 In this example, it is shown how to use the inverse of a matriz to find
the solution to a system of equations. Consider the following system of equations. Use the
inverse of a suitable matriz to give the solutions to this system.

r+z=1
rT—y+z2=3
T+y—z=2

The system of equations can be written in terms of matrices as

1 0 1 x 1
1 -1 1 y | =13 ]. (4.21)
11 -1 2 2

More simply, this is of the form Ax = b. Suppose you find the inverse of the matrix, A~!.
Then you could multiply both sides of this equation by A~! to obtain

x=(A""A)x=A""(Ax) = A 'b.

This gives the solution as x = A~ 'b. Note that once you have found the inverse, you can
easily get the solution for different right hand sides without any effort. It is always just
A~ 'b. In the given example, the inverse of the matrix is

1 1
0 5 3
1 -1 0

1 1
I =3 —3

This was shown in Example [4.1.35. Therefore, from what was just explained the solution
to the given system is

T 0o 3 3 1 5
y =11 =1 0 3 = 22

1 1 3
z 1 =3 —3 2 —3
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What if the right side of [4.21/ had been

0
1 ]2
3
What would be the solution to
1 0 1 z 0
1 -1 1 y =117
1 1 -1 z 3
By the above discussion, it is just
x 0 % % 0 2
y = 1 -1 0 1 = -1
z I 3 -2

This illustrates why once you have found the inverse of a given matrix, you can use it to
solve many different systems easily.
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Vector Products

5.0.8 Outcomes

1. Evaluate a dot product from the angle formula or the coordinate formula.
2. Interpret the dot product geometrically.

3. Evaluate the following using the dot product:

(a) the angle between two vectors
(b) the magnitude of a vector

(c) the work done by a constant force on an object
4. Evaluate a cross product from the angle formula or the coordinate formula.
5. Interpret the cross product geometrically.
6. Evaluate the following using the cross product:

(a) the area of a parallelogram
(b) the area of a triangle

(¢) physical quantities such as the torque and angular velocity.

7. Find the volume of a parallelepiped using the box product.

8. Recall, apply and derive the algebraic properties of the dot and cross products.

5.1 The Dot Product

There are two ways of multiplying vectors which are of great importance in applications.
The first of these is called the dot product, also called the scalar product and sometimes
the inner product.

Definition 5.1.1 Let a,b be two vectors in R"™ define a-b as

a-b Eiakbk.
k=1

With this definition, there are several important properties satisfied by the dot product.
In the statement of these properties, o and 8 will denote scalars and a, b, c will denote
vectors.

99



60 VECTOR PRODUCTS

Proposition 5.1.2 The dot product satisfies the following properties.

a-b=b-a (5.1)

a-a >0 and equals zero if and only if a=0 (5.2)
(ea+Bb)-c=a(a-c)+ 3(b-c) (5.3)
c-(aa+pOb)=a(c-a)+ [ (c-b) (5.4)
la®*=a-a (5.5)

You should verify these properties. Also be sure you understand that [5.4 follows from
the first three and is therefore redundant. It is listed here for the sake of convenience.

Example 5.1.3 Find (1,2,0,—1)-(0,1,2,3).
This equals 0 +2 4+ 0+ -3 = —1.
Example 5.1.4 Find the magnitude of a =(2,1,4,2). That is, find |a|.

This is 1/(2,1,4,2) - (2,1,4,2) = 5.
The dot product satisfies a fundamental inequality known as the Cauchy Schwarz
inequality.

Theorem 5.1.5 The dot product satisfies the inequality
|a-b| < a|[b|. (5.6)
Furthermore equality is obtained if and only if one of a or b is a scalar multiple of the other.

Proof: First note that if b = 0 both sides of 5.6 equal zero and so the inequality holds
in this case. Therefore, it will be assumed in what follows that b # 0.
Define a function of t € R

f(@)=(a+tb) (a+tb).
Then by 5.2, f(¢) > 0 for all ¢t € R. Also from [5.3/5.4)5.1), and [5.5

f(t)=a-(a+tb)+tb-(a+tb)
=a-att(a-b)+tb-a+t’b-b
= |a]* + 2t (a-b) + |b]* 2.

Now this means the graph, y = f (¢) is a polynomial which opens up and either its vertex
touches the ¢t axis or else the entire graph is above the = axis. In the first case, there exists
some t where f (t) = 0 and this requires a + tb = 0 so one vector is a multiple of the other.
Then clearly equality holds in [5.6. In the case where b is not a multiple of a, it follows
f(®) > 0 for all ¢ which says f (t) has no real zeros and so from the quadratic formula,

(2(a-b))® —4lal*|b* <0

which is equivalent to |(a- b)| < |a||b|. This proves the theorem.

You should note that the entire argument was based only on the properties of the dot
product listed in 5.1/ - [5.5. This means that whenever something satisfies these properties,
the Cauchy Schwartz inequality holds. There are many other instances of these properties
besides vectors in R"™.

The Cauchy Schwartz inequality allows a proof of the triangle inequality for distances
in R™ in much the same way as the triangle inequality for the absolute value.
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Theorem 5.1.6 (Triangle inequality) For a,b € R"
la+b| < [a] + [b| (5.7)

and equality holds if and only if one of the vectors is a nonnegative scalar multiple of the
other. Also

llal = [b|| < |a —b] (5.8)
Proof: By properties of the dot product and the Cauchy Schwartz inequality,

la+bl>=(a+b)-(a+b)
=(a-a)+(a-b)+(b-a)+(b-b)
=lal* +2(a-b) + b’
<la]* +2[a-b| + [b|*
< [a]* +2[a] |b| + [b/*
= (Ja + [b])*.

Taking square roots of both sides you obtain [5.7.

It remains to consider when equality occurs. If either vector equals zero, then that
vector equals zero times the other vector and the claim about when equality occurs is
verified. Therefore, it can be assumed both vectors are nonzero. To get equality in the
second inequality above, Theorem [5.1.5 implies one of the vectors must be a multiple of the
other. Say b = ca. If a < 0 then equality cannot occur in the first inequality because in
this case

(a-b)=alal® <0< |a||a)* = |a-b]

Therefore, o > 0.
To get the other form of the triangle inequality,

a=a—b+b
SO
la] =]a—b+Db|
<la—b|+b|.
Therefore,
a| — [b| < [a— Db (5.9)
Similarly,
bl —Ja| < [b—a| = [a—b]. (5.10)

It follows from 5.9/ and [5.10 that [5.8 holds. This is because ||a] — |b|| equals the left side of
either [5.9 or 5.10/ and either way, ||a] — |b|| < |a — b|. This proves the theorem.
5.2 The Geometric Significance Of The Dot Product

5.2.1 The Angle Between Two Vectors

Given two vectors, a and b, the included angle is the angle between these two vectors which
is less than or equal to 180 degrees. The dot product can be used to determine the included
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angle between two vectors. To see how to do this, consider the following picture.

By the law of cosines,
la—b|*> = |a*> + |b|* — 2]a] |b| cos .
Also from the properties of the dot product,
la—b[*=(a—b) - (a—b)
—la® +b|* —2a-b
and so comparing the above two formulas,
a-b = |a||b|cosé. (5.11)

In words, the dot product of two vectors equals the product of the magnitude of the two
vectors multiplied by the cosine of the included angle. Note this gives a geometric description
of the dot product which does not depend explicitly on the coordinates of the vectors.

Example 5.2.1 Find the angle between the vectors 2i +j — k and 3i + 4j + k.

The dot product of these two vectors equals 6+4—1 = 9 and the norms are /4 4+ 1+ 1 =
V6 and /9 + 16 + 1 = v/26. Therefore, from [5.11] the cosine of the included angle equals

9
V266

Now the cosine is known, the angle can be determines by solving the equation, cosf = .
720 58. This will involve using a calculator or a table of trigonometric functions. The answer
is §# = . 766 16 radians or in terms of degrees, § = . 76616 x % = 43.898°. Recall how this
last computation is done. Set up a proportion, —t== = % because 360° corresponds to 27
radians. However, in calculus, you should get used to thinking in terms of radians and not

degrees. This is because all the important calculus formulas are defined in terms of radians.

cosf =

=.72058

Example 5.2.2 Let u,v be two vectors whose magnitudes are equal to 3 and 4 respectively
and such that if they are placed in standard position with their tails at the origin, the angle
between u and the positive x azis equals 30° and the angle between v and the positive x axis
is -30°. Findu-v.

From the geometric description of the dot product in [5.11
u-v=3x4xcos(60°)=3x4x1/2=6.

Observation 5.2.3 Two vectors are said to be perpendicular if the included angle is w/2
radians (90°). You can tell if two nonzero vectors are perpendicular by simply taking their
dot product. If the answer is zero, this means they are perpendicular because cos = 0.
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Example 5.2.4 Determine whether the two vectors, 2i+j—k and 1i+ 3j + 5k are perpen-
dicular.

When you take this dot product you get 2+ 3 — 5 = 0 and so these two are indeed
perpendicular.

Definition 5.2.5 When two lines intersect, the angle between the two lines is the smaller
of the two angles determined.

Example 5.2.6 Find the angle between the two lines, (1,2,0) +¢(1,2,3) and (0,4, —3) +
t(~1,2,-3).

These two lines intersect, when ¢ = 0 in the first and ¢ = —1 in the second. It is only a
matter of finding the angle between the direction vectors. One angle determined is given by
-6 -3
0=—=—. 5.12
cos 11 7 ( )
We don’t want this angle because it is obtuse. The angle desired is the acute angle given by

3
0 = =.
COSs 7

It is obtained by using replacing one of the direction vectors with —1 times it.

5.2.2 Work And Projections

Our first application will be to the concept of work. The physical concept of work does not in
any way correspond to the notion of work employed in ordinary conversation. For example,
if you were to slide a 150 pound weight off a table which is three feet high and shuffle along
the floor for 50 yards, sweating profusely and exerting all your strength to keep the weight
from falling on your feet, keeping the height always three feet and then deposit this weight
on another three foot high table, the physical concept of work would indicate that the force
exerted by your arms did no work during this project even though the muscles in your hands
and arms would likely be very tired. The reason for such an unusual definition is that even
though your arms exerted considerable force on the weight, enough to keep it from falling,
the direction of motion was at right angles to the force they exerted. The only part of a
force which does work in the sense of physics is the component of the force in the direction
of motion (This is made more precise below.). The work is defined to be the magnitude
of the component of this force times the distance over which it acts in the case where this
component of force points in the direction of motion and (—1) times the magnitude of this
component times the distance in case the force tends to impede the motion. Thus the work
done by a force on an object as the object moves from one point to another is a measure of
the extent to which the force contributes to the motion. This is illustrated in the following
picture in the case where the given force contributes to the motion.

E P2

F, 5

Fy
P1

In this picture the force, F is applied to an object which moves on the straight line from
p1 to pa. There are two vectors shown, F|| and F and the picture is intended to indicate
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that when you add these two vectors you get F while F|| acts in the direction of motion and
F, acts perpendicular to the direction of motion. Only F| contributes to the work done
by F on the object as it moves from p; to p2. F|| is called the component of the force
in the direction of motion. From trigonometry, you see the magnitude of F|; should equal
|F||cos 6] . Thus, since F|| points in the direction of the vector from p; to p2, the total work
done should equal

|F| |p1p3| cos6 = [F|[p2 — p1|cos b

If the included angle had been obtuse, then the work done by the force, F on the object
would have been negative because in this case, the force tends to impede the motion from
P1 to p2 but in this case, cosf would also be negative and so it is still the case that the
work done would be given by the above formula. Thus from the geometric description of
the dot product given above, the work equals

[F|[p2 — p1|cosf = F- (p2—p1)-
This explains the following definition.

Definition 5.2.7 Let F be a force acting on an object which moves from the point, py to
the point pa. Then the work done on the object by the given force equals F- (pa — p1) -

The concept of writing a given vector, F in terms of two vectors, one which is parallel
to a given vector, D and the other which is perpendicular can also be explained with no
reliance on trigonometry, completely in terms of the algebraic properties of the dot product.
As before, this is mathematically more significant than any approach involving geometry or
trigonometry because it extends to more interesting situations. This is done next.

Theorem 5.2.8 Let F and D be nonzero vectors. Then there exist unique vectors F| and
F | such that
FZFH-‘rFJ_ (5.13)

where ¥\ is a scalar multiple of D, also referred to as
projp (F),
and F| -D = 0. The vector projp, (F) is called the projection of F onto D.

Proof: Suppose [5.13/and F|| = aD. Taking the dot product of both sides with D and
using F | - D = 0, this yields
F-D=«a|D]

which requires & = F - D/|D|?. Thus there can be no more than one vector, F|). It follows
F | must equal F — F|. This verifies there can be no more than one choice for both F|| and

F,.
Now let
_F-D
| = |D|2
and let F.D
F, =F-F =F-——-D

ID|?
Then F|| = a D where o = %. It only remains to verify F, - D = 0. But

F-D
F, D=F.D-——-D-D
D]

This proves the theorem.
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Example 5.2.9 Let F = 2i+7j — 3k Newtons. Find the work done by this force in moving
from the point (1,2, 3) to the point (—9,—3,4) along the straight line segment joining these
points where distances are measured in meters.

According to the definition, this work is

(2i47j — 3k) - (—10i — 5j + k) = —20 + (—35) + (—3)

= —58 Newton meters.

Note that if the force had been given in pounds and the distance had been given in feet,
the units on the work would have been foot pounds. In general, work has units equal to
units of a force times units of a length. Instead of writing Newton meter, people write joule
because a joule is by definition a Newton meter. That word is pronounced “jewel” and it is
the unit of work in the metric system of units. Also be sure you observe that the work done
by the force can be negative as in the above example. In fact, work can be either positive,
negative, or zero. You just have to do the computations to find out.

Example 5.2.10 Find proj, (v) ifu=2i+3j—4k and v=1-2j+ k.

From the above discussion in Theorem 5.2.8| this is just

1
. (i—2+K)- (243 —4K) (2 + 3j — 4k
4Jr9+16(1 j+k) - (21 4+ 3j ) (21 + 3j )
-8 16. 24. 32

= T2 (243j—4k) = ——i— 554 2k
gy (A+3] =4k = —ogi— o5+ og

Example 5.2.11 Suppose a, and b are vectors and b, = b — proj, (b). What is the mag-
nitude of b in terms of the included angle?

b1|* = (b~ proj, (b)) - (b — proj, (b))

= b—b—ja . b—b—j‘a
|al |al

2
b-a)? b-
— b 222 *( 3) laf?

2
|al al

_ b’ (1 - ““”)
aP bl

= |b[* (1 — cos?8) = |b|*sin? ()

where 6 is the included angle between a and b which is less than 7 radians. Therefore,
taking square roots,

by | =|b|sinb.

5.2.3 The Dot Product And Distance In C"

It is necessary to give a generalization of the dot product for vectors in C™. This definition
reduces to the usual one in the case the components of the vector are real.
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Definition 5.2.12 Let x,y € C". Thus x = (21, -+ ,x,) where each x € C and a similar
formula holding for y. Then the dot product of these two vectors is defined to be

xoyEijjjzzlﬁ+'~~+xny7.
J
Notice how you put the conjugate on the entries of the vector, y. It makes no difference
if the vectors happen to be real vectors but with complex vectors you must do it this way.
The reason for this is that when you take the dot product of a vector with itself, you want
to get the square of the length of the vector, a positive number. Placing the conjugate on
the components of y in the above definition assures this will take place. Thus

x-x:Z%@zZMﬂg > 0.
J

J

If you didn’t place a conjugate as in the above definition, things wouldn’t work out correctly.
For example,
(1+i)?+22=4+42i

and this is not a positive number.

The following properties of the dot product follow immediately from the definition and
you should verify each of them.

Properties of the dot product:

l.u-v=v-u
2. If a,b are numbers and u, v,z are vectors then (au+bv)-z=a(u-z)+b(v-2z).
3. u-u >0 and it equals 0 if and only if u = 0.

Note this implies (x-ay) = @ (x - y) because

(xay) =(ay -x)=a(y x)=a(xy)
The norm is defined in the usual way.

Definition 5.2.13 For x € C",

n 1/2
x| = (Z |xk|2> = (x-x)"?
k=1

Here is a fundamental inequality called the Cauchy Schwarz inequality which is
stated here in C™. First here is a simple lemma.

Lemma 5.2.14 If z € C there exists 0 € C such that 0z = |z| and |0] = 1.
Z Recall that for z = x+1iy,z = x—1iy

Proof: Let § = 1if z = 0 and otherwise, let § = E
z

and zz = |2|*.
I will give a proof of this important inequality which depends only on the above list of
properties of the dot product. It will be slightly different than the earlier proof.

Theorem 5.2.15 (Cauchy Schwarz)The following inequality holds for x andy € C™.
-yl < ()P (vt (5.14)

Equality holds in this inequality if and only if one vector is a multiple of the other.
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Proof: Let 6 € C such that |§] = 1 and

0(x-y)=|(x-y)

Consider p (t) = (x + 6ty, x + t@y) where t € R. Then from the above list of properties of
the dot product,

0 < pt)=(x-x)+t0(x-y)+t0(y-x)+t*(y-y)
(x-x)+10(x-y) +t0(x-y)+t*(y-y)

= (x-x)+2tRe(@(x-y)+t*(y-y)

= (x-x)+2|(x-y)|+t(y-y) (5.15)

and this must hold for all ¢ € R. Therefore, if (y - y) = 0 it must be the case that |(x - y)| = 0
also since otherwise the above inequality would be violated. Therefore, in this case,

(x-y)| < (x-x)" (y-3)"2.

On the other hand, if (y - y) # 0, then p(¢) > 0 for all ¢ means the graph of y = p(t) is a
parabola which opens up and it either has exactly one real zero in the case its vertex touches
the ¢ axis or it has no real zeros. From the quadratic formula this happens exactly when

4l(x-y)* —4(x-x)(y y) <0

which is equivalent to [5.14.

It is clear from a computation that if one vector is a scalar multiple of the other that
equality holds in 5.14. Conversely, suppose equality does hold. Then this is equivalent to
saying 4|(x - y)|* —4(x-x) (y - y) = 0 and so from the quadratic formula, there exists one
real zero to p (t) = 0. Call it ¢y. Then

p(to) = (x+ Otoy, x + tofly) =[x+ Oty|” =

and so x = —0tyy. This proves the theorem.

Note that I only used part of the above properties of the dot product. It was not
necessary to use the one which says that if (x - x) =0 then x = 0.

By analogy to the case of R™, length or magnitude of vectors in C" can be defined.

Definition 5.2.16 Let z € C". Then |z| = (z - z)l/g.

Theorem 5.2.17 For length defined in Definition 5.2.16, the following hold.

|z| >0 and |z| =0 if and only ifz=10 (5.16)
If « is a scalar, |az| = |of |z (5.17)
|z + w| < |z| + |w|. (5.18)

Proof: The first two claims are left as exercises. To establish the third, you use the
same argument which was used in R”.

(z+w,z+w)

= Z'Z+W - W+W-Z2+2Z2 W

z]> + |w|* + 2Rew - z

j2l” + [w|* +2|w |

j2* + w|* + 2 |w| |2] = (jz] + [w])”.

|z + wl|?

IN A



68

VECTOR PRODUCTS

5.3 Exercises With Answers

1.

Find the angle between the vectors 3i — j — k and i+ 4j + 2k.

cosf = % = —.19739. Therefore, you have to solve the equation cosf =

—.19739, Solution is : # = 1.7695 radians. You need to use a calculator or table to
solve this.

Find proj,, (v) where v =(1,3,—-2) and u=(1,2,3).

Remember to find this you take ;v u. Thus the answer is ﬁ (1,2,3).

If F is a force and D is a vector, show projp (F) = (|F|cos#) u where u is the unit
vector in the direction of D, u =D/ |D| and 6 is the included angle between the two

vectors, F and D. |F|cosf is sometimes called the component of the force, F in the

direction, D.
projp (F) = 2D = |F| |D\cos€ﬁD =[F|cost 3.

A boy drags a sled for 100 feet along the ground by pulling on a rope which is 40
degrees from the horizontal with a force of 10 pounds. How much work does this force
do?

40

The component of force is 10 cos (ﬁw) and it acts for 100 feet so the work done is

40
10 — 100 = 766. 04
oS (18077) X

If a,b, and c are vectors. Show that (b +c¢), =b, +c, where b; = b—proj, (b).

Find (1,0,3,4) - (2,7,1,3). (1,0,3,4) - (2,7,1,3) = 17.

Show that (a - b) = 1 [\a +bf>—ja— bﬂ :

This follows from the axioms of the dot product and the definition of the norm. Thus
la+b|*>=(a+b,a+b)=]a’+|b°+2(a-b)

Do something similar for |a — b|?.

Prove from the axioms of the dot product the parallelogram identity, |a—|—b|2 +
la—bl>=2al* +2b|*.

Use the properties of the dot product and the definition of the norm in terms of the
dot product.

Let A and be a real m x n matrix and let x € R" and y € R™. Show (4X,y)gm =
(x,ATy)R” where (-,-)gr denotes the dot product in RF. In the notation above,
Ax -y =x-ATy. Use the definition of matrix multiplication to do this.

Remember the i entry of Ax = Zj Ajijz;. Therefore,
Ax -y = Z (Ax), y; = Z ZAijxjyi.
i i

Recall now that (AT)ij = Aj;. Use this to write a formula for (X,ATy)Rn .
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5.4 The Cross Product

The cross product is the other way of multiplying two vectors in R3. It is very different
from the dot product in many ways. First the geometric meaning is discussed and then
a description in terms of coordinates is given. Both descriptions of the cross product are
important. The geometric description is essential in order to understand the applications
to physics and geometry while the coordinate description is the only way to practically
compute the cross product.

Definition 5.4.1 Three vectors, a, b, c form a right handed system if when you extend the
fingers of your right hand along the vector, a and close them in the direction of b, the thumb
points roughly in the direction of c.

For an example of a right handed system of vectors, see the following picture.

In this picture the vector ¢ points upwards from the plane determined by the other two
vectors. You should consider how a right hand system would differ from a left hand system.
Try using your left hand and you will see that the vector, ¢ would need to point in the
opposite direction as it would for a right hand system.

From now on, the vectors, i,j,k will always form a right handed system. To repeat, if
you extend the fingers of our right hand along i and close them in the direction j, the thumb
points in the direction of k.

i
The following is the geometric description of the cross product. It gives both the direction
and the magnitude and therefore specifies the vector.

Definition 5.4.2 Let a and b be two vectors in R3. Then a x b is defined by the following
two rules.

1. |a x b| = |a| |b|sin @ where 0 is the included angle.

2.axb-a=0,axb-b=0, and a,b,a x b forms a right hand system.
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Note that |a x b| is the area of the parallelogram determined by a and b.

The cross product satisfies the following properties.
axb=—(bxa),axa=0, (5.19)

For « a scalar,
(ea) xb = a(a x b) = ax (ab), (5.20)

For a, b, and c vectors, one obtains the distributive laws,
ax(b+c)=axb+axc, (5.21)

(b+c)xa=bxa+cxa. (5.22)

Formula 5.19 follows immediately from the definition. The vectors a x b and b x a have
the same magnitude, |a| |b|sin 6, and an application of the right hand rule shows they have
opposite direction. Formula5.20)is also fairly clear. If o is a nonnegative scalar, the direction
of (aa) xb is the same as the direction of a x b, (a x b) and ax (ab) while the magnitude
is just « times the magnitude of a x b which is the same as the magnitude of a (a x b)
and ax (ab). Using this yields equality in [5.20. In the case where « < 0, everything works
the same way except the vectors are all pointing in the opposite direction and you must
multiply by |«| when comparing their magnitudes. The distributive laws are much harder
to establish but the second follows from the first quite easily. Thus, assuming the first, and
using 5.19,

(b4+c)xa=—-ax(b+c)
=—(axb+axc)
=bxa+cxa.

A proof of the distributive law is given in a later section for those who are interested.
Now from the definition of the cross product,

ixj=k jxi=-k
kxi=j ixk=-j
jxk=1i kxj=-i
With this information, the following gives the coordinate description of the cross product.

Proposition 5.4.3 Let a = a1i+ asj + azk and b = byi + boj + bsk be two vectors. Then

a x b = (azbz — asbs) i+ (azby — a1b3) j+
+ (a1b2 — azby) k. (5.23)
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Proof: From the above table and the properties of the cross product listed,
(a1i + asj + ask) x (byi+ baj + bsk) =
a1bol X j+ absi x k+ asbij X i+ agbsj x k+
+asbik x i+ agbok x j
= a1bok — a1b3j — asbi k + asbsi + asbij — agbsi
= (agbs — azbs) i+ (agby — a1b3) j+ (a1b2 — azb1) k (5.24)

This proves the proposition.
It is probably impossible for most people to remember 5.23. Fortunately, there is a
somewhat easier way to remember it. Define the determinant of a 2 x 2 matrix as follows

a b | _
d ’ =ad — be
Then
i j k
axb=|a as a3 (5.25)
b1 by b3

where you expand the determinant along the top row. This yields

s il a2 az | .o 21| a1 a3 3t e a2
O I R 100Vl IV B Y Vi I
_s| @2 a3z | ai ag ap a2
=i b by bs | K| b by

Note that to get the scalar which multiplies i you take the determinant of what is left after
deleting the first row and the first column and multiply by (fl)H'1 because i is in the first
row and the first column. Then you do the same thing for the j and k. In the case of the j
there is a minus sign because j is in the first row and the second column and so(—l)lJr2 =-1
while the k is multiplied by (_1)3+1 = 1. The above equals

(a2b3 — a3b2) i— (a1b3 — CL3b1)j+ (albg — agbl) k (526)

which is the same as[5.24. There will be much more presented on determinants later. For
now, consider this an introduction if you have not seen this topic.

Example 5.4.4 Find i—j+2k) x (3i—2j+ k).

Use [5.25 to compute this.

i j k
-1 2 1 2 1 -1
-1 2 :’ 1—‘ ’J-i—‘ ’k
3 _9 1 -2 1 31 3 -2
=3i+5j+k

Example 5.4.5 Find the area of the parallelogram determined by the vectors, (i — j+ 2k)
and (31 — 2j + k). These are the same two vectors in Example[5.4.J).

From Example 5.4.4] and the geometric description of the cross product, the area is just
the norm of the vector obtained in Example [5.4.4. Thus the area is /9 + 25+ 1 = v/35.
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Example 5.4.6 Find the area of the triangle determined by (1,2,3),(0,2,5), and (5,1,2).

This triangle is obtained by connecting the three points with lines. Picking (1,2,3) as a
starting point, there are two displacement vectors, (—1,0,2) and (4, —1, —1) such that the
given vector added to these displacement vectors gives the other two vectors. The area of
the triangle is half the area of the parallelogram determined by (—1,0,2) and (4,—1,—1).
Thus (—1,0,2) x (4,—1,—1) = (2,7,1) and so the area of the triangle is /4 +49+1 =
3V6.

Observation 5.4.7 In general, if you have three points (vectors) in R3, P, Q, R the area
of the triangle is given by

1

S1@Q-P)x (R-P).

P R

5.4.1 The Distributive Law For The Cross Product

This section gives a proof for|5.21} a fairly difficult topic. It is included here for the interested
student. If you are satisfied with taking the distributive law on faith, it is not necessary
to read this section. The proof given here is quite clever and follows the one given in [3].
Another approach, based on volumes of parallelepipeds is found in [12] and is discussed a
little later.

Lemma 5.4.8 Let b and ¢ be two vectors. Then b x ¢ =b x ¢ where ¢+ ¢, = c and
C| - b=0.

Proof: Consider the following picture.

C| C
0
b

Nowc, =c— C'%% and so ¢, is in the plane determined by ¢ and b. Therefore, from
the geometric definition of the cross product, b x ¢ and b x ¢; have the same direction.
Now, referring to the picture,

b x ci| = bl fe. |
= |b||c|sinf
=|b xc|.

Therefore, b x ¢ and b x ¢ also have the same magnitude and so they are the same vector.
With this, the proof of the distributive law is in the following theorem.
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Theorem 5.4.9 Let a,b, and c be vectors in R3. Then
ax(b+c)=axb+axc (5.27)

Proof: Suppose first that a-b = a-c = 0. Now imagine a is a vector coming out of the
page and let b, c and b + ¢ be as shown in the following picture.

a ><.(b+c)

. b+c

b

Then a x b,ax (b + ¢), and a x c are each vectors in the same plane, perpendicular to a
as shown. Thusax c-c=0,ax(b+c)-(b+c) =0, and a x b-b = 0. This implies that
to get a x b you move counterclockwise through an angle of 7/2 radians from the vector, b.
Similar relationships exist between the vectors ax (b + ¢) and b + ¢ and the vectors a x ¢
and c. Thus the angle between a x b and ax (b + ¢) is the same as the angle between b + ¢
and b and the angle between a x ¢ and ax (b + c¢) is the same as the angle between ¢ and
b + c. In addition to this, since a is perpendicular to these vectors,

jax b| = [a| b] . Jax (b +c)| = [a| |b+¢|, and
jax ¢| = [a[c].

Therefore,
lax (b+c)] Jaxc| |axb|

= al
b +c| lc| [b]

and so
lax (b+c)] [b+c| lax(b+c)] |b+c]

laxc| — Je] 7 Jaxb]  |b|

showing the triangles making up the parallelogram on the right and the four sided figure on
the left in the above picture are similar. It follows the four sided figure on the left is in fact
a parallelogram and this implies the diagonal is the vector sum of the vectors on the sides,
yielding [5.27.

Now suppose it is not necessarily the case that a-b = a-c¢ = 0. Then write b = b||+b_
where b, -a = 0. Similarly ¢ = ¢|| + ¢_. By the above lemma and what was just shown,

ax(b+c)=ax(b+c),
=ax (b, +c,)
=axb, +axc)
=axb+axec.
This proves the theorem.

The result of Problem 7?7 of the exercises 77 is used to go from the first to the second
line.
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5.4.2 The Box Product
Definition 5.4.10 A parallelepiped determined by the three vectors, a,b, and c consists of
{rat+sb+tc:r st €0,1]}.

That is, if you pick three numbers, r,s, and t each in [0,1] and form ra+sb + tc, then the
collection of all such points is what is meant by the parallelepiped determined by these three
vectors.

The following is a picture of such a thing.

A

You notice the area of the base of the parallelepiped, the parallelogram determined by
the vectors, a and b has area equal to |a x b| while the altitude of the parallelepiped is
|c| cos @ where 6 is the angle shown in the picture between ¢ and a x b. Therefore, the
volume of this parallelepiped is the area of the base times the altitude which is just

|a x b||c|cosf =axb-c.

This expression is known as the box product and is sometimes written as [a,b,c]. You
should consider what happens if you interchange the b with the c or the a with the c. You
can see geometrically from drawing pictures that this merely introduces a minus sign. In any
case the box product of three vectors always equals either the volume of the parallelepiped
determined by the three vectors or else minus this volume.

Example 5.4.11 Find the volume of the parallelepiped determined by the vectors, i + 2j —
5k,i+ 3j — 6k,3i + 2j + 3k.

According to the above discussion, pick any two of these, take the cross product and
then take the dot product of this with the third of these vectors. The result will be either
the desired volume or minus the desired volume.

i j k
(i+2j—5k)x(i+3j—6k) = |1 2 —5
1 3 —6

= Bi+j+k

Now take the dot product of this vector with the third which yields
Bit+j+k) - (Bi+2j+3k)=9+2+3=14.

This shows the volume of this parallelepiped is 14 cubic units.
There is a fundamental observation which comes directly from the geometric definitions
of the cross product and the dot product.
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Lemma 5.4.12 Let a,b, and c be vectors. Then (a x b)-c=a-(b xc).

Proof: This follows from observing that either (a x b)-c and a- (b x ¢) both give the
volume of the parallellepiped or they both give —1 times the volume.

5.4.3 A Proof Of The Distributive Law

Here is another proof of the distributive law for the cross product. Let x be a vector. From
the above observation,

x-aX(b+c)=(xxa) - (b+c)
(xxa)-b+(xxa)-c

=x-axXxb+x-axc

=x(axb+axc).
Therefore,
x-[ax(b+c)—(axb+axc)=0

for all x. In particular, this holds for x = ax (b+c¢) — (ax b+ a x ¢) showing that
ax (b+c) =a x b+ a x cand this proves the distributive law for the cross product another
way.

Observation 5.4.13 Suppose you have three vectors, u =(a,b,c),v =(d,e, ), and w =
(g,h,i). Then u-v x w is given by the following.

u-vxw = (a,b,c)-

Q Q=
> 0 .
-

T
7

o
@
>0

= a

e
h
= det(

The message is that to take the box product, you can simply take the determinant of the
matriz which results by letting the rows be the rectangular components of the given vectors
in the order in which they occur in the box product. More will be presented on determinants
in the next chapter.

Q@ Q. 2
>0 o
S 0
————
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Determinants

6.0.4 Outcomes

A. Evaluate the determinant of a square matrix using by applying
(a) the cofactor formula or

(b) row operations.

B. Recall the effects that row operations have on determinants.
C. Recall

1. and verify the following:

(a) The determinant of a product of matrices is the product of the determinants.

(b) The determinant of a matrix is equal to the determinant of its transpose.

D. Apply Cramer’s Rule to solve a 2 x 2 or a 3 x 3 linear system.
E. Use determinants to determine whether a matrix has an inverse.

F. Evaluate the inverse of a matrix using cofactors.

6.1 Basic Techniques And Properties

6.1.1 Cofactors And 2 x 2 Determinants

Let A be an n x n matrix. The determinant of A, denoted as det (A) is a number. If the
matrix is a 2x2 matrix, this number is very easy to find.

Definition 6.1.1 Let A = ( Ccl cbl ) Then

det (A) = ad — cb.

The determinant is also often denoted by enclosing the matrix with two vertical lines. Thus
a b a b
det( c d ) e d ’

Example 6.1.2 Find det( 2 4 > .

-1 6

7
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From the definition this is just (2) (6) — (—1) (4) = 16.
Having defined what is meant by the determinant of a 2 x 2 matrix, what about a 3 x 3
matrix?

Definition 6.1.3 Suppose A is a 3 x 3 matriz. The ij'" minor, denoted as mmor(A)ij,
is the determinant of the 2 x 2 matriz which results from deleting the it" row and the j"
column.

Example 6.1.4 Consider the matriz,

1
4
3

NN W N
—_ N W

The (1,2) minor is the determinant of the 2 x 2 matriz which results when you delete the
first row and the second column. This minor is therefore

4 2
det<3 1):—2.

The (2,3) minor is the determinant of the 2 X 2 matriz which results when you delete the
second row and the third column. This minor is therefore

1 2
det(3 2):—4.

Definition 6.1.5 Suppose A is a 3 x 3 matriz. The ij'" cofactor is defined to be (—1)i+j X
(ijth minor) . In words, you multiply (—I)H_j times the i minor to get the ij*" cofactor.
The cofactors of a matriz are so important that special notation is appropriate when referring
to them. The ij'" cofactor of a matriz, A will be denoted by cof (A)ij . It is also convenient
to refer to the cofactor of an entry of a matriz as follows. For a;; an entry of the matriz,
its cofactor is just cof (A)ij . Thus the cofactor of the ij'" entry is just the ij*" cofactor.

Example 6.1.6 Consider the matriz,
1 2 3
A= 4 3 2
3 2 1

The (1,2) minor is the determinant of the 2 X 2 matriz which results when you delete the
first row and the second column. This minor is therefore

4 2
det<3 1):—2.

cof (A),, = (~1)'*? det( g . > — (—1)*2(—2) =2

It follows

The (2,3) minor is the determinant of the 2 x 2 matriz which results when you delete the
second row and the third column. This minor is therefore

1 2
det<3 2)4.
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Therefore,
c&mm:pﬂ%%a<§§>=pﬁﬁg®:4
Similarly,

cdmmzpﬂ“%a(;§>=4.

Definition 6.1.7 The determinant of a 3 X 3 matriz, A, is obtained by picking a row (col-
umn) and taking the product of each entry in that row (column) with its cofactor and adding
these up. This process when applied to the it" row (column) is known as expanding the
determinant along the i'" row (column).

Example 6.1.8 Find the determinant of
1 2 3
A= 4 3 2
3 21

Here is how it is done by “expanding along the first column”.

cof(A);, cof(A)gy, cof(A)4,
3 2 2 3 2 3
(=) - ’+4(1)2+1 5 1 ‘+3(1)3+1 3 5 ‘—o.

You see, we just followed the rule in the above definition. We took the 1 in the first column
and multiplied it by its cofactor, the 4 in the first column and multiplied it by its cofactor,
and the 3 in the first column and multiplied it by its cofactor. Then we added these numbers
together.

You could also expand the determinant along the second row as follows.

cof(A),, cof(A),, cof(A),g
241 2 3 2+2| 1 3 243 | 1 2
4(=1)** 5 1’+3(—1)+ 5 1‘+2(—1)+ 5 2’:0.

Observe this gives the same number. You should try expanding along other rows and
columns. If you don’t make any mistakes, you will always get the same answer.

What about a 4 x 4 matrix? You know now how to find the determinant of a 3 x 3
matrix. The pattern is the same.

Definition 6.1.9 Suppose A is a 4 x 4 matriz. The ij'" minor is the determinant of the
3 x 3 matriz you obtain when you delete the i*" row and the j*" column. The ij'" cofactor,
cof (A),; is defined to be (-1)"* x (i5*" minor) . In words, you multiply (=1)"" times the
i minor to get the ijt" cofactor.

Definition 6.1.10 The determinant of a 4 x 4 matriz, A, is obtained by picking a row
(column) and taking the product of each entry in that row (column) with its cofactor and
adding these up. This process when applied to the it" row (column) is known as expanding
the determinant along the i*" row (column).

Example 6.1.11 Find det (A) where

A:

L = Ot =
=W RN
W B N W
NI, BJURNTN
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As in the case of a 3 x 3 matrix, you can expand this along any row or column. Lets
pick the third column. det (A) =

5 4 3 1 2 4
3= 1 3 5 | +2(=1)*" 1 3 5 |+
3 4 2 3 4 2
1 2 4 1 2 4
41" 5 4 3 [4+3(-1)"*|5 4 3
3 4 2 1 35

Now you know how to expand each of these 3 x 3 matrices along a row or a column. If you do
so, you will get —12 assuming you make no mistakes. You could expand this matrix along
any row or any column and assuming you make no mistakes, you will always get the same
thing which is defined to be the determinant of the matrix, A. This method of evaluating
a determinant by expanding along a row or a column is called the method of Laplace
expansion.

Note that each of the four terms above involves three terms consisting of determinants
of 2 x 2 matrices and each of these will need 2 terms. Therefore, there will be 4 x 3 x 2 = 24
terms to evaluate in order to find the determinant using the method of Laplace expansion.
Suppose now you have a 10 x 10 matrix and you follow the above pattern for evaluating
determinants. By analogy to the above, there will be 10! = 3,628,800 terms involved in
the evaluation of such a determinant by Laplace expansion along a row or column. This is
a lot of terms.

In addition to the difficulties just discussed, you should regard the above claim that you
always get the same answer by picking any row or column with considerable skepticism. It
is incredible and not at all obvious. However, it requires a little effort to establish it. This
is done in the section on the theory of the determinant.

Definition 6.1.12 Let A = (a;;) be an n x n matriz and suppose the determinant of a
(n—1) x (n— 1) matriz has been defined. Then a new matriz called the cofactor ma-
triz, cof (A) is defined by cof (A) = (ci;) where to obtain c;; delete the i'" row and
the j'" column of A, take the determinant of the (n — 1) x (n — 1) matriz which results,
(This is called the ij'" minor of A. ) and then multiply this number by (—1)i+j, Thus
(—1)"" x (the ij™ minor) equals the ij'" cofactor. To make the formulas easier to remem-
ber, cof (A),; will denote the ijt" entry of the cofactor matriz.

With this definition of the cofactor matrix, here is how to define the determinant of an
n X n matrix.

Definition 6.1.13 Let A be an n X n matriz where n > 2 and suppose the determinant of
an (n—1) x (n — 1) has been defined. Then

det (A) =) ajjcof (A);; =Y ajjcof (A),; . (6.1)
j=1 i=1

The first formula consists of expanding the determinant along the i*" row and the second
expands the determinant along the j*" column.

Theorem 6.1.14 FExpanding the n x n matriz along any row or column always gives the
same answer so the above definition is a good definition.
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6.1.2 The Determinant Of A Triangular Matrix

Notwithstanding the difficulties involved in using the method of Laplace expansion, certain
types of matrices are very easy to deal with.

Definition 6.1.15 A matriz M, is upper triangular if M;; = 0 whenever i > j. Thus such
a matriz equals zero below the main diagonal, the entries of the form M;;, as shown.

* * *
0 =
0 0 =

A lower triangular matriz is defined similarly as a matriz for which all entries above the
main diagonal are equal to zero.

You should verify the following using the above theorem on Laplace expansion.

Corollary 6.1.16 Let M be an upper (lower) triangular matriz. Then det (M) is obtained
by taking the product of the entries on the main diagonal.

Example 6.1.17 Let

T
7

33.7
-1

oS O o
O O NN
S W o w

Find det (A) .

From the above corollary, it suffices to take the product of the diagonal elements. Thus
det (A) =1 x 2 x 3 x (—1) = —6. Without using the corollary, you could expand along the
first column. This gives

2 6 7 2 3 T
110 3 337 |+0(-1)*""|0 3 337 |+
00 -1 00 -1
2 3 77 3 77
01" 2 6 7 |+0(-D*"" |2 6 7
0 0 -1 0 3 33.7
and the only nonzero term in the expansion is
2 6 7
110 3 337
0 0 -1
Now expand this along the first column to obtain
3 33.7 41| 6 7 341 6 7
1x (2><’ 0 —1 ‘—1—0(—1) 0 -1 ’4—0(—1) 3 337
3 33.7
=1x2x 0 -1 ‘

Next expand this last determinant along the first column to obtain the above equals
1x2x3x(-1)=-6

which is just the product of the entries down the main diagonal of the original matrix.
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6.1.3 Properties Of Determinants

There are many properties satisfied by determinants. Some of these properties have to do
with row operations. Recall the row operations.

Definition 6.1.18 The row operations consist of the following

1. Switch two rows.
2. Multiply a row by a nonzero number.

3. Replace a row by a multiple of another row added to itself.

Theorem 6.1.19 Let A be an n x n matriz and let Ay be a matrixz which results from
multiplying some row of A by a scalar, c¢. Then cdet (A) = det (A1).

Example 6.1.20 Let A = ( ;) i ) VAL = ( g j > - det (4) = -2, det (A1) = —4.

Theorem 6.1.21 Let A be an n x n matriz and let Ay be a matrix which results from
switching two rows of A. Then det (A) = —det (Ay) . Also, if one row of A is a multiple of
another row of A, then det (A) = 0.

Example 6.1.22 Let A = ( ; i > and let Ay = < il)) ;1 ) det A = —2, det (4;) = 2.

Theorem 6.1.23 Let A be an n X n matriz and let A1 be a matrix which results from
applying row operation 3. That is you replace some row by a multiple of another row added
to dtself. Then det (A) = det (41).

Example 6.1.24 Let A = ( ; i and let A; = (23

411 . Thus the second row of Ay
is one times the first row added to the second row. det (A) = —2 and det (41) = —2.

Theorem 6.1.25 In Theorems 6.1.19 - [6.1.23 you can replace the word, “row” with the
word “column”.

There are two other major properties of determinants which do not involve row opera-
tions.

Theorem 6.1.26 Let A and B be two n X n matrices. Then

|det (AB) = det (A) det (B). |

Also,

det (4) = det (AT).

Example 6.1.27 Compare det (AB) and det (A) det (B) for

(4 2) (1)
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First
1 2 3 2 11 4
an= (L)) 4
and so
det(AB)zdet( 14 >:—40.
-1 -4
Now
1 2
det(A)det( 3 9 > =38
and

det(B)det< i ? ) = —b.
Thus det (A) det (B) = 8 x (—5) = —40.

6.1.4 Finding Determinants Using Row Operations

Theorems [6.1.23]-6.1.25 can be used to find determinants using row operations. As pointed
out above, the method of Laplace expansion will not be practical for any matrix of large
size. Here is an example in which all the row operations are used.

Example 6.1.28 Find the determinant of the matriz,

1 2 3 4
5 1 2 3
A= 4 5 4 3
2 2 -4 5

Replace the second row by (—5) times the first row added to it. Then replace the third
row by (—4) times the first row added to it. Finally, replace the fourth row by (—2) times
the first row added to it. This yields the matrix,

1 2 3 4

0 -9 -—-13 -17
B = 0 -3 -8 -13

0 -2 -10 -3

and from Theorem [6.1.23, it has the same determinant as A. Now using other row operations,
det (B) = () det (C) where

1 2 3 4

0 o0 11 22
¢= 0 -3 -8 -—-13

0 6 30 9

The second row was replaced by (—3) times the third row added to the second row. By
Theorem 6.1.23 this didn’t change the value of the determinant. Then the last row was
multiplied by (—3). By Theorem [6.1.19/ the resulting matrix has a determinant which is
(—3) times the determinant of the unmultiplied matrix. Therefore, we multiplied by —1/3
to retain the correct value. Now replace the last row with 2 times the third added to
it. This does not change the value of the determinant by Theorem 6.1.23. Finally switch
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the third and second rows. This causes the determinant to be multiplied by (—1). Thus
det (C) = — det (D) where

1 2 3 4

0 -3 -8 -13

0 0 11 22

0o 0 14 -17

D =

You could do more row operations or you could note that this can be easily expanded along
the first column followed by expanding the 3 x 3 matrix which results along its first column.

Thus
11 22

14 17
and so det (C)) = —1485 and det (4) = det (B) = (5t) (—1485) = 495.

det (D) = 1(-3) ' ‘ = 1485

Example 6.1.29 Find the determinant of the matriz

W N = =
-
— NN W
DN O = N

Replace the second row by (—1) times the first row added to it. Next take —2 times the
first row and add to the third and finally take —3 times the first row and add to the last
row. This yields

1 2 3 2
0 -5 -1 -1
0 -3 -4 1
0 —-10 -8 —4
By Theorem [6.1.23| this matrix has the same determinant as the original matrix. Remember

you can work with the columns also. Take —5 times the last column and add to the second
column. This yields

1 -8 3 2
0o 0 -1 -1
0 -8 —4 1

0 10 -8 —4

By Theorem 16.1.25/ this matrix has the same determinant as the original matrix. Now take
(—1) times the third row and add to the top row. This gives.

1 0 7 1
0o 0 -1 -1
0 -8 —4 1
0 10 -8 —4

which by Theorem [6.1.23 has the same determinant as the original matrix. Lets expand it
now along the first column. This yields the following for the determinant of the original
matrix.

0o -1 -1
det -8 —4 1
10 -8 —4

which equals

-1 -1 -1 -1
8det<_8 _4>+10det<_4 1 >82
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We suggest you do not try to be fancy in using row operations. That is, stick mostly to
the one which replaces a row or column with a multiple of another row or column added to
it. Also note there is no way to check your answer other than working the problem more
than one way. To be sure you have gotten it right you must do this.

6.2 Applications

6.2.1 A Formula For The Inverse

The definition of the determinant in terms of Laplace expansion along a row or column also
provides a way to give a formula for the inverse of a matrix. Recall the definition of the
inverse of a matrix in Definition [4.1.28 on Page 52l Also recall the definition of the cofactor
matrix given in Definition 6.1.12 on Page 80. This cofactor matrix was just the matrix
which results from replacing the ijt"* entry of the matrix with the ij** cofactor.

The following theorem says that to find the inverse, take the transpose of the cofactor
matrix and divide by the determinant. The transpose of the cofactor matrix is called the
adjugate or sometimes the classical adjoint of the matrix A. In other words, A~! is
equal to one divided by the determinant of A times the adjugate matrix of A. This is what
the following theorem says with more precision.

Theorem 6.2.1 A~! exists if and only if det(A) # 0. If det(A) # 0, then A~! = (afjl)
where
ai_j1 = det(A) " cof (A).,

ji
for cof (A). . the ij™" cofactor of A.
ij

Example 6.2.2 Find the inverse of the matriz,
1 2 3
A= 3 0 1
1 2 1

First find the determinant of this matrix. Using Theorems 6.1.23 - [6.1.25/ on Page |82,
the determinant of this matrix equals the determinant of the matrix,

1 2 3
0 -6 -8
0 0 -2

which equals 12. The cofactor matrix of A is

-2 -2 6
4 -2 0
2 8§ —6

Each entry of A was replaced by its cofactor. Therefore, from the above theorem, the inverse
of A should equal

_1 1 1

T 6 3 6

1 -2 -2 6 _1 1 2

D 4 -2 0 = 6 6 3
2 8 —6

N[ =
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Does it work? You should check to see if it does.

1 1 1
6 3 6
1 1
—_ = — = £ 3 O
1 2
1 1
= O — =

and so it is correct.

Example 6.2.3 Find the inverse of the matriz,

10

_1 1

A: 6 3
_5 2

6 3

DETERMINANTS

When the matrices are multiplied

— W
I
o O =
O = O
= o O

—_

First find its determinant. This determinant is %. The inverse is therefore equal to

Expanding all the 2 x 2 determinants this yields

11 1 n\T
6 3 6
11 1
6l 3 s —3 -
11 1
6 6 6
Always check your work.
1
5 0
1 2 -1 11
2 1 1 6 3
1 -2 1 _5 2
6 3

1 1 1
3 T2 6

2 _1 | -5
3 T3 6

1 1

0 3 3 3

6 -2 _1 5 1

3 2 6 2

1 1 1

0 3 2 2
1 _ 1 - 1

3 T2 -5 -

1 11 T
2 6 3
1 5 2
2 6 3
1
0
- _5 2
6 3
1
5 0
1 _1 1
5 6 3
1 2 -1
2 1 1
1 -2 1
1
2
1 1 0 0
2 ]1l=(0 10
_1 0 0 1
2

and so we got it right. If the result of multiplying these matrices had been something other
than the identity matrix, you would know there was an error. When this happens, you
need to search for the mistake if you am interested in getting the right answer. A common
mistake is to forget to take the transpose of the cofactor matrix.
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Proof of Theorem [6.2.1: From the definition of the determinant in terms of expansion
along a column, and letting (a;-) = A, if det (A) # 0,

3" i cof (A),, det(A) ™" = det(A) det(4) ™ = 1.
=1

Now consider

Z air cof (A),, det(A)~*
i=1

when k # r. Replace the k" column with the r** column to obtain a matrix, B whose
determinant equals zero by Theorem 6.1.21. However, expanding this matrix, By along the
kP column yields

0 = det (By)det (A) ™' = as cof (A),, det (4) ™"
=1

Summarizing,

~ . [ 1ifr=k
;ai,«cof(A)ikdet(A) _5,%:{ 0if r £k

Now

Z air cof (A),, = Z a;y cof (A)f2
i=1 i=1
which is the kr*" entry of cof (A)" A. Therefore,

cof (A)T

T A=l (6.2)

Using the other formula in Definition [6.1.13, and similar reasoning,
Zarj cof (A),,; det (A" =6,
j=1

Now

Z arj cof (A),; = Z ayj cof (A);‘-Fk
j=1 j=1

which is the 7k entry of A cof (A)" . Therefore,

cof (A)T B
AW =1, (6.3)

and it follows from 6.2 and 6.3/ that A~ = (afjl), where

a;;' = cof (A),; det (A~

)

In other words,
cof (A)T

—1 _
A= det (A) °
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Now suppose A~! exists. Then by Theorem [6.1.26,
1 =det (I) = det (AA™") = det (A) det (A7)

so det (A) # 0. This proves the theorem.
This way of finding inverses is especially useful in the case where it is desired to find the
inverse of a matrix whose entries are functions.

Example 6.2.4 Suppose

et 0 0
A({t)y=1 0 cost sint
0 —sint cost

Show that A (t)™" exists and then find it.
First note det (A (£)) = e’ # 0 so A (t) " exists. The cofactor matrix is
1 0 0
Ct)=1] 0 e'cost e'sint

0 —efsint efcost

and so the inverse is

a 0 0 T et 0 0
-1 0 etcost elsint = 0 cost —sint
€ 0 —elsint elcost 0 sint cost

6.2.2 Cramer’s Rule

This formula for the inverse also implies a famous procedure known as Cramer’s rule.
Cramer’s rule gives a formula for the solutions, x, to a system of equations, Ax =y in the
special case that A is a square matrix. Note this rule does not apply if you have a system
of equations in which there is a different number of equations than variables.

In case you are solving a system of equations, Ax = y for x, it follows that if A~! exists,

x=(A"T"A)x=A""(Ax) = A"y

thus solving the system. Now in the case that A~! exists, there is a formula for A~! given
above. Using this formula,

n n 1
—_ -1, _ .
T; = Zaij y; = ; det (4) cof (A)jl.yj.

j=1

By the formula for the expansion of a determinant along a column,

1 * PR yl e *
;= ——~det| : : S,
" det (A) : : :
* P yn .. *
where here the i" column of A is replaced with the column vector, (y; -, yn)T, and the

determinant of this modified matrix is taken and divided by det (A). This formula is known
as Cramer’s rule.
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Procedure 6.2.5 Suppose A is an n x n matriz and it is desired to solve the system

Ax=y,y = (y1,- - ,yn)T forx=(xq1,--- ,xn)T . Then Cramer’s rule says
det Al
T; =
" det A
where A; is obtained from A by replacing the it" column of A with the column (y1, - - - ,yn)T

Example 6.2.6 Find z,y if

1 2 1 T 1
3 2 1 y | =1 2
2 =3 2 1 3
From Cramer’s rule,
1 2 1
2 2 1
3 -3 2 1
T 2 1] 2
3 2 1
2 -3 2
Now to find vy,
1 11
3 2 1
2 3 2 1
YST1 2 1] 7
3 2 1
2 -3 2
1 2 1
3 2 2
2 -3 3 11
¥ = -
1 2 1 14
3 2 1
2 =3 2

You see the pattern. For large systems Cramer’s rule is less than useful if you want to find
an answer. This is because to use it you must evaluate determinants. However, you have no
practical way to evaluate determinants for large matrices other than row operations and if
you are using row operations, you might just as well use them to solve the system to begin
with. It will be a lot less trouble. Nevertheless, there are situations in which Cramer’s rule
is useful.

Example 6.2.7 Solve for z if

1 0 0 T 1

0 efcost elsint y | =1 ¢

0 —e'sint elcost z 2
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You could do it by row operations but it might be easier in this case to use Cramer’s
rule because the matrix of coefficients does not consist of numbers but of functions. Thus

1 0 1
0 efcost t
0 —efsint t2
z = =t((cost)t+sint)e".
= ((cost) £+ sin)

0 efcost efsint

0 —elsint e'cost

You end up doing this sort of thing sometimes in ordinary differential equations in the
method of variation of parameters.

6.3 Exercises With Answers

1. Find the following determinant by expanding along the second column.

13 1
2 15
2 11
This is
2 5 11 11
3= 5 ] ’+1(1)”1 5 1 ‘+1(1)3+2 5 5 ’—20.

2. Compute the determinant by cofactor expansion. Pick the easiest row or column to

use.
2 0 01
2110
0 0 0 3
2 3 31

You ought to use the third row. This yields

By 5|0

w

S U

w = o

w = o
Il

3. Find the determinant using row and column operations.

5 4 3 2
3 2 4 3
-1 2 3 3
2 1 2 =2

Replace the first row by 5 times the third added to it and then replace the second by
3 times the third added to it and then the last by 2 times the third added to it. This

yields
0 14 18 17
0 8 13 12
-1 2 3 3

0 5 8 4
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Now lets replace the third column by —1 times the last column added to it.

0 14 1 17
0 8 1 12
-1 2 0 3
0 5 4 4

Now replace the top row by —1 times the second added to it and the bottom row by
—4 times the second added to it. This yields

0 6 0 5

0 8§ 1 12

-1 2 0 3 (6:4)
0 —-27 0 —-44

This looks pretty good because it has a lot of zeros. Expand along the first column
and next along the second,

6 0 5 6 s
-1 8 1 12 :(-1)(1)‘ R ’:129.
=27 0 —-44

Alternatively, you could continue doing row and column operations. Switch the third
and first row in 6.4/ to obtain

-1 0 3
1 12
0 5
0 —44

oo o
I

o O 00 N
BN |

Next take 9/2 times the third row and add to the bottom.

—_

2 0 3
8 1 12
6 0 5
0 0 —44+4(9/2)5

0
0
0

Finally, take —6/8 times the second row and add to the third.

-1 2 0 3
0 8 1 12

| 0 0 —6/8 5+(—6/8)(12)
0 0 0 —44+(9/2)5

Therefore, since the matrix is now upper triangular, the determinant is
—((=1)(8) (=6/8) (=44 + (9/2) 5)) = 129.

4. An operation is done to get from the first matrix to the second. Identify what was
done and tell how it will affect the value of the determinant.

(2a)(3i)

This involved taking the transpose so the determinant of the new matrix is the same
as the determinant of the first matrix.
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. Show that for A a 2 x 2 matrix det (aA) = a? det (A) where a is a scalar.

a?det (A) = adet (A1) where the first row of A is replaced by a times it to get Aj.
Then adet (A1) = Az where A, is obtained from A by multiplying both rows by a. In
other words, A = aA. Thus the conclusion is established.

. Use Cramer’s rule to find y in

20 +2y+2=3

20 —y—z=2
r+2z=1
From Cramer’s rule,
2 3 1
2 2 -1
B 1 1 2 _ 5
YTT2 2 1 T 13
2 -1 -1
1 0 2
. Here is a matrix,
et e tcost e tsint
el —e7tcost—e tsint —etsint+ e fcost
et 2¢ tsint —2e~tcost

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

et e tcost e tsint
det | e¢ —etcost—etsint —e tsint+ e tcost
et 2¢ tsint —2e~tcost

= 5ete?(71) cos? t 4 Hete?(—) sin? t = 5e~* which is never equal to zero for any value of
t and so there is no value of ¢ for which the matrix has no inverse.

. Use the formula for the inverse in terms of the cofactor matrix to find if possible the

inverse of the matrix
1 2 3
0 6 1
4 1 1
First you need to take the determinant

1 3
det | O 1 | =-59
4 1

= o N

and so the matrix has an inverse. Now you need to find the cofactor matrix.

6 0 1 0 6

1 4 1 4 1

123 1 3 _
11 4 1

2 3 3
6 1 1

1 —
1

1 2
4 1

1 1 2
0 0 6
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5 4 —24
= 1 —11 7
-16 -1 6
Thus the inverse is
. 5 4 —24\"
_— 1 —-11 7
o -16 -1 6
1 5 1 —16
o -24 7 6

If you check this, it does work.

6.4 The Mathematical Theory Of Determinants®

This material is definitely not for the faint of heart. It is only for people who want
to see everything proved. It is a fairly complete and unusually elementary treatment of
the subject. There will be some repetition between this section and the earlier section on
determinants. The main purpose is to give all the missing proofs. Two books which give
a good introduction to determinants are Apostol [I] and Rudin [II]. A recent book which
also has a good introduction is Baker [2]. Most linear algebra books do not do an honest
job presenting this topic.

It is easiest to give a different definition of the determinant which is clearly well defined
and then prove the earlier one in terms of Laplace expansion. Let (i1, - ,4,) be an ordered
list of numbers from {1,--- ,n}. This means the order is important so (1,2,3) and (2,1, 3)
are different.

The following Lemma will be essential in the definition of the determinant.

Lemma 6.4.1 There exists a unique function, sgn, which maps each list of numbers from

{1,--- ,n} to one of the three numbers, 0,1, or —1 which also has the following properties.

sgn, (1,---,n) =1 (6.5)

sgn,, <i17"' s Pyt g, 7ZTL) = —sgn, (ilﬂ"' s 4, Dy 77f7l) (66)

In words, the second property states that if two of the numbers are switched, the value of the

function is multiplied by —1. Also, in the case where n > 1 and {i1,--- ,i,} ={1,--- ,n} so
that every number from {1,--- ,n} appears in the ordered list, (i1, - ,in),

Sgnn (ilv"‘ 7i0717n7i0+17“' ;Zn)
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(_1>7l—9 SgN, 1 (il, L lg—t, i9+1a t ai'rl) (67)

where n = iy in the ordered list, (i1, ,iy) -

Proof: To begin with, it is necessary to show the existence of such a function. This
is clearly true if n = 1. Define sgn; (1) = 1 and observe that it works. No switching
is possible. In the case where n = 2, it is also clearly true. Let sgn,(1,2) = 1 and
sgn, (2,1) = 0 while sgn, (2,2) = sgn, (1,1) = 0 and verify it works. Assuming such a
function exists for n, sgn,,; will be defined in terms of sgn, . If there are any repeated
numbers in (i1, ,ing1), 5g0, 41 (i1, -+ ,ing1) = 0. If there are no repeats, then n + 1
appears somewhere in the ordered list. Let 6 be the position of the number n + 1 in the list.
Thus, the list is of the form (i1, ,i9—1,7 + 1,%941,** ,in+1) . From[6.7 it must be that

Sgnn+1 (ila T 7i9—17n+ 17i0+1a e 7in+1) =

—0 . . . .

(_1)n+1 sgn,, (ll"" y19—15,20+41, " " ,Zn+1)-
It is necessary to verify this satisfies 6.5/ and 6.6/ with n replaced with n 4+ 1. The first of
these is obviously true because

(71)n+17(n+1)

Sgnn+1(1’."?n?n+l)z Sgnn(1,~-«,n):1.

If there are repeated numbers in (i1, ,i,+1), then it is obvious [6.6] holds because both
sides would equal zero from the above definition. It remains to verify [6.6/in the case where
there are no numbers repeated in (i1, - ,%,+1). Consider

T S

Sgnn+1 <i17"' sy Py 54, 7in+1>7

where the r above the p indicates the number, p is in the r** position and the s above the
q indicates that the number, ¢ is in the s** position. Suppose first that 7 < § < 5. Then

0
. T S . _
Sgnn+1 (215"'apa"'7n+17"'7Q7"'32n+1>:

1-0 . T s—1 .
(_1)”"" sgn,, (llf" y Pyt gy 7Zn+1)
while

%
. T S .
Sgnn+1 <21’... N/ ,’I’L—f—].,"' N 77ln+1> —

1-6 . T s—1 .
(_1)”"" Sgnn(217"'7qa"'a p7"'azn+1)

and so, by induction, a switch of p and ¢ introduces a minus sign in the result. Similarly, if
0 > s or if 8 < r it also follows that [6.6 holds. The interesting case is when 6 = r or § = s.
Consider the case where # = r and note the other case is entirely similar.

Sgnn+1 (ila"' an+17"' 54, 7in+1> -

(_1)n+17rsgnn (i17"' s q 7in+1) (6.8)
while
Sgnn+1(7;11"'767"'an+17"'7in+1):

(_1)n+1—5 sgn,, (ila"' 767.-. 7in+1) . (69)
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By making s — 1 — r switches, move the ¢ which is in the s — 1! position in 6.8 to the rt*
position in 6.9, By induction, each of these switches introduces a factor of —1 and so

. s—1 . s—1—r . T .
sgn,, (217”' y g 5 77’Tl+1) :(_1) sgn,, <217"' NP 7Zn+1)-
Therefore,

T

Sgnn+1 (ila"' ,TL+17"' s g, 7in+1)

_ . —1 .
(_1)"""1 TSan <Zl7"' 7Sq [ 7Zn+1>
— (_1)n+1—7-(_1)s—1—7-sgnn (Z'l’,_. 75’..- 7in+1>

= ()" s, (i1 i) = (DT D s, (i i)
r S
= —Sgnn+1 (ilv"' N/ 7n_|_1’... 77;n+1) .
This proves the existence of the desired function.

To see this function is unique, note that you can obtain any ordered list of distinct
numbers from a sequence of switches. If there exist two functions, f and g both satisfying
6.5 and 6.6, you could start with f(1,--- ,n) =g¢(1,--- ,n) and applying the same sequence
of switches, eventually arrive at f (i1, ,i,) = ¢ (i1, ,4n) . If any numbers are repeated,
then 6.6/ gives both functions are equal to zero for that ordered list. This proves the lemma.

In what follows sgn will often be used rather than sgn,, because the context supplies the
appropriate n.

Definition 6.4.2 Let f be a real valued function which has the set of ordered lists of numbers
from {1,--- ,n} as its domain. Define

Z fky-ky)
(kv kn)

to be the sum of all the f (ki --ky,) for all possible choices of ordered lists (ki,--- ,kn) of
numbers of {1,--- ,n}. For example,

(k1,k2)
Definition 6.4.3 Let (a;;) = A denote an n x n matriz. The determinant of A, denoted

by det (A) is defined by

det (A) = Z sgn (kh e 7kn) A1k, * Ak,

(k1 kn)
where the sum is taken over all ordered lists of numbers from {1,--- ,n}. Note it suffices to
take the sum over only those ordered lists in which there are no repeats because if there are,
sgn (ki,--- ,k,) =0 and so that term contributes 0 to the sum.

Let A be an n x n matrix, A = (a;;) and let (r1,---,r,) denote an ordered list of n
numbers from {1,--- ,n}. Let A (ry,---,7,) denote the matrix whose k*" row is the rj row
of the matrix, A. Thus

det (A(r1,--- 7)) = Z sgn (k1, -+, kn) Griky - Qrokeny (6.10)
(k1,0 kn)
and
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Proposition 6.4.4 Let
(Tlv e 7rn)

be an ordered list of numbers from {1,--- ,n}. Then

sgn (ry,- - ,ry,)det (A4)

= Z sgn (klv T kn) Ariky * 0 Qrpky, (6'11)
(k17"'7k’n)
= det(A(r1, - ,m)). (6.12)
Proof: Let (1,---,n)=(1,---,r,---5,--- ,n) sor < s.
det(A(l,"'7’l“7~--,S,“-,TL)): (613)

E Sgn(kla"' 7k7”7"' aksv"' 7kn)a1k1 R 7 e P T ¢ 7
(k1 kn)

and renaming the variables, calling ks, k. and k,, ks, this equals

= E Sgn(kla"'7k57"'7k7‘>"';kn)alkl"'a’rks"'ask7."'ank”

(k1,- k)
These got switched
Z —_——~
= 7SgIl kl?"‘? kr,...,ks 7...7kn a’lkl...aSkT...a'rks...ank‘n,
(k1,+ s kn)

= —det (AL, 8, 1, ,n)). (6.14)

Consequently,
det(A(l, 3 Syt Ty ,n)) —

—det (A(L,---,r,---,s,--+,n)) = —det (A)

Now letting A(1,---,s,-+-,r,--- ,n) play the role of A, and continuing in this way, switch-
ing pairs of numbers,
det (A (ry, -+ ,m)) = (=1)"det (A)

where it took p switches to obtain(ry, -+ ,7,) from (1,--- ,n). By Lemmal6.4.1, this implies
det (A (ry, -+ ,m)) = (=1)P det (A) = sgn (ry,- -+ ,7,) det (A)

and proves the proposition in the case when there are no repeated numbers in the ordered
list, (r1,---,r,). However, if there is a repeat, say the r*" row equals the s row, then the
reasoning of 6.13 16.14 shows that A (r, -+ ,r,) = 0 and also sgn (11, ,7,) = 0 so the
formula holds in this case also.

Observation 6.4.5 There are n! ordered lists of distinct numbers from {1,--- ,n}.

To see this, consider n slots placed in order. There are n choices for the first slot. For
each of these choices, there are n — 1 choices for the second. Thus there are n (n — 1) ways
to fill the first two slots. Then for each of these ways there are n — 2 choices left for the third
slot. Continuing this way, there are n! ordered lists of distinct numbers from {1,--- ,n} as
stated in the observation.

With the above, it is possible to give a more symmetric description of the determinant
from which it will follow that det (A) = det (AT).
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Corollary 6.4.6 The following formula for det (A) is valid.

det (A) = L

n!
Z Z sgn (11, -+ ,7n)sgn (K1, , kn) Grigy - Qrok, - (6.15)
(r1,5rn) (k1yee k)
And also det (AT) = det (A) where AT is the transpose of A. (Recall that for AT = (a.T»),
al =aj;.)
1] J

Proof: From Proposition [6.4.4, if the r; are distinct,

det (4) = Z sgn (ry, -+ ,rp)sen(ke, -+ kn) Qe -0 Grp k-

(k1,00 k)
Summing over all ordered lists, (r1,---,r,) where the r; are distinct, (If the r; are not
distinct, sgn (r1,- -+ ,7,) = 0 and so there is no contribution to the sum.)

nldet (A) =
Z Z Sgn(rlv"' 77"n)5gn(k1,"' 7kn) Ariky " Ar, kg, -

(r1,,mn) (K1, ki)

This proves the corollary since the formula gives the same number for A as it does for AT.

Corollary 6.4.7 If two rows or two columns in an n X n matriz, A, are switched, the
determinant of the resulting matriz equals (—1) times the determinant of the original matriz.
If A is an nxn matriz in which two rows are equal or two columns are equal then det (4) = 0.
Suppose the it" row of A equals (zay + yby,--- ,wa, + yb,). Then

det (A) = xdet (A1) + ydet (Ag)

where the it" row of Ay is (ay,--- ,a,) and the it" row of Ay is (by,--- ,by,), all other rows
of A1 and As coinciding with those of A. In other words, det is a linear function of each
row A. The same is true with the word “row” replaced with the word “column”.

Proof: By Proposition 6.4.4 when two rows are switched, the determinant of the re-
sulting matrix is (—1) times the determinant of the original matrix. By Corollary [6.4.6 the
same holds for columns because the columns of the matrix equal the rows of the transposed
matrix. Thus if A; is the matrix obtained from A by switching two columns,

det (A) = det (A") = —det (A]) = —det (4).

If A has two equal columns or two equal rows, then switching them results in the same
matrix. Therefore, det (A) = —det (A) and so det (A) = 0.
It remains to verify the last assertion.

det (4) = Z sgn (b1, kn) aig, - (zag, +ybr,) - ank,

(kl""ykn)
=X Z Sgn(kq’--.,kn)alkl...aki...ankn
(k1 kn)
+y Z sgn (k1,- -+, kn) a1k, - bi, - Qnk,,
(1, )

= wdet (A1) + ydet (Az).

The same is true of columns because det (A”) = det (A) and the rows of A are the columns
of A.
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Definition 6.4.8 A vector, w, is a linear combination of the vectors {vy,--- ,v,} if there
erists scalars, c1,---c, such that w = 22:1 ckVi. This is the same as saying
w € span{vy,- -, Vv, }.

The following corollary is also of great use.

Corollary 6.4.9 Suppose A is an n X n matriz and some column (row) is a linear combi-
nation of r other columns (rows). Then det (A) = 0.

Proof: Let A = ( a; -+ ay ) be the columns of A and suppose the condition that
one column is a linear combination of r of the others is satisfied. Then by using Corollary
6.4.7 you may rearrange the columns to have the n'” column a linear combination of the
first 7 columns. Thus a, = Y_;_, cxa; and so

det (A) = det ( a; - ar an_—1 22:1 Crak ) .

By Corollary [6.4.7
det (A) :chdet( ap -+ a, -+ a1 a )=0.
k=1
The case for rows follows from the fact that det (4) = det (AT) . This proves the corollary.

Recall the following definition of matrix multiplication.

Definition 6.4.10 If A and B are n x n matrices, A = (a;j) and B = (b;j), AB = (cyj)

where N
Cij = Zaikbkj~
k=1

One of the most important rules about determinants is that the determinant of a product
equals the product of the determinants.
Theorem 6.4.11 Let A and B be n x n matrices. Then

det (AB) = det (A) det (B) .
Proof: Let ¢;; be the ij'" entry of AB. Then by Proposition [6.4.4,
det (AB) =

Z sgn (klv T 7kn) Ciky =" Cnk,
(K1, kn)

= Z sgn (k17"' 7kn) (Zalrlbrllﬁ) <Zanrnbrnkn>
T1 Tn

(k kn)

Z Z sgn (kla"' akn) brlkl "'brnkn (alrl "'anrn)

(r1ee-rn) (k1,0 ,kn)
= ) sgn(ricoomn)aiy, - nr, det (B) = det (A) det (B).
(ri,rn)

This proves the theorem.
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Lemma 6.4.12 Suppose a matriz is of the form

M:(’a1 * ) (6.16)

a

M—<A 0 > (6.17)

or

* a

where a is a number and A is an (n — 1) x (n — 1) matriz and * denotes either a column
or a row having length n — 1 and the 0 denotes either a column or a row of length n — 1
consisting entirely of zeros. Then

det (M) =adet (A).

Proof: Denote M by (m;;). Thus in the first case, m,, = a and my; = 0 if i # n while
in the second case, m,, = a and m;,, = 0 if i # n. From the definition of the determinant,

det (M) = > sgn, (ki kn) mag, Mk,

(k1 kn)
Letting 6 denote the position of n in the ordered list, (ki,---,k,) then using the earlier
conventions used to prove Lemma [6.4.1, det (M) equals
n—=o (4 n—1
S ()" sgn, (ke koo ko, B ) mag, ik,

(k1,5 kn)

Now suppose [6.17. Then if k,, # n, the term involving m,y, in the above expression equals
zero. Therefore, the only terms which survive are those for which # = n or in other words,
those for which k,, = n. Therefore, the above expression reduces to

a Z sgn, 1 (k1, - kn_1) M1k, - M_1)k,_, = adet (A).
(klv"'7k"—1)

To get the assertion in the situation of 6.16/ use Corollary [6.4.6/ and [6.17/ to write
T AT 0 T
det (M) = det (M") = det . a =adet (A") = adet (A).

This proves the lemma.

In terms of the theory of determinants, arguably the most important idea is that of
Laplace expansion along a row or a column. This will follow from the above definition of a
determinant.

Definition 6.4.13 Let A = (a;;) be an nxn matriz. Then a new matriz called the cofactor
matriz, cof (A) is defined by cof (A) = (c;j) where to obtain c;; delete the i'" row and the
Gt column of A, take the determinant of the (n — 1) x (n — 1) matriz which results, (This
is called the ij" minor of A. ) and then multiply this number by (—1)i+j. To make the

formulas easier to remember, cof (A)ij will denote the ijt" entry of the cofactor matriz.

The following is the main result. Earlier this was given as a definition and the outrageous
totally unjustified assertion was made that the same number would be obtained by expanding
the determinant along any row or column. The following theorem proves this assertion.
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Theorem 6.4.14 Let A be an n X n matriz where n > 2. Then
n n
det (A) = Z aijcof (A),; = Z aij cof (A),; - (6.18)
j=1 i=1
The first formula consists of expanding the determinant along the it" row and the second
expands the determinant along the j*" column.

Proof: Let (a;1,--- ,a;,) be the i*" row of A. Let Bj be the matrix obtained from A by
leaving every row the same except the i*" row which in B; equals (0,---,0,a;;,0,---,0).
Then by Corollary 6.4.7,

det (A) =) det (B)
j=1
Denote by A% the (n—1) x (n — 1) matrix obtained by deleting the it" row and the ;"
column of A. Thus cof (4),; = (—1)" det (A¥) . At this point, recall that from Proposition

6.4.4, when two rows or two columns in a matrix, M, are switched, this results in multiplying
the determinant of the old matrix by —1 to get the determinant of the new matrix. Therefore,

by Lemma [6.4.12)
iy i AY o«
1\ —J (_q\n—i
(—1)" (-1) det(( - ))

B it Aij % B
= (-1 Jdet(< 0 ay >>aijc0f(A)ij.

det (BJ)

Therefore,

det (A) = Z aij cof (A),;
j=1
which is the formula for expanding det (4) along the i*" row. Also,

det (4) = det (A7) = Z az; cof (AT)ij
j=1

= Z aji cof (A);
j=1

which is the formula for expanding det (A) along the i** column. This proves the theorem.
Note that this gives an easy way to write a formula for the inverse of an n x n matrix.

Theorem 6.4.15 A~ exists if and only if det(A) # 0. If det(A) # 0, then A~ = (ai_jl)
where
a;jl = det(A) " cof (A).,

Jr

for cof (A),; the ijt" cofactor of A.

Proof: By Theorem [6.4.14] and letting (a;.) = A, if det (A) # 0,

3" cof (A),, det(A) ™! = det(A) det(4) ™ = 1.
=1
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Now consider

Z air cof (A),;, det(A)~!

when k # r. Replace the k" column with the 7" column to obtain a matrix, By whose
determinant equals zero by Corollary 6.4.7. However, expanding this matrix along the k"
column yields

0 = det (By) det (A Z a;r cof (A),, det (A)7!

Summarizing,
> air cof (A),, det (A) ™" = b,

Using the other formula in Theorem [6.4.14) and similar reasoning,

Za”cof det( ) =0k

This proves that if det (4) # 0, then A™! exists with A~* = (a,;'), where

a;;t = cof (A),; det (A",

ij
Now suppose A~! exists. Then by Theorem [6.4.11]
1 =det (I) = det (AA™") = det (A) det (A™")

so det (A) # 0. This proves the theorem.
The next corollary points out that if an n X n matrix, A has a right or a left inverse,
then it has an inverse.

Corollary 6.4.16 Let A be an n X n matriz and suppose there exists an n X n matriz, B
such that BA = 1. Then A7 exists and A~' = B. Also, if there exists C an n X n matric
such that AC = I, then A™" exists and A~1 = C.

Proof: Since BA = I, Theorem 6.4.11 implies
det Bdet A=1
and so det A # 0. Therefore from Theorem 6.4.15, A~ exists. Therefore,
A™'=(BA)A™' =B (AA™") =BI =B.

The case where CA = I is handled similarly.

The conclusion of this corollary is that left inverses, right inverses and inverses are all
the same in the context of n x m matrices.

Theorem 16.4.15! says that to find the inverse, take the transpose of the cofactor matrix
and divide by the determinant. The transpose of the cofactor matrix is called the adjugate
or sometimes the classical adjoint of the matrix A. It is an abomination to call it the adjoint
although you do sometimes see it referred to in this way. In words, A~' is equal to one over
the determinant of A times the adjugate matrix of A.

In case you are solving a system of equations, Ax = y for x, it follows that if A~! exists,

x=(A"T"A)x=A""(Ax) = A"y
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thus solving the system. Now in the case that A~! exists, there is a formula for A~! given
above. Using this formula,

n a n 1
Ti = Z a’ijlyj = Z M cof (A)ji Yj-
j=1 j=1

By the formula for the expansion of a determinant along a column,

* PRI yl .. *
1 aet | - ) )
r, = — de . . .
" det (A) : : 7
* PR yn e *
where here the " column of A is replaced with the column vector, (y; - -, yn)T, and the

determinant of this modified matrix is taken and divided by det (A). This formula is known
as Cramer’s rule.

Definition 6.4.17 A matriz M, is upper triangular if M;; = 0 whenever i > j. Thus such
a matrix equals zero below the main diagonal, the entries of the form M;; as shown.

* % *
0 *
0 0 =

A lower triangular matriz is defined similarly as a matriz for which all entries above the
main diagonal are equal to zero.

With this definition, here is a simple corollary of Theorem [6.4.14l

Corollary 6.4.18 Let M be an upper (lower) triangular matriz. Then det (M) is obtained
by taking the product of the entries on the main diagonal.

6.5 The Cayley Hamilton Theorem*
Definition 6.5.1 Let A be an n x n matriz. The characteristic polynomial is defined as
pa(t) =det (tI — A)

and the solutions to pa (t) = 0 are called eigenvalues. For A a matriz and p(t) = t" +
Qp_1t" 1+ -+ ait + ag, denote by p (A) the matriz defined by

p(A)= A" + A 1 A"V a A+ aol.
The explanation for the last term is that A° is interpreted as I, the identity matriz.

The Cayley Hamilton theorem states that every matrix satisfies its characteristic equa-
tion, that equation defined by P4 () = 0. It is one of the most important theorems in linear
algebral. The following lemma will help with its proof.

1A special case was first proved by Hamilton in 1853. The general case was announced by Cayley some
time later and a proof was given by Frobenius in 1878.
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Lemma 6.5.2 Suppose for all |\| large enough,
Ao+ A A+ + AN =0,
where the A; are n X n matrices. Then each A; = 0.
Proof: Multiply by A™"" to obtain
AN+ AT 4k A AT 4 4, =0
Now let |A| — oo to obtain A,, = 0. With this, multiply by A to obtain
AN AN A =0

Now let |A\| — oo to obtain A,,—; = 0. Continue multiplying by A and letting A — oo to
obtain that all the A; = 0. This proves the lemma.
With the lemma, here is a simple corollary.

Corollary 6.5.3 Let A; and B; be n X n matrices and suppose
Ao+ AN+ + Ap\" = Bg+ BiA+ -+ B, \™

for all |\| large enough. Then A; = B; for all i. Consequently if X is replaced by any n X n
matriz, the two sides will be equal. That is, for C any n X n matriz,

Ao+ AC+---+A4,C"=By+B.C+---+ B,,C™.

Proof: Subtract and use the result of the lemma.
With this preparation, here is a relatively easy proof of the Cayley Hamilton theorem.

Theorem 6.5.4 Let A be an n xn matriz and let p (\) = det (A\I — A) be the characteristic
polynomial. Then p(A) = 0.

Proof: Let C ()) equal the transpose of the cofactor matrix of (AI — A) for |A| large.
(If |A| is large enough, then X cannot be in the finite list of eigenvalues of A and so for such

A, (AT — A)™! exists.) Therefore, by Theorem 6.4.15
C)=pN) (M —4)""

Note that each entry in C'()\) is a polynomial in A having degree no more than n — 1.
Therefore, collecting the terms,

CAN)=Co+CiA+ - +Cp A"
for C; some n x n matrix. It follows that for all |\| large enough,
(M —A) (Co+CrA+ -+ Cu A" ) =p (W) I

and so Corollary[6.5.3| may be used. It follows the matrix coefficients corresponding to equal
powers of X\ are equal on both sides of this equation. Therefore, if X is replaced with A, the
two sides will be equal. Thus

0=(A—A)(Co+CrA+ -+ Cp1 A" ) =p(A) T =p(A).

This proves the Cayley Hamilton theorem.
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Rank Of A Matrix

7.0.1 Outcomes
A. Recognize and find the row reduced echelon form of a matrix.
Determine the rank of a matrix.

Describe the row space, column space and null space of a matrix.

O a w

Define the span of a set of vectors. Recall that a span of vectors in a vector space is
a subspace.

Determine whether a set of vectors is a subspace.
Define linear independence.

Determine whether a set of vectors is linearly independent or linearly dependent.

Determine a basis and the dimension of a vector space.

—

Characterize the solution set to a matrix equation using rank.

~

Argue that a homogeneous linear system always has a solution and find the solutions.

K. Understand and use the Fredholm alternative.

7.1 Elementary Matrices

The elementary matrices result from doing a row operation to the identity matrix.
Definition 7.1.1 The row operations consist of the following

1. Switch two rows.

2. Multiply a row by a nonzero number.

3. Replace a row by a multiple of another row added to it.

The elementary matrices are given in the following definition.
Definition 7.1.2 The elementary matrices consist of those matrices which result by apply-

ing a row operation to an identity matriz. Those which involve switching rows of the identity

are called permutation matrices”.

IMore generally, a permutation matrix is a matrix which comes by permuting the rows of the identity
matrix, not just switching two rows.

105
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As an example of why these elementary matrices are interesting, consider the following.

)
b
g

S0 oW
@.&g

T
a
f

A 3 x4 matrix was multiplied on the left by an elementary matrix which was obtained from
row operation 1 applied to the identity matrix. This resulted in applying the operation 1
to the given matrix. This is what happens in general.

Now consider what these elementary matrices look like. First consider the one which
involves switching row ¢ and row j where i < j. This matrix is of the form

1 0 0
0
1
0 0 0 0 1 0
1 0 0
0 o --- 0 1 0 0
0 0 1 0 0 0
1

0

0 0 1

The two exceptional rows are shown. The i*" row was the j* and the j** row was the i*"
in the identity matrix. Now consider what this does to a column vector.

5 O P ( U1 U1
. : :
1
0 0 0 0 1 0 vi vj
1 0 0
0 o0 10 0 :
0 0 1 0 0 0 v, v
. .
S
0 0 1 Un Un,

Now denote by P the elementary matrix which comes from the identity from switching
rows 7 and j. From what was just explained consider multiplication on the left by this
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elementary matrix.

al 1 a12 DRI DY DR DR alp

a;1 @2 Qip
PL] .

aj 1 a]2 PRI PR PR ... a]p

anl an2 DEEY DY DY ... anp

From the way you multiply matrices this is a matrix which has the indicated columns.

a1 a12 Q1p
i1 ;2 Qip
ij . ij . ij
P : P : ,ooe L P
a1 a;2 Ajp
apnl an2 Qpp
a11 a12 Q1p
aj1 a;2 QAjp
= ) 5" )
a;1 @2 Qip
Gn1 an2 Gnp
all a12 DR ... .. DRI alp
a1 Q52 Qjp
Qi1 a;2 Aip
anl an2 ... ... P PRI anp

This has established the following lemma.

Lemma 7.1.3 Let P denote the elementary matriz which involves switching the it" and

the j** rows. Then
PYA=DB

where B is obtained from A by switching the it" and the j" rows.

Next consider the row operation which involves multiplying the i** row by a nonzero
constant, ¢. The elementary matrix which results from applying this operation to the i*"
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row of the identity matrix is of the form

1 0 0
0
1
c
1
0 0.1

Now consider what this does to a column vector.

1 0 0
V1 V1
0
1 Vi—1 Vi—1
c : V; = Ccv;
Vit+1 Vi+1
1 .
.0 Un, Un,
0 0 1

Denote by E (c,) this elementary matrix which multiplies the i*" row of the identity by the
nonzero constant, c¢. Then from what was just discussed and the way matrices are multiplied,

all a12 e .« .. .« .. .« .. alp

all aiz “ .. ... ... oo a‘ip
E (¢,1)

aj2 Q52 jp

an1 An2 — PR PR a’ﬂp
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equals a matrix having the columns indicated below.

aiil @12 Q1p
a1 @2 Qip
= | E(c) Eed) [ Eed)
aj1 a;2 Ajp
an1 an2 Gnp
all a12 ... ... PRI PRI alp
Call Ca'12 ... ... DY DY Cal])
aj2 ;2 Ajp
anl an2 PR P PR PR anp

This proves the following lemma.

Lemma 7.1.4 Let E (c,i) denote the elementary matriz corresponding to the row opera-
tion in which the it" row is multiplied by the nonzero constant, c. Thus E (c,i) involves
multiplying the it" row of the identity matriz by c. Then

E(c,i)A=B

where B is obtained from A by multiplying the it row of A by c.

Finally consider the third of these row operations. Denote by E (¢ X i + j) the elementary
matrix which replaces the j** row with itself added to ¢ times the i*" row added to it. In
case ¢ < j this will be of the form
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Now consider what this does to a column vector.

1 0 v v - 0 0
V1 (%1}
0 :
1 V; V;
c 1 Vj cv; + v;
: 0 v v
0 -+ o v oo 0 1 n n
Now from this and the way matrices are multiplied,
a/ll a12 DY DY DR ... alp
a’Ll a/Z2 PR PR ... ... a/lp
E(exi+j)
a]2 a]Q ... e e ... a]p
anl a7L2 DRI DRI e ... a"Lp

equals a matrix of the following form having the indicated columns.

aiil ai2 Q1p
Qi1 @2 Qip
E(cxi+j) : ,E (e xi+j) : o Eexi+j)

aj2 aj2 Ajp
an1 an2 Anp

all a12 DY DY DY DEEEY alp

a/ll a’L2 PR DR DRI DY a/zp

aj2 + ca;1 an + Ca;2 e e e e ajp + caip
anl an2 e e e e anp

The case where ¢ > j is handled similarly. This proves the following lemma.

Lemma 7.1.5 Let E (¢ X i + j) denote the elementary matrix obtained from I by replacing
the j*" row with ¢ times the i row added to it. Then

E(cxi+j)A=B

where B is obtained from A by replacing the j** row of A with itself added to c times the
it" row of A.
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The next theorem is the main result.

Theorem 7.1.6 To perform any of the three row operations on a matriz, A it suffices to
do the row operation on the identity matrix obtaining an elementary matriz, E and then
take the product, EA. Furthermore, each elementary matriz is invertible and its inverse is
an elementary matriz.

Proof: The first part of this theorem has been proved in Lemmas 7.1.3/ - [7.1.5. It
only remains to verify the claim about the inverses. Consider first the elementary matrices
corresponding to row operation of type three.

E(-cxi+j)E(cxit+yj)=1

This follows because the first matrix takes ¢ times row ¢ in the identity and adds it to row j.
When multiplied on the left by E (—c x i + j) it follows from the first part of this theorem
that you take the i*" row of F (c x i + j) which coincides with the i*" row of I since that
row was not changed, multiply it by —c and add to the j** row of E (c x i + j) which was
the j** row of I added to c times the i** row of I. Thus E (—c x i + j) multiplied on the
left, undoes the row operation which resulted in E (¢ x i + j). The same argument applied
to the product
E(cxi+j)E(—cxi+7)

replacing ¢ with —c in the argument yields that this product is also equal to I. Therefore,
Elexit+j) ' =E(—cxi+j).

Similar reasoning shows that for E (c,¢) the elementary matrix which comes from mul-
tiplying the i*" row by the nonzero constant, c,

E(c,i) ' = E(chd).
Finally, consider P% which involves switching the i*"* and the j** rows.
Pipi =]

because by the first part of this theorem, multiplying on the left by P¥ switches the it"
and j*" rows of P¥ which was obtained from switching the i** and j** rows of the identity.
First you switch them to get P and then you multiply on the left by P which switches

these rows again and restores the identity matrix. Thus (Pij )_1 = P,

7.2 The Row Reduced Echelon Form Of A Matrix

Recall that putting a matrix in row reduced echelon form involves doing row operations as
described on Page [33l In this section we review the description of the row reduced echelon
form and prove the row reduced echelon form for a given matrix is unique. That is, every
matrix can be row reduced to a unique row reduced echelon form. Of course this is not true
of the echelon form. The significance of this is that it becomes possible to use the definite
article in referring to the row reduced echelon form and hence important conclusions about
the original matrix may be logically deduced from an examination of its unique row reduced
echelon form. First we need the following definition of some terminology.

Definition 7.2.1 Let vy, -+, vy, u be vectors. Then u is said to be a linear combination
of the vectors {vy,--- ,vi} if there exist scalars, ¢y, ,cx such that

k
u = E CiV;.
i=1
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The collection of all linear combinations of the vectors, {v1,--+ , v} is known as the span
of these vectors and is written as span (vi,--- ,Vg).

Another way to say the same thing as expressed in the earlier definition of row reduced
echelon form found on Page [32] is the following which is a more useful description when
proving the major assertions about the row reduced echelon form.

Definition 7.2.2 Let e; denote the column vector which has all zero entries except for the
ith slot which is one. An m x n matriz is said to be in row reduced echelon form if,
in viewing successive columns from left to right, the first nonzero column encountered is e,
and if you have encountered eq,eq,--- ey, the next column is either eyy1 or is a linear
combination of the vectors, e1,es, -+ , €.

Theorem 7.2.3 Let A be an m X n matriz. Then A has a row reduced echelon form
determined by a simple process.

Proof: Viewing the columns of A from left to right take the first nonzero column. Pick
a nonzero entry in this column and switch the row containing this entry with the top row
of A. Now divide this new top row by the value of this nonzero entry to get a 1 in this
position and then use row operations to make all entries below this element equal to zero.
Thus the first nonzero column is now e;. Denote the resulting matrix by A;. Consider
the sub-matrix of A; to the right of this column and below the first row. Do exactly the
same thing for this sub-matrix that was done for A. This time the e; will refer to F™1,
Use the first 1 obtained by the above process which is in the top row of this sub-matrix
and row operations to zero out every element above it in the rows of A;. Call the resulting
matrix, As. Thus As satisfies the conditions of the above definition up to the column just
encountered. Continue this way till every column has been dealt with and the result must
be in row reduced echelon form.

The following diagram illustrates the above procedure. Say the matrix looked something
like the following.
x ok
x %

*

0
0

*

0 * * x *x * %

First step would yield something like

0 1
0 0

* %
* %
* %

0 0 % *x * % x

For the second step you look at the lower right corner as described,

and if the first column consists of all zeros but the next one is not all zeros, you would get
something like this.
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Thus, after zeroing out the term in the top row above the 1, you get the following for the
next step in the computation of the row reduced echelon form for the original matrix.

0 1 x 0 *x * =x
0 0 0 1 % % =x
0 0 0 0 % * =x
Next you look at the lower right matrix below the top two rows and to the right of the first
four columns and repeat the process.
Recall the following definition which was discussed earlier.

Definition 7.2.4 The first pivot column of A is the first nonzero column of A. The next
pivot column is the first column after this which becomes ey in the row reduced echelon form.
The third is the next column which becomes es in the row reduced echelon form and so forth.

There are three choices for row operations at each step in the above theorem. A natural
question is whether the same row reduced echelon matrix always results in the end from
following the above algorithm applied in any way. The next corollary says this is the case.

In rough terms, the following lemma states that linear relationships between columns
in a matrix are preserved by row operations. This simple lemma is the main result in
understanding all the major questions related to the row reduced echelon form as well as
many other topics.

Lemma 7.2.5 Let A and B be two m X n matrices and suppose B results from a row
operation applied to A. Then the k" column of B is a linear combination of the iy, --- ,i,
columns of B if and only if the k'™ column of A is a linear combination of the i1, - ,i,
columns of A. Furthermore, the scalars in the linear combination are the same. (The linear
relationship between the k" column of A and the iy,--- i, columns of A is the same as the
linear relationship between the k' column of B and the i1, ,i, columns of B.)

Proof: Let A equal the following matrix in which the a; are the columns
(a ay - a,)
and let B equal the following matrix in which the columns are given by the by
( b; by --- b, )

Then by Theorem [7.1.6/ on Page 111 by, = Fa; where E is an elementary matrix. Suppose
then that one of the columns of A is a linear combination of some other columns of A. Say

a; = Z Cra.
res
Then multiplying by F,
b, = Fa;, = ZcrEar = Zcrbr.
res res

This proves the lemma.

Definition 7.2.6 Two matrices are said to be row equivalent if one can be obtained from
the other by a sequence of row operations.
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It has been shown above that every matrix is row equivalent to one which is in row
reduced echelon form.

Corollary 7.2.7 The row reduced echelon form is unique. That is if B,C are two matrices
in row reduced echelon form and both are row equivalent to A, then B = C.

Proof: Suppose B and C' are both row reduced echelon forms for the matrix, A. Then
they clearly have the same zero columns since row operations leave zero columns unchanged.
If B has the sequence eq, e, - - - , €, occurring for the first time in the positions, i1, o, - , i,
the description of the row reduced echelon form means that each of these columns is not
a linear combination of the preceding columns. Therefore, by Lemma [7.2.5, the same is

true of the columns in positions i1,is, - , i, for C. It follows from the description of the
row reduced echelon form that eq,--- ,e, occur respectively for the first time in columns
i1,99, - , i, for C. Therefore, both B and C have the sequence ej, ez, - e, occurring for
the first time in the positions, 1,42, ,%,. By Lemma [7.2.5] the columns between the iy,
and 741 position in the two matrices are linear combinations involving the same scalars
of the columns in the iy, - , iy position. Also the columns after the 4, position are linear
combinations of the columns in the iy, --- , 4, positions involving the same scalars in both

matrices. This is equivalent to the assertion that each of these columns is identical and this
proves the corollary.

Now with the above corollary, here is a very fundamental observation. It concerns a
matrix which looks like this: (More columns than rows.)

Corollary 7.2.8 Suppose A is an mxn matriz and that m < n. That is, the number of rows
is less than the number of columns. Then one of the columns of A is a linear combination
of the preceding columns of A.

Proof: Since m < n, not all the columns of A can be pivot columns. In reading from
left to right, pick the first one which is not a pivot column. Then from the description of
the row reduced echelon form, this column is a linear combination of the preceding columns.
This proves the corollary.

Example 7.2.9 Find the row reduced echelon form of the matriz,
0 0 2 3
0 2 01
0 1 1 5

The first nonzero column is the second in the matrix. We switch the third and first rows
to obtain

o OO
SN =
N O =
w = ot

Now we multiply the top row by —2 and add to the second.

01 1 )
00 -2 -9
0 0 2 3
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Next, add the second row to the bottom and then divide the bottom row by —6

01 1 5
00 -2 -9
0 0 O 1

Next use the bottom row to obtain zeros in the last column above the 1 and divide the
second row by —2

e N

0
0
1

o O O
OO =

Finally, add —1 times the middle row to the top.
01 0O
0 010
0 0 01
This is in row reduced echelon form.

Example 7.2.10 Find the row reduced echelon form for the matriz,

1 2 0 2
-1 3 4 3
0 5 4 5

You should verify that the row reduced echelon form is

8

o = O

1
0
0

O = O
ot

7.3 The Rank Of A Matrix
7.3.1 The Definition Of Rank

To begin, here is a definition to introduce some terminology.

Definition 7.3.1 Let A be an m x n matriz. The column space of A is the span of the
columns. The row space is the span of the rows.

There are three definitions of the rank of a matrix which are useful. These are given
in the following definition. It turns out that the concept of determinant rank is the one
most useful in applications to analysis but is virtually impossible to find directly. The other
two concepts of rank are very easily determined and it is a happy fact that all three yield
the same number. This is shown later.

Definition 7.3.2 A sub-matriz of a matriz A is a rectangular array of numbers obtained
by deleting some rows and columns of A. Let A be an m X n matriz. The determinant
rank of the matriz equals r where r is the largest number such that some r X r sub-matrix
of A has a non zero determinant. The row space of a matrixz is the span of the rows and
the column space of a matrix is the span of the columns. The row rank of a matriz is
the number of nonzero rows in the row reduced echelon form and the column rank is the
number columns in the row reduced echelon form which are one of the ey, vectors. Thus the
column rank equals the number of pivot columns. It follows the row rank equals the column
rank. This is also called the rank of the matriz. The rank of a matriz, A is denoted by
rank (A).
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Example 7.3.3 Consider the matriz,

What is its rank?

You could look at all the 2 x 2 submatrices

(23) ) (3 8)

Each has determinant equal to 0. Therefore, the rank is less than 2. Now look at the 1 x 1
submatrices. There exists one of these which has nonzero determinant. For example (1) has
determinant equal to 1 and so the rank of this matrix equals 1.

Of course this example was pretty easy but what if you had a 4 x 7 matrix? You would
have to consider all the 4 x 4 submatrices and then all the 3 x 3 submatrices and then all
the 2 x 2 matrices and finally all the 1 x 1 matrices in order to compute the rank. Clearly
this is not practical. The following theorem will remove the difficulties just indicated.

The following theorem is proved later.

Theorem 7.3.4 Let A be an m x n matriz. Then the row rank, column rank and determi-
nant rank are all the same.

Example 7.3.5 Find the rank of the matriz,

1 2 1 30
-4 3 2 1 2
3 2 1 6 5
4 -3 -2 1 7

From the above definition, all you have to do is find the row reduced echelon form and
then count up the number of nonzero rows. But the row reduced echelon form of this
matrix is

100 0 -4
01 00 1
0010 %
0 0 0 1 %
and so the rank of this matrix is 4.
Find the rank of the matrix
1 21 3 0
-4 3 2 1 2
3 21 6 5
0 7 4 10 7
The row reduced echelon form is
1 oo 3 3
01 0 —4 -17
001 ¥ &
0 0 0 O 0

and so this time the rank is 3.
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7.3.2 Finding The Row And Column Space Of A Matrix

The row reduced echelon form also can be used to obtain an efficient description of the row
and column space of a matrix. Of course you can get the column space by simply saying
that it equals the span of all the columns but often you can get the column space as the
span of fewer columns than this. This is what we mean by an “efficient description”. This
is illustrated in the next example.

Example 7.3.6 Find the rank of the following matrixz and describe the column and row
spaces efficiently.

1 21 3 2
1 3 6 0 2 (7.1)
3 7 8 6 6
The row reduced echelon form is
1 0 -9 9 2
01 5 =30
0 0 O 0 O

Therefore, the rank of this matrix equals 2. All columns of this row reduced echelon form
are in

1 0
span 0 1], 1
0 0
For example,
-9 1 0
5 =-91 0 | +5] 1
0 0 0

By Lemma [7.2.5 all columns of the original matrix, are similarly contained in the span of
the first two columns of that matrix. For example, consider the third column of the original
matrix.

1 1 2
6 |=-91 1 )+5| 3
8 3 7

How did I know to use —9 and 5 for the coefficients? This is what Lemma [7.2.5 says! It says
linear relationships are all preserved. Therefore, the column space of the original matrix
equals the span of the first two columns. This is the desired efficient description of the
column space.

What about an efficient description of the row space? When row operations are used, the
resulting vectors remain in the row space. Thus the rows in the row reduced echelon form
are in the row space of the original matrix. Furthermore, by reversing the row operations,
each row of the original matrix can be obtained as a linear combination of the rows in the
row reduced echelon form. It follows that the span of the nonzero rows in the row reduced
echelon equals the span of the original rows. In the above example, the row space equals
the span of the two vectors, ( 1 0 =9 9 2 ) and ( 01 5 =3 0 )

Example 7.3.7 Find the rank of the following matrix and describe the column and row
spaces efficiently.

(7.2)

e
W N W N
N = O
= W O W
O N NN
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The row reduced echelon form is

w

0 1

100 5
010 2 =2
001 -1 3
000 0 0

and so the rank is 3, the row space is the span of the vectors,
(001 -1 5),(0 1 0 2 =35,
13
( 1000 % ) ,
and the column space is the span of the first three columns in the original matrix,

2

span

= =
D= O =

3
) 2 )
3

Example 7.3.8 Find the rank of the following matrix and describe the column and row
spaces efficiently.

1 2 3 01
2 1 3 2 4
-1 2 1 3 1
The row reduced echelon form is

1010 2
0110 —%

14
000 1 4

It follows the rank is three and the column space is the span of the first, second and fourth
columns of the original matrix.

1 2 0
span 2 0 1 1,1 2
-1 2 3

while the row space is the span of the vectors ( 000 1 4 ) ,( 01 1 0 -

17
and (1 0 1 0 2 ).

)

She

Procedure 7.3.9 To find the rank of a matriz, obtain the row reduced echelon form for
the matriz. Then count the number of nonzero rows or equivalently the number of pivot
columns. This is the rank. The row space is the span of the nonzero rows in the row reduced
echelon form and the column space is the span of the pivot columns of the original matrizx.

7.4 Linear Independence And Bases

7.4.1 Linear Independence And Dependence

First we consider the concept of linear independence. We define what it means for vectors
in F” to be linearly independent and then give equivalent descriptions. In the following
definition, the symbol,

(vi va o v )
denotes the matrix which has the vector, vy as the first column, v as the second column
and so forth until v, is the k** column.
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Definition 7.4.1 Let {vy,---, vy} be vectors in F™. Then this collection of vectors is said
to be linearly independent if each of the columns of the n X k matrix ( Vi Vg - Vi )
is a pivot column. Thus the row reduced echelon form for this matriz is ( e ey - eg )

The question whether any vector in the first & columns in a matrix is a pivot column is
independent of the presence of later columns. Thus each of {vy, -+, vy} is a pivot column
in

(Vl Vo Vk:)

if and only if these vectors are each pivot columns in
( Vl V2 DRI Vk Wl ... W/r_ )
Here is what the above means in terms of linear relationships.

Corollary 7.4.2 The collection of vectors, {vy,- -+ ,vi} is linearly independent if and only
if none of these vectors is a linear combination of the others.

Proof: If {vy, -+, vy} is linearly independent, then every column in
(vi va - v )
is a pivot column which requires that the row reduced echelon form is
(e1 ey -+ e )

Now none of the e; vectors is a linear combination of the others. By Lemma [7.2.5/ on Page
113| none of the v; is a linear combination of the others. Recall this lemma says linear
relationships between the columns are preserved under row operations.
Next suppose none of the vectors {vy,--+,vi} is a linear combination of the others.
Then none of the columns in
(vi va o )

is a linear combination of the others. By Lemma [7.2.5/ the same is true of the row reduced
echelon form for this matrix. From the description of the row reduced echelon form, it
follows that the " column of the row reduced echelon form must be e; since otherwise, it

would be a linear combination of the first ¢ — 1 vectors ey, --,e,_; and by Lemma [7.2.5| it
follows v; would be the same linear combination of vy, --- ,v;_; contrary to the assumption
that none of the columns in ( Vi Vo - Vi ) is a linear combination of the others.
Therefore, each of the k columns in columns in ( Vi Vg - Vi ) is a pivot column and
so {v1,-+-, vy} is linearly independent.

Corollary 7.4.3 The collection of vectors, {vy,- -+, v} is linearly independent if and only

if whenever
n
Z C;V; = 0
i=1
it follows each c; = 0.

Proof: Suppose first {vy, -+, vy} is linearly independent. Then by Corollary [7.4.2,
none of the vectors is a linear combination of the others. Now suppose

n
E C;V; = 0
i=1
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and not all the ¢; = 0. Then pick ¢; which is not zero, divide by it and solve for v; in terms
of the other v;, contradicting the fact that none of the v; equals a linear combination of the
others.

Now suppose the condition about the sum holds. If v; is a linear combination of the
other vectors in the list, then you could obtain an equation of the form

V; = Z CjVy
J#i
and so
0 :Z c;v;+ (—1) Vi,
J#i
contradicting the condition about the sum.
Sometimes we refer to this last condition about sums as follows: The set of vectors,

{v1,-+,vg} is linearly independent if and only if there is no nontrivial linear combination
which equals zero. (A nontrivial linear combination is one in which not all the scalars equal
7€ero.)

We give the following equivalent definition of linear independence which follows from the
above corollaries.

Definition 7.4.4 A set of vectors, {vy,--- , vy} is linearly independent if and only if none
of the vectors is a linear combination of the others or equivalently if there is no nontrivial
linear combination of the vectors which equals 0. It is said to be linearly dependent if at
least one of the vectors is a linear combination of the others or equivalently there exists a
nontrivial linear combination which equals zero.

Note the meaning of the words. To say a set of vectors is linearly dependent means at
least one is a linear combination of the others. In other words, it is in a sense “dependent”
on these other vectors.

The following corollary follows right away from the row reduced echelon form. It concerns
a matrix which looks like this: (More columns than rows.)

Corollary 7.4.5 Let {vi, - ,vi} be a set of vectors in F™. Then if k > n, it must be
the case that {vi,--- ,vi} is not linearly independent. In other words, if k > n, then
{v1, -+ ,Vg} is dependent.

Proof: If & > n, then the columns of ( Vi Vg -+ Vg ) cannot each be a pivot

column because there are at most n pivot columns due to the fact the matrix has only n
rows. In reading from left to right, pick the first column which is not a pivot column. Then
from the description of row reduced echelon form, this column is a linear combination of the
preceding columns and so the given vectors are dependent by Corollary [7.4.2.

1 2 0 3
. 2 1 1 2

Example 7.4.6 Determine whether the vectors, 3 0 1 9 are
0 1 2 -1

linearly independent. If they are linearly dependent, exhibit one of the vectors as a linear
combination of the others.
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Form the matrix mentioned above.

12 0 3
2 1 1 2
3 01 2
01 2 -1

Then the row reduced echelon form of this matrix is

1 00 1
01 0 1
00 1 -1
00 0 O

Thus not all the columns are pivot columns and so the vectors are not linear independent.
Note the fourth column is of the form

+1 + (1)

S o o
oo = O
o= O O

From Lemma [7.2.5] the same linear relationship exists between the columns of the original
matrix. Thus

3
2
+1 9

+(=1)

_— O =N
N = = O

-1

O W N

Note the usefulness of the row reduced echelon form in discovering hidden linear rela-
tionships in collections of vectors.

1 2 0 3
, 2 1 1 2 .
Example 7.4.7 Determine whether the vectors, 3 0 1 9 are lin-
0 1 2 0

early independent. If they are linearly dependent, exhibit one of the vectors as a linear
combination of the others.

The matrix used to find this is

1 2 0 3
2 1 1 2
3 01 2
01 2 0
The row reduced echelon form is
1 0 0 0
01 00
0 01 0
0 0 0 1

and so every column is a pivot column. Therefore, these vectors are linearly independent
and there is no way to obtain one of the vectors as a linear combination of the others.
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7.4.2 Subspaces

It turns out that the span of a set of vectors is something called a subspace. We will now
give a different, easier to remember description of subspaces and will then show that every
subspace is the span of a set of vectors.

Definition 7.4.8 Let V' be a nonempty collection of vectors in F™. Then V 1is called a
subspace if whenever o, are scalars and u,v are vectors in V., the linear combination,
au + v is also in V.

Theorem 7.4.9 V is a subspace of F™ if and only if there exist vectors of V, {uy,--- ,ux}
such that V = span (uy,--- ,ug) .

Proof: Pick a vector of V;u;. If V' = span{u;}, then stop. You have found your
list of vectors. If V' # span (u;), then there exists ug a vector of V' which is not a vector
in span (uy). Consider span (uj,uz). If V' = span (uy,uz), stop. Otherwise, pick us ¢
span (uy,uy) . Continue this way. Note that since V is a subspace, these spans are each
contained in V. The process must stop with u; for some k& < n since otherwise, the matrix

(w - w)

having these vectors as columns would have n rows and k > n columns. Consequently, it
can have no more than n pivot columns and so the first column which is not a pivot column
would be a linear combination of the preceding columns contrary to the construction.

For the other half, suppose V' = span (uy,--- ,u;) and let Zle c;u; and Zle d;u; be
two vectors in V. Now let o and 3 be two scalars. Then

k k k
« Z cu; + BZ diu; = Z (C%Ci + ﬁdl) u;
i=1 i=1 i=1
which is one of the things in span (uy, - - - ,ux) showing that span (uy, - - - , ux) has the prop-

erties of a subspace. This proves the theorem.
The following corollary also follows easily.

Corollary 7.4.10 IfV is a subspace of F™, then there exist vectors of V,{uy, - ,ux} such
that V = span (uy,--- ,ug) and {uy,--- ,ux} is linearly independent.

Proof: Let V = span(uy,---,uy). Then let the vectors {uy,--- ,u;} be the columns
of the following matrix.
(w - uy)

Retain only the pivot columns. That is, determine the pivot columns from the row reduced
echelon form and these are a basis for span (uy, -+ ,ug).

The message is that subspaces of F" consist of spans of finite, linearly independent
collections of vectors of F™.

The following fundamental lemma is very useful.

Lemma 7.4.11 Suppose V is a subspace of F™ and {x1, -+ ,X,} is a linearly independent
subset of V while V = span (y1,---,ys). Then s > r. In words, spanning sets have at least
as many vectors as linearly independent sets.

Proof: Since {y1,---,ys} is a spanning set, there exist scalars ¢;; such that

S
X5 = E CijYi
i=1
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Suppose s < 7. Then the matrix C' whose ij" entry is ¢;; has fewer rows, s than columns,
r. By Corollary 7.4.5 the columns of this matrix are linearly dependent. Thus there exist
scalars b; not all zero such that for cq,--- , ¢, the columns of C

i dej =0.
j=1

In other words,

T
D eijd;=0,i=1,2,--- s
j=1

Therefore,
T T s
dodixg = Y di) iy
j=1 j=1 =1
S T S
= Z cijd; Yi:ZOYiZO
i=1 \j=1 i=1
which contradicts {x1,---,x,} is linearly independent because not all the d; = 0. Thus

s > r and this proves the lemma.

7.4.3 Basis Of A Subspace

It was just shown in Corollary [7.4.10 that every subspace of F" is equal to the span of a
linearly independent collection of vectors of F. Such a collection of vectors is called a basis.

Definition 7.4.12 Let V be a subspace of F*. Then {uy, - ,ux} is a basis for V if the
following two conditions hold.

1. span (uy,---,ug) = V.
2. {uy, -+ ,uy} is linearly independent.
The plural of basis is bases.
The main theorem about bases is the following.

Theorem 7.4.13 Let V be a subspace of F™ and suppose {uy,--- ,ux} and {vy, -, vy}
are two bases for V.. Then k = m.

Proof: This follows right away from Lemma 7.4.11. {uj,---,u} is a spanning set
while {vq, -+, vy} is linearly independent so k > m. Also {v1,---,v,,} is a spanning set
while {uy,--- ,ug} is linearly independent so m > k.

Now here is another proof. Suppose k < m. Then since {uy,--- ,ux} is a basis for V,
each v; is a linear combination of the vectors of {uy,--- ,u}. Consider the matrix

( ul DY uk vl ... vm )
in which each of the u; is a pivot column because the {uy, - - ,ux} are linearly independent.

Therefore, the row reduced echelon form of this matrix is

( e -+ € Wi - Wy ) (73)
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where each w; has zeroes below the k'™ row. This is because of Lemma [7.2.5/ which implies
each w; is a linear combination of the eq, - - - , ex. Discarding the bottom n — k rows of zeroes
in the above, yields the matrix,

(e - e W, - W)
in which all vectors are in F*. Since m > k, it follows from Corollary [7.4.5 that the vectors,
{wi,--+,wy;,} are dependent. Therefore, some w’ is a linear combination of the other wy.
Therefore, w; is a linear combination of the other w; in 7.3l By Lemma [7.2.5/ again, the
same linear relationship exists between the {vy,--- ,v,,} showing that {vy,---,v,,} is not
linearly independent and contradicting the assumption that {vi,---,v,,} is a basis. It
follows m < k. Similarly, £ < m. This proves the theorem.
This is a very important theorem so here is yet another proof of it.

Theorem 7.4.14 Let V be a subspace and suppose {uy,--- ,ux} and {vy, -+, v, } are two
bases for V.. Then k = m.

Proof: Suppose k > m. Then since the vectors, {uy,--- ,u;} span V, there exist scalars,
ci;j such that
m
Z Cisz‘ = Uj.
i=1

Therefore,
k k m
Zdjuj = 0 if and only if Z Zcijdjvi =0
j=1 j=1i=1

if and only if

m k
Do | D cids | vi=0
i=1 \j=1
Now since{vy,---,v,} is independent, this happens if and only if

> eijd; =0, i=1,2,- m.

Jj=1

However, this is a system of m equations in k variables, dy,--- ,d and m < k. Therefore,
there exists a solution to this system of equations in which not all the d; are equal to zero.
Recall why this is so. The augmented matrix for the system is of the form ( C o0 ) where
C' is a matrix which has more columns than rows. Therefore, there are free variables and
hence nonzero solutions to the system of equations. However, this contradicts the linear
independence of {uj,---,u;} because, as explained above, Z?:l d;u; = 0. Similarly it
cannot happen that m > k. This proves the theorem.
The following definition can now be stated.

Definition 7.4.15 Let V be a subspace of F™. Then the dimension of V is defined to be
the number of vectors in a basis.

Corollary 7.4.16 The dimension of F™ is n.

Proof: You only need to exhibit a basis for F" which has n vectors. Such a basis is
{er, e, }.
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Corollary 7.4.17 Suppose {vi,---,vy} is linearly independent and each v; is a vector in
F™. Then {vi, - ,v,} is a basis for F™. Suppose {vi, -, v} spans F". Then m > n. If
{vi, -+ ,Vvn} spans F™, then {vyi,--- ,v,} is linearly independent.

Proof: Let u be a vector of F” and consider the matrix,
(vi - va u).

Since each v; is a pivot column, the row reduced echelon form is

(er  en w)
and so, since w is in span (e, - ,e,), it follows from Lemma [7.2.5 that u is one of the
vectors in span (vy,- -+ ,v,) . Therefore, {vy, -+ ,v,} is a basis as claimed.
To establish the second claim, suppose that m < n. Then letting v;,,--- ,v;, be the
pivot columns of the matrix
(vi v )

it follows k£ < m < n and these k pivot columns would be a basis for F"* having fewer than
n vectors, contrary to Theorem [7.4.13/ which states every two bases have the same number
of vectors in them.

Finally consider the third claim. If {vy,--- ,v,} is not linearly independent, then replace
this list with {v;,, -+ ,Vv;, } where these are the pivot columns of the matrix,

(vi o va)

Then {v;,, -+, v;, } spans F™ and is linearly independent so it is a basis having less than n
vectors contrary to Theorem [7.4.13| which states every two bases have the same number of
vectors in them. This proves the corollary.

Example 7.4.18 Find the rank of the following matriz. If the rank is r, identify r columns
wn the original matrix which have the property that every other column may be written
as a linear combination of these. Also find a basis for the row and column spaces of the
matrices.

1 2 3 2
1 5 —4 -1
-2 3 1 0
The row reduced echelon form is
100 %
010 gjlg
00 1 =5

and so the rank of the matrix is 3. A basis for the column space is the first three columns of
the original matrix. I know they span because the first three columns of the row reduced
echelon form above span the column space of that matrix. They are linearly independent
because the first three columns of the row reduced echelon form are linearly independent.
By Lemma [7.2.5] all linear relationships are preserved and so these first three vectors form
a basis for the column space. The four rows of the row reduced echelon form form a basis
for the row space of the original matrix.

Example 7.4.19 Find the rank of the following matriz. If the rank is r, identify r columns
in the original matrix which have the property that every other column may be written
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as a linear combination of these. Also find a basis for the row and column spaces of the
matrices.

1 2 3 0 1
1 1 2 -6 2
-2 3 1 0 2
The row reduced echelon form is

1010 -2
0110 =2

11
00 0 1 -5

A basis for the column space of this row reduced echelon form is the first second and fourth
columns. Therefore, a basis for the column space in the original matrix is the first second
and fourth columns. The rank of the matrix is 3. A basis for the row space of the original
matrix is the columns of the row reduced echelon form.

7.4.4 Extending An Independent Set To Form A Basis

Suppose {v1, -+ ,Vy} is a linearly independent set of vectors in F". It turns out there is
a larger set of vectors, {vi, -+, Vi, Vint1, -+, vy} which is a basis for F™. It is easy to do
this using the row reduced echelon form. Consider the following matrix having rank n in
which the columns are shown.

(vl vV, €] ey e en).
Since the {vy,-- - ,v,,} are linearly independent, the row reduced echelon form of this matrix
is of the form

( el PR em ul u2 PR un )

Now the pivot columns can be identified and this leads to a basis for the column space of
the original matrix which is of the form

{Vla"' s Vim, €4, 7ein,m}~

This proves the following theorem.

Theorem 7.4.20 Let {vy,---, vy} be a linearly independent set of vectors in F™. Then
there is a larger set of vectors, {vi, -+, Vin, Vins1," ", Vn} which is a basis for F™.
1 1
Example 7.4.21 The vectors, (1) , (1) are linearly independent. Enlarge this
0 0

set of vectors to form a basis for R%.

Using the above technique, consider the following matrix.

S o~
o= O -
S O o=
oo~ O
o~ O o
_ o O O
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whose row reduced echelon form is

100 1 0 0
010 O 1 0
001 -1 -1 0
00 0 O 0 1

The pivot columns are numbers 1,2,3, and 6. Therefore, a basis is

O = O =

1 0
0 0
I 0] O
0 1

SO ==

7.4.5 Finding The Null Space Or Kernel Of A Matrix

Let A be an m x n matrix.

Definition 7.4.22 ker (A4), also referred to as the null space of A is defined as follows.
ker (A) = {x: Ax = 0}

and to find ker (A) one must solve the system of equations Ax = 0.

This is not new! There is just some new terminology being used. To repeat, ker (A4) is
the solution to the system Ax = 0.

Example 7.4.23 Let

1 2
A= 0 -1 1
2 3 3

Find ker (A).

You need to solve the equation Ax = 0. To do this you write the augmented matrix and
then obtain the row reduced echelon form and the solution. The augmented matrix is

1 2 110
0 -1 1 | 0
2 3 3]0

Next place this matrix in row reduced echelon form,

Note that 1 and z5 are basic variables while z3 is a free variable. Therefore, the solution
to this system of equations, Ax = 0 is given by

3t
t :teR.
t
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Example 7.4.24 Let

1 2 1 01
2 =11 3 0
A= 3 1 2 31
4 -2 2 6 0

Find the null space of A.

You need to solve the equation, Ax = 0. The augmented matrix is

12 101 1] 0
2 -1 1.3 0| 0
31 23110
4 -2 2 6 0 | O
Its row reduced echelon form is
1 0 2 6 1 | 0
5,
01 1 52
000 O 010
000 O 010

It follows x; and x2 are basic variables and x3, x4, x5 are free variables. Therefore, ker (A)
is given by

(=2)s1+ (F) s2+ (5) 83

Bt (st (s
S1 1 81,82,83 € R.
S2
53

We write this in the form

1
5

(SISl
N

i

S1 : 81,892,583 € R.

O =

—6
3
5
+ S2 0 + 83 0
1 0
0 1
In other words, the null space of this matrix equals the span of the three vectors above.
Thus

_3 =6 1
1 3 2
5 5 5

ker (A) = span 1 , 0 , 0
0 1 0

0 0 1

This is the same as

3 6 =1

i B 3

5 5 5

ker (A) = span -1 1, 0 , 0
0 -1 0

0 0 -1

Notice also that the three vectors above are linearly independent and so the dimension of
ker (A) is 3. This is generally the way it works. The number of free variables equals the
dimension of the null space while the number of basic variables equals the number of pivot
columns which equals the rank. We state this in the following theorem.
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Definition 7.4.25 The dimension of the null space of a matriz is called the nullity? and
written as null (A) .

Theorem 7.4.26 Let A be an m x n matriz. Then rank (A) + null (A) = n.

7.4.6 Rank And Existence Of Solutions To Linear Systems

Consider the linear system of equations,
Ax=Db (7.4)

where A is an m X n matrix, x is a n X 1 column vector, and b is an m X 1 column vector.
Suppose
A=(a - a,)

where the aj denote the columns of A. Then x = (zq,--- ,xn)T is a solution of the system
7.4, if and only if
T1a; + -+ xTpay =b

which says that b is a vector in span (aj, - ,a,). This shows that there exists a solution
to the system, [7.4 if and only if b is contained in span (aj, - ,a,). In words, there is a
solution to [7.4] if and only if b is in the column space of A. In terms of rank, the following
proposition describes the situation.

Proposition 7.4.27 Let A be an m xn matriz and let b be an m x 1 column vector. Then
there exists a solution to|7.4 if and only if

rank ( A | b ) =rank(A). (7.5)

Proof: Place ( A | b ) and A in row reduced echelon form, respectively B and C. If
the above condition on rank is true, then both B and C have the same number of nonzero
rows. In particular, you cannot have a row of the form

(0 - 0 m)

where B #£ 0 in B. Therefore, there will exist a solution to the system [7.4.

Conversely, suppose there exists a solution. This means there cannot be such a row in
B described above. Therefore, B and C must have the same number of zero rows and so
they have the same number of nonzero rows. Therefore, the rank of the two matrices in (7.5
is the same. This proves the proposition.

7.5 Fredholm Alternative

There is a very useful version of Proposition [7.4.27 known as the Fredholm alternative.
I will only present this for the case of real matrices here. Later a much more elegant and
general approach is presented which allows for the general case of complex matrices.

The following definition is used to state the Fredholm alternative.

Definition 7.5.1 Let S CR™. Then St ={z € R™ :z-s=0 for everys € S}. The funny
exponent, 1 is called “perp”.

2Isn’t it amazing how many different words are available for use in linear algebra?
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Now note

ker (AT) = {z ATz = 0} = {z : izk,ak = O}

k=1
Lemma 7.5.2 Let A be a real m x n matriz, let x € R™ andy € R™. Then
(Ax - y) = (X'ATy)

Proof: This follows right away from the definition of the dot product and matrix mul-
tiplication.

(Ax - y) = Z Ay
ol

> (A7) m

k,l
= (x . ATy) .

This proves the lemma.
Now it is time to state the Fredholm alternative. The first version of this is the following
theorem.

Theorem 7.5.3 Let A be a real m x n matrix and let b € R™. There exists a solution, x
to the equation Ax = b if and only if b € ker (AT)l.

Proof: First suppose b € ker (AT)L. Then this says that if ATx = 0, it follows that
b - x = 0. In other words, taking the transpose, if

xTA=0,then b -x=0.

In other words, letting x = (x1, - - - 7xm)T , it follows that if

inAij = 0 for each j,
i=1

then it follows

In other words, if you get a row of zeros in row reduced echelon form for A then you the
same row operations produce a zero in the m x 1 matrix b.
Consequently
rank ( A | b ) =rank(4)

and so by Proposition [7.4.27, there exists a solution, x to the system Ax = b. It remains
to go the other direction.
Let z € ker (AT) and suppose Ax = b. I need to verify b -z = 0. By Lemma [7.5.2]

bz=Ax-z=x-ATz=x-0=0

This proves the theorem.
This implies the following corollary which is also called the Fredholm alternative. The
“alternative” becomes more clear in this corollary.
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Corollary 7.5.4 Let A be an m x n matrixz. Then A maps R™ onto R™ if and only if the
only solution to ATx =0 isx=0.

Proof: If the only solution to A”x = 0is x = 0, then ker (A7) = {0} and so ker (AT)l =
R™ because every b € R™ has the property that b -0 = 0. Therefore, Ax = b has a solu-

tion for any b € R™ because the b for which there is a solution are those in ker (AT)L by
Theorem [7.5.3. In other words, A maps R™ onto R™.

Conversely if A is onto, then by Theorem [7.5.3/ every b € R™ is in ker (AT)J‘ and so if
ATx = 0, then b - x = 0 for every b. In particular, this holds for b = x. Hence if A7x = 0,
then x = 0. This proves the corollary.

Here is an amusing example.

Example 7.5.5 Let A be an m X n matrixz in which m > n. Then A cannot map onto R™.
The reason for this is that A” is an n x m where m > n and so in the augmented matrix,
(4(0)

there must be some free variables. Thus there exists a nonzero vector x such that ATx = 0.

7.5.1 Row, Column, And Determinant Rank

I will now present a review of earlier topics and prove Theorem [7.3.4.

Definition 7.5.6 A sub-matrix of a matriz A is the rectangular array of numbers obtained
by deleting some rows and columns of A. Let A be an m X n matriz. The determinant
rank of the matriz equals r where r is the largest number such that some r X r sub-matriz
of A has a non zero determinant. The row rank is defined to be the dimension of the span
of the rows. The column rank is defined to be the dimension of the span of the columns.

Theorem 7.5.7 If A, an m X n matrix has determinant rank, r, then there exist r rows of
the matriz such that every other row is a linear combination of these r rows.

Proof: Suppose the determinant rank of A = (a;;) equals r. Thus some r x  submatrix
has non zero determinant and there is no larger square submatrix which has non zero
determinant. Suppose such a submatrix is determined by the r columns whose indices are

j1<"'<jr

and the r rows whose indices are
<o <ty

I want to show that every row is a linear combination of these rows. Consider the [*" row
and let p be an index between 1 and n. Form the following (r + 1) x (r + 1) matrix

Qiyjy 0 Qiyge Qigp
Qinjy 0 Qinge Qigp
g, @y, ap
Of course you can assume | ¢ {iy,---,i.} because there is nothing to prove if the I*"

row is one of the chosen ones. The above matrix has determinant 0. This is because if
p ¢ {j1, -+ ,jr} then the above would be a submatrix of A which is too large to have non
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zero determinant. On the other hand, if p € {j1,---,J-} then the above matrix has two
columns which are equal so its determinant is still 0.

Expand the determinant of the above matrix along the last column. Let Cy denote the
cofactor associated with the entry a;,,. This is not dependent on the choice of p. Remember,
you delete the column and the row the entry is in and take the determinant of what is left
and multiply by —1 raised to an appropriate power. Let C' denote the cofactor associated
with a;p. This is given to be nonzero, it being the determinant of the matrix

Qiyjy "0 Qigg,
a’irjl e a'irjr
Thus
T
0= alpC + E Ckaikp
k=1
which implies
i i
aip = Taikp = E Mk Qi p
k=1 k=1

Since this is true for every p and since mj, does not depend on p, this has shown the I*" row
is a linear combination of the 41,2, , 4, rows. This proves the theorem.

Corollary 7.5.8 The determinant rank equals the row rank.

Proof: From Theorem [7.5.7, the row rank is no larger than the determinant rank. Could
the row rank be smaller than the determinant rank? If so, there exist p rows for p < r such
that the span of these p rows equals the row space. But this implies that the r x r sub-matrix
whose determinant is nonzero also has row rank no larger than p which is impossible if its
determinant is to be nonzero because at least one row is a linear combination of the others.

Corollary 7.5.9 If A has determinant rank, r, then there exist r columns of the matriz
such that every other column is a linear combination of these r columns. Also the column
rank equals the determinant rank.

Proof: This follows from the above by considering A”. The rows of AT are the columns
of A and the determinant rank of A” and A are the same. Therefore, from Corollary [7.5.8,
column rank of A = row rank of A7 = determinant rank of A” = determinant rank of A.

The following theorem is of fundamental importance and ties together many of the ideas
presented above.

Theorem 7.5.10 Let A be an n x n matriz. Then the following are equivalent.
1. det (4) = 0.
2. A, AT are not one to one.

3. A is not onto.

Proof: Suppose det (4) = 0. Then the determinant rank of A = r < n. Therefore,
there exist 7 columns such that every other column is a linear combination of these columns
by Theorem [7.5.7. In particular, it follows that for some m, the m!* column is a linear
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combination of all the others. Thus letting A = (a; -+ a, --- a, ) where the
columns are denoted by a;, there exists scalars, a; such that

Ay, = E arag.

k#m
Now consider the column vector, x = ( a - —1 - a, )T. Then
Ax = —a,, + Z apag = 0.
k#m

Since also A0 = 0, it follows A is not one to one. Similarly, AT is not one to one by the
same argument applied to A”. This verifies that 1.) implies 2.).
Now suppose 2.). Then since AT is not one to one, it follows there exists x # 0 such that

ATx =o0.
Taking the transpose of both sides yields
xTA=0
where the 0 is a 1 X n matrix or row vector. Now if Ay = x, then
Ix|?=x" (Ay) = (XTA) y=0y=0

contrary to x # 0. Consequently there can be no y such that Ay = x and so A is not onto.
This shows that 2.) implies 3.).

Finally, suppose 3.). If 1.) does not hold, then det (A) # 0 but then from Theorem [6.4.15
A~ exists and so for every y € F™ there exists a unique x € F” such that Ax =y. In fact
x = A~ly. Thus A would be onto contrary to 3.). This shows 3.) implies 1.) and proves the
theorem.

Corollary 7.5.11 Let A be an n x n matrixz. Then the following are equivalent.
1. det(A) # 0.
2. A and AT are one to one.
3. A is onto.
Proof: This follows immediately from the above theorem.

Corollary 7.5.12 Let A be an invertible n x n matriz. Then A equals a finite product of
elementary matrices.

Proof: Since A~! is given to exist, det (A) # 0 and it follows A must have rank n and
so the row reduced echelon form of A is I. Therefore, by Theorem [7.1.6 there is a sequence
of elementary matrices, 1, --- , F, which accomplish successive row operations such that

(ByEy_1---E))A=T.

But now multiply on the left on both sides by Ep_1 then by E;_ll and then by E;_lg etc.
until you get
A=Er'Eyt BN ES!

and by Theorem [7.1.6/ each of these in this product is an elementary matrix.
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Linear Transformations

8.0.2 Outcomes

A. Define linear transformation. Interpret a matrix as a linear transformation.
B. Find a matrix that represents a linear transformation given by a geometric description.

C. Write the solution space of a homogeneous system as the span of a set of basis vectors.
Determine the dimension of the solution space.

D. Relate the solutions of a non-homogeneous system to the solutions of a homogeneous
system.
8.1 Linear Transformations

An m x n matrix can be used to transform vectors in F" to vectors in F™ through the use
of matrix multiplication.

Example 8.1.1 Consider the matrix, < ; ? 8 ) . Think of it as a function which takes
x

vectors in 3 and makes them in to vectors in F? as follows. For | y a vector in F3,
z

multiply on the left by the given matriz to obtain the vector in F2. Here are some numerical
examples.

7N 7N
[N DO =
— o — o
o o o o
~_ ~_
N
=
I
I .
- NG
[N}
oS SN—
N— P
P N —
[N — o
— o oo
oo N—
~__
w =
[SCEEN I en)
I I
7N
7N |
=2 S
~__ N—

More generally,
12 0 T\ a2y
2.1 0 Y=\ 224y
z
The idea is to define a function which takes vectors in F3 and delivers new vectors in F2.
This is an example of something called a linear transformation.

135
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Definition 8.1.2 Let T : F* — F™ be a function. Thus for each x € F*,Tx € F™. Then T
is a linear transformation if whenever o, 3 are scalars and x1 and X9 are vectors in F™,

T (ax1 + Bx2) = a1 Txy + BTxs.

In words, linear transformations distribute across 4+ and allow you to factor out scalars.
At this point, recall the properties of matrix multiplication. The pertinent property is4.14
on Page 49l Recall it states that for a and b scalars,

A(aB +bC) =aAB + bAC

In particular, for A an m X n matrix and B and C,n x 1 matrices (column vectors) the
above formula holds which is nothing more than the statement that matrix multiplication
gives an example of a linear transformation.

Definition 8.1.3 A linear transformation is called one to one (often written as 1 — 1) if
it never takes two different vectors to the same vector. Thus T is one to one if whenever
XF#y

Tx £ Ty.

Equivalently, if T (x) =T (y), then x=y.

In the case that a linear transformation comes from matrix multiplication, it is common
usage to refer to the matrix as a one to one matrix when the linear transformation it
determines is one to one.

Definition 8.1.4 A linear transformation mapping F™ to F™ is called onto if whenever
y € F™ there exists x € F" such that T (x) =y.

Thus T is onto if everything in F™ gets hit. In the case that a linear transformation
comes from matrix multiplication, it is common to refer to the matrix as onto when the
linear transformation it determines is onto. Also it is common usage to write TF", T (F™) ,or
Im (7') as the set of vectors of F™ which are of the form Tx for some x € F”. In the case
that T is obtained from multiplication by an m x n matrix, A, it is standard to simply write
A (F™) AF", or Im (A) to denote those vectors in F"™ which are obtained in the form Ax for
some x € F".

8.2 Constructing The Matrix Of A Linear Transforma-
tion

It turns out that if 7" is any linear transformation which maps F™ to F™, there is always an
m X n matrix, A with the property that

Ax =Tx (8.1)

for all x € F™. Here is why. Suppose T : F" — F™ is a linear transformation and you want
to find the matrix defined by this linear transformation as described in 8.1. Then if x € F™

it follows
n
X = Z xTr;e;
i=1
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where e; is the vector which has zeros in every slot but the i** and a 1 in this slot. Then
since T'is linear,

Tx = ZZCZT (ez)
i=1

| | o
= T(el) T(en)
| | o
Z1
= A :
Ln

and so you see that the matrix desired is obtained from letting the i*" column equal T (e;) .
We state this as the following theorem.

Theorem 8.2.1 Let T be a linear transformation from F™ to F™. Then the matriz, A
satisfying 8.1l is given by

where Te; is the it" column of A.

8.2.1 Rotations of R?

Sometimes you need to find a matrix which represents a given linear transformation which
is described in geometrical terms. The idea is to produce a matrix which you can multiply
a vector by to get the same thing as some geometrical description. A good example of this
is the problem of rotation of vectors.

Example 8.2.2 Determine the matriz which represents the linear transformation defined
by rotating every vector through an angle of 6.

Let e; = ( (1) ) and e; = ( (1) ) . These identify the geometric vectors which point

along the positive x axis and positive y axis as shown.

€24
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From the above, you only need to find T'e; and Tes, the first being the first column of
the desired matrix, A and the second being the second column. From drawing a picture and
doing a little geometry, you see that

cos —sin@
Tel:( sin 6 )’TeQ:( cosf )
Therefore, from Theorem [8.2.1,
cosf —sinf
4= ( sinf cosf >

Example 8.2.3 Find the matriz of the linear transformation which is obtained by first
rotating all vectors through an angle of ¢ and then through an angle 6. Thus you want the
linear transformation which rotates all angles through an angle of 6 + ¢.

Let T4 denote the linear transformation which rotates every vector through an angle
of 0 + ¢. Then to get Ty14, you could first do T and then do Ty where Ty is the linear
transformation which rotates through an angle of ¢ and T} is the linear transformation
which rotates through an angle of 6. Denoting the corresponding matrices by Agy¢, Ag,
and Ay, you must have for every x

A9+¢X = T9+¢X = T9T¢X = A9A¢X.
Consequently, you must have

_ [ cos(0+9¢) —sin(0+¢) \ _
- (sin(0+¢) cos (6 + ¢) )_A9A¢

_ cosf) —sind cos¢ —sing
a sinf  cosf sing cos¢p )
You know how to multiply matrices. Do so to the pair on the right. This yields
< cos (0 4+ ¢) —sin (0 + ¢) ) B ( cosflcos g —sinfsing — cosfsin¢ — sin cos ¢ )

Ab+g

sin(@+¢) cos(6+ ¢) sinflcos¢ + cosfsing  cosfcos @ — sinfsin @

Don’t these look familiar? They are the usual trig. identities for the sum of two angles
derived here using linear algebra concepts.

You do not have to stop with two dimensions. You can consider rotations and other
geometric concepts in any number of dimensions. This is one of the major advantages
of linear algebra. You can break down a difficult geometrical procedure into small steps,
each corresponding to multiplication by an appropriate matrix. Then by multiplying the
matrices, you can obtain a single matrix which can give you numerical information on the
results of applying the given sequence of simple procedures. That which you could never
visualize can still be understood to the extent of finding exact numerical answers. Another
example follows.

Example 8.2.4 Find the matriz of the linear transformation which is obtained by first
rotating all vectors through an angle of w/6 and then reflecting through the x axis.

As shown in Example 8.2.3] the matrix of the transformation which involves rotating
through an angle of /6 is

(imey e =(7 %)
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The matrix for the transformation which reflects all vectors through the x axis is

(6 5)

Therefore, the matrix of the linear transformation which first rotates through 7/6 and then
reflects through the x axis is

(o %)Y 35 )=(% 55)

8.2.2 Projections

In Physics it is important to consider the work done by a force field on an object. This
involves the concept of projection onto a vector. Suppose you want to find the projection
of a vector, v onto the given vector, u, denoted by proj, (v) This is done using the dot

product as follows.
i v-u
proj, (v) = (- ) u

u-u

Because of properties of the dot product, the map v — proj,, (v) is linear,

proj, (av+pw) = <av+ﬂwu> u=q« (%) u+pg (u) u

u-u u-u

= aproj, (v) + 8proj, (w).

Example 8.2.5 Let the projection map be defined above and let u =(1,2,3)T. Does this
linear transformation come from multiplication by a matriz? If so, what is the matrix?

You can find this matrix in the same way as in the previous example. Let e; denote the
vector in R™ which has a 1 in the i*" position and a zero everywhere else. Thus a typical
vector, x = (a1, - 7scn)T can be written in a unique way as

n
X = E xjej.
j=1

From the way you multiply a matrix by a vector, it follows that proj, (e;) gives the ‘"

column of the desired matrix. Therefore, it is only necessary to find

. _ /e;u
proj, (e;) = (u : u) u

For the given vector in the example, this implies the columns of the desired matrix are

1 1 1
al2 )l )l
3 3 3
Hence the matrix is
1 2 3
i 2 4 6
14
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8.2.3 Matrices Which Are One To One Or Onto

Lemma 8.2.6 Let A be an mxn matriz. Then A (F™) =span (ajy,---,a,) whereay, - ,a,
denote the columns of A. In fact, for x = (x1,- - ,xn)T,

n
Ax = E Trag.
k=1

Proof: This follows from the definition of matrix multiplication in Definition [4.1.9 on
Page 44l
The following is a theorem of major significance. First here is an interesting observation.

Observation 8.2.7 Let A be an m xn matriz. Then A is one to one if and only if Ax =0
implies x = 0.

Here is why: A0 = A(0+0) = A0 + A0 and so A0 = 0.

Now suppose A is one to one and Ax = 0. Then since A0 = 0, it follows x = 0. Thus if
A is one to one and Ax = 0, then x = 0.

Next suppose the condition that Ax = 0 implies x = 0 is valid. Then if Ax = Ay, then
A(x —y) =0 and so from the condition, x —y = 0 so that x =y. Thus A is one to one.

Theorem 8.2.8 Suppose A is an n X n matriz. Then A is one to one if and only if A is
onto. Also, if B is an n X n matriz and AB = I, then it follows BA = 1.

Proof: First suppose A is one to one. Consider the vectors, {Aey, - , Ae, } where e

is the column vector which is all zeros except for a 1 in the k** position. This set of vectors
is linearly independent because if
n
Z ckAek = O7
k=1

then since A is linear,
n
A (Z Ckek> =0
k=1

and since A is one to one, it follows

n
E Crer — 0
k=1

which implies each ¢, = 0. Therefore, {Aeq,--- , Ae, } must be a basis for F* by Corollary
7.4.17 on Page [125. Tt follows that for y € F™ there exist constants, ¢; such that

y = chAek =A (Z ckek>
k=1 k=1

showing that, since y was arbitrary, A is onto.
Next suppose A is onto. This implies the span of the columns of A equals F™ and by
Corollary [7.4.17 this implies the columns of A are independent. If Ax = 0, then letting

x= (21, - ,xn)T, it follows
n
Z T;a; = 0
i=1
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and so each z; = 0. If Ax = Ay, then A(x —y) =0 and so x = y. This shows A is one to
one.

Now suppose AB = I. Why is BA = I? Since AB = [ it follows B is one to one since
otherwise, there would exist, x # 0 such that Bx =0 and then ABx = A0=0 # Ix.
Therefore, from what was just shown, B is also onto. In addition to this, A must be one
to one because if Ay = 0, then y = Bx for some x and then x = ABx = Ay = 0 showing
y = 0. Now from what is given to be so, it follows (AB) A = A and so using the associative
law for matrix multiplication,

A(BA)—A=A(BA-1)=0.

But this means (BA — I') x = 0 for all x since otherwise, A would not be one to one. Hence
BA = I as claimed. This proves the theorem.
This theorem shows that if an n X n matrix, B acts like an inverse when multiplied on
one side of A it follows that B = A~ 'and it will act like an inverse on both sides of A.
The conclusion of this theorem pertains to square matrices only. For example, let

1 0
(0 ) ao (10 ) 2
1 0
Then
1 0
BA_<01>
but
1 0 0
AB = 1 1 -1
1 0 0

There is also an important characterization in terms of determinants. This is proved
completely in the section on the mathematical theory of the determinant.

Theorem 8.2.9 Let A be an n X n matriz and let Ty denote the linear transformation
determined by A. Then the following are equivalent.

1. T is one to one.
2. T's 1s onto.

3. det (A) #£0.

8.2.4 The General Solution Of A Linear System

Recall the following definition which was discussed above.

Definition 8.2.10 T is a linear transformation if whenever x,y are vectors and a,b
scalars,
T (ax + by) = aTx + bTy. (8.3)

Thus linear transformations distribute across addition and pass scalars to the outside. A
linear system is one which is of the form

Tx =b.

If Tx, = b, then x, is called a particular solution to the linear system.
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For example, if A is an m x n matrix and T4 is determined by
Ta (x) = Ax,

then from the properties of matrix multiplication, T4 is a linear transformation. In this
setting, we will usually write A for the linear transformation as well as the matrix. There
are many other examples of linear transformations other than this. In differential equations,
you will encounter linear transformations which act on functions to give new functions. In
this case, the functions are considered as vectors. Don’t worry too much about this at this
time. It will happen later. The fundamental idea is that something is linear if|8.3 holds and
if whenever a,b are scalars and x,y are vectors ax + by is a vector. That is you can add
vectors and multiply by scalars.

Definition 8.2.11 Let T be a linear transformation. Define
ker (T) = {x : Tx = 0}.

In words, ker (T) is called the kernel of T. As just described, ker (T') consists of the set of
all vectors which T sends to 0. This is also called the null space of T. It is also called the
solution space of the equation Tx = 0.

The above definition states that ker (T') is the set of solutions to the equation,
Tx=0.

In the case where T is really a matrix, you have been solving such equations for quite some
time. However, sometimes linear transformations act on vectors which are not in F". There
is more on this in Chapter [15/on Page[15 and this is discussed more carefully then. However,
consider the following familiar example.

Example 8.2.12 Let % denote the linear transformation defined on X, the functions which
are defined on R and have a continuous derivative. Find ker (di) .

€T

The example asks for functions, f which the property that % = 0. As you know from
calculus, these functions are the constant functions. Thus ker (%) = constant functions.

When T is a linear transformation, systems of the form 7Tx = 0 are called homogeneous
systems. Thus the solution to the homogeneous system is known as ker (T') .

Systems of the form Tx = b where b # 0 are called nonhomogeneous systems. It
turns out there is a very interesting and important relation between the solutions to the
homogeneous systems and the solutions to the nonhomogeneous systems.

Theorem 8.2.13 Suppose x,, is a solution to the linear system,
Tx=Db
Then if y is any other solution to the linear system, there exists x € ker (T') such that
y=x,+x

Proof: Consider y —x, =y+ (—1)x,. Then T' (y — xp) =Ty -Tx, =b—-b=0. Let
X =y — x,,. This proves the theorem.

Sometimes people remember the above theorem in the following form. The solutions
to the nonhomogeneous system, Tx = b are given by x, + ker (T') where x,, is a particular
solution to T'x = b.

We have been vague about what T is and what x is on purpose. This theorem is
completely algebraic in nature and will work whenever you have linear transformations. In
particular, it will be important in differential equations. For now, here is a familiar example.
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Example 8.2.14 Let
1 2 30
A= 2 1 1 2
4 5 7 2
Find ker (A). Equivalently, find the solution space to the system of equations Ax = 0.

This asks you to find {x: Ax = 0}. In other words you are asked to solve the system,
Ax = 0. Let x = (z,v, 2, w)T . Then this amounts to solving

1230 v 0

2 1 1 2 Y 1=1o

45 7 2 z 0
w

This is the linear system
T+2y+32=0
20 +y+2+2w=0
dr +5y+7z+2w =0

and you know how to solve this using row operations, (Gauss Elimination). Set up the
augmented matrix,

123010
2 1 1 2 ] 0
457210

Then row reduce to obtain the row reduced echelon form,

1 4
10 -+ 4 |o0
5 2
01 3 -2 10
00 0 0 |0

This yields x = %z - %w and y = %w - %z Thus ker (A) counsists of vectors of the form,

SV

— O wiv

Example 8.2.15 The general solution of a linear system of equations is just the set of
all solutions. Find the general solution to the linear system,

1230 * 9

2 1 1 2 Z:?

4 5 7 2 925
w

given that( 1 1 2 1 )T = ( T Yy z w )T 18 one solution.



144 LINEAR TRANSFORMATIONS

Note the matrix on the left is the same as the matrix in Example[8.2.14. Therefore, from
Theorem 8.2.13), you will obtain all solutions to the above linear system in the form

— oo |
ja] | ol
e )

because is a particular solution to the given system of equations.

E nwe 8
— N =



The LU Factorization

9.0.5 Outcomes

A. Determine LU factorizations when possible.

B. Solve a linear system of equations using the LU factorization.

9.1 Definition Of An LU factorization

An LU factorization of a matrix involves writing the given matrix as the product of a lower
triangular matrix which has the main diagonal consisting entirely of ones L, and an upper
triangular matrix U in the indicated order. This is the version discussed here but it is
sometimes the case that the L has numbers other than 1 down the main diagonal. It is still
a useful concept. The L goes with “lower” and the U with “upper”. It turns out many
matrices can be written in this way and when this is possible, people get excited about slick
ways of solving the system of equations, Ax = y. It is for this reason that you want to study
the LU factorization. It allows you to work only with triangular matrices. It turns out that
it takes about 2n3/3 operations to use Gauss elimination but only n3/3 to obtain an LU
factorization.

First it should be noted not all matrices have an LU factorization and so we will em-
phasize the techniques for achieving it rather than formal proofs.

Example 9.1.1 Can you write < (1) (1) ) in the form LU as just described?

To do so you would need

10 a b\ [ a b (0 1
z 1 00 ¢c) \xa zb+c ) \1 0 )°
Therefore, b = 1 and a = 0. Also, from the bottom rows, xa = 1 which can’t happen and

have a = 0. Therefore, you can’t write this matrix in the form LU. It has no LU factorization.
This is what we mean above by saying the method lacks generality.

9.2 Finding An LU Factorization By Inspection
Which matrices have an LU factorization? It turns out it is those whose row reduced echelon

form can be achieved without switching rows and which only involve row operations of type
3 in which row j is replaced with a multiple of row i added to row j for ¢ < j.

145
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1 2 0 2 1 0 0 a d h j
13 21 )==zx 10 0 b e 1
2 3 40 y z 1 0 0 ¢ f
Then multiplying these you get
a d h j
ra xd+b xh+e xj+1i

ya yd+zb yh+ze+c yj+iz+f

and so you can now tell what the various quantities equal. From the first column, you
need a = 1,z = 1,y = 2. Now go to the second column. You need d = 2,2d + b = 3 so
b=1,yd+ zb = 3 so z = —1. From the third column, h = 0,e = 2,¢ = 6. Now from the

fourth column, j = 2,7 = —1, f = —5. Therefore, an LU factorization is
1 0 0 1 2 0 2
1 1 0 01 2 -1
2 -1 1 0 0 6 =5

You can check whether you got it right by simply multiplying these two.

9.3 Using Multipliers To Find An LU Factorization

There is also a convenient procedure for finding an LU factorization. It turns out that it
is only necessary to keep track of the multipliers which are used to row reduce to upper
triangular form. This procedure is described in the following examples.

1 2 3
Example 9.3.1 Find an LU factorization for A= | 2 1 -4
1 5 2

Write the matrix next to the identity matrix as shown.
1 00 1 2 3
0 10 2 1 —4
0 01 1 5 2

The process involves doing row operations to the matrix on the right while simultaneously
updating successive columns of the matrix on the left. First take —2 times the first row and
add to the second in the matrix on the right.

1 00 1 2 3
210 0 -3 -10
0 0 1 1 5 2

Note the way we updated the matrix on the left. We put a 2 in the second entry of the first
column because we used —2 times the first row added to the second row. Now replace the
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third row in the matrix on the right by —1 times the first row added to the third. Thus the
next step is

1 00 1 2 3
210 0 -3 -10
1 01 0o 3 -1

Finally, we will add the second row to the bottom row and make the following changes

1 0 O 1 2 3
2 1 0 0 -3 -10
1 -1 1 0 0 -11

At this point, we stop because the matrix on the right is upper triangular. An LU factor-
ization is the above.
The justification for this gimmick will be given later.

1 21 2 1

; . 2 0 2 1 1

Example 9.3.2 Find an LU factorization for A = 5 3 1 3 92
1 011 2

We will use the same procedure as above. However, this time we will do everything for
one column at a time. First multiply the first row by (—1) and then add to the last row.
Next take (—2) times the first and add to the second and then (—2) times the first and add
to the third.

10 00 1 2 1 2 1
21 00 0 4 0 -3 -1
2 010 0O -1 -1 -1 O
10 0 1 0o -2 0 -1 1

This finishes the first column of L and the first column of U. Now take — (1/4) times the
second row in the matrix on the right and add to the third followed by — (1/2) times the
second added to the last.

1 0 00 1 2 1 2 1
2 1 00 0 -4 0 -3 -1
2 1/4 1 0 0 0 -1 —1/4 1/4
1 1/2 0 1 0 0 0 1/2 3/2

This finishes the second column of L as well as the second column of U. Since the matrix
on the right is upper triangular, stop. The LU factorization has now been obtained. This
technique is called Dolittle’s method.

This process is entirely typical of the general case. The matrix U is just the first upper
triangular matrix you come to in your quest for the row reduced echelon form using only
the row operation which involves replacing a row by itself added to a multiple of another
row. The matrix, L is what you get by updating the identity matrix as illustrated above.

You should note that for a square matrix, the number of row operations necessary to
reduce to LU form is about half the number needed to place the matrix in row reduced
echelon form. This is why an LU factorization is of interest in solving systems of equations.

9.4 Solving Systems Using The LU Factorization

The reason people care about the LU factorization is it allows the quick solution of systems
of equations. Here is an example.
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1 2 3 2 *
Example 9.4.1 Suppose you want to find the solutions to 4 3 1 1 y =
1230 -
w
1
2
3

Of course one way is to write the augmented matrix and grind away. However, this
involves more row operations than the computation of the LU factorization and it turns out
that the LU factorization can give the solution quickly. Here is how. The following is an
LU factorization for the matrix.

1 2 3 2 1 0 0 1 2 3 2
43 11 )=1410 0 -5 —-11 -7
1 2 30 1 01 0 0 0 -2

Let Ux =y and consider Ly = b where in this case, b = (1, 2, S)T. Thus

1 00 Y 1
4 10 y2 | =1 2
101 Ys 3
1
which yields very quickly that y = | —2 | . Now you can find x by solving Ux = y. Thus
2
in this case,
1 2 3 2 * 1
0 -5 —11 -7 Y= -2
0 0 0 =2 © 2
w
which yields
3.7
-3+t
9 _ 11y
X = 5 5 ,teR
t
-1

9.5 Justification For The Multiplier Method

Why does the multiplier method work for finding the LU factorization? Suppose A is a
matrix which has the property that the row reduced echelon form for A may be achieved
using only the row operations which involve replacing a row with itself added to a multiple
of another row. It is not ever necessary to switch rows. Thus every row which is replaced
using this row operation in obtaining the echelon form may be modified by using a row
which is above it. Furthermore, in the multiplier method for finding the LU factorization,
we zero out the elements below the pivot element in first column and then the next and
so on when scanning from the left. In terms of elementary matrices, this means the row
operations used to reduce A to upper triangular form correspond to multiplication on the
left by lower triangular matrices having all ones down the main diagonal.and the sequence
of elementary matrices which row reduces A has the property that in scanning the list of
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elementary matrices from the right to the left, this list consists of several matrices which
involve only changes from the identity in the first column, then several which involve only
changes from the identity in the second column and so forth. More precisely, £, --- E1A =U
where U is upper triangular, each F; is a lower triangular elementary matrix having all ones
down the main diagonal, for some r;, each of E,, --- E; differs from the identity only in the

first column, each of E,., - -- E,, 4 differs from the identity only in the second column and
Will be L

so forth. Therefore, A = Efl e Epill Ep_lU. You multiply the inverses in the reverse order.
Now each of the F; ! is also lower triangular with 1 down the main diagonal. Therefore
their product has this property. Recall also that if E; equals the identity matrix except
for having an a in the j** column somewhere below the main diagonal, B 1 is obtained by
replacing the a in F; with —a thus explaining why we replace with —1 times the multiplier
in computing L. In the case where A is a 3 X m matrix, El_1 e Ep__llEp_1 is of the form

1 0 0 1 0 0 1 0 0 1 0 0
a 1 0 01 0 0 1 0 = a 1 0
0 0 1 b 0 1 0 ¢ 1 b ¢ 1

Note that scanning from left to right, the first two in the product involve changes in the
identity only in the first column while in the third matrix, the change is only in the second.
If we had zeroed out the elements of the first column in a different order, we would have
obtained.

1 00 1 00 1 00 1 0 0
010 a 1 0 01 0|J]=[wa 10
b 0 1 0 01 0 ¢ 1 b ¢ 1

However, it is important to be working from the left to the right, one column at a time.

A similar observation holds in any dimension. Multiplying the elementary matrices which
involve a change only in the j** column you obtain A equal to an upper triangular, n x m
matrix, U multiplied on its left by a sequence of lower triangular matrices which is of the
following form, the a;; being negatives of multipliers used in row reducing A to an upper
triangular matrix.

1 0 «++ v o 0 1 0 cee e o0
a;; 1 0 1
: 0o . C o am
0 0
: Do -0 : : : -0
aip-1 0 0 -0 -1 0 agpo2 O -+ - 1
1 0 0
0 1
0
0
1 0

00 0 - apna

—_
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From the way we multiply matrices, this product equals

1 0 0
a1 1
ai2 az1
a2 asi
1 0
A1p—1 QA2p—2 G3n—3 -+ GQppn—1 1

Notice how the end result of the matrix multiplication made no change in the a;;. It just
filled in the empty spaces with the a;; which occurred in one of the matrices in the product.
This is why, in computing L, it is sufficient to begin with the left column and work column
by column toward the right, replacing entries with the negative of the multiplier used in the
row operation which produces a zero in that entry.

9.6 The PLU Factorization

As indicated above, some matrices don’t have an LU factorization. Here is an example.

1
M=|1 (9.1)
4

W NN

3
3
1

= o N

In this case, there is another factorization which is useful called a PLU factorization. Here
P is a permutation matrix.

Example 9.6.1 Find a PLU factorization for the above matriz in|9.1.

Proceed as before trying to find the row echelon form of the matrix. First add —1 times
the first row to the second row and then add —4 times the first to the third. This yields

1 00 1 2 3 2

110 0 O 0 -2

4 0 1 0 -5 -—-11 -7
There is no way to do only row operations involving replacing a row with itself added
to a multiple of another row to the matrix on the right in such a way as to obtain an

upper triangular matrix. Therefore, consider the original matrix with the bottom two rows
switched.

1 2 3 2 1 00 1 2 3 2
M = 4 31 1 )|=(1001 12 30
12 30 01 0 4 3 1 1

= PM

Now try again with this matrix. First take —1 times the first row and add to the bottom
row and then take —4 times the first row and add to the second row. This yields

100 1 2 3 2
4 1 0 0 -5 —-11 -7
1 01 0 O 0 -2
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The matrix on the right is upper triangular and so the LU factorization of the matrix, M’
has been obtained above.

Thus M’ = PM = LU where L and U are given above. Notice that P? = I and
therefore, M = P2M = PLU and so

1 2 3 2 1 0 0 1 00 1 2 3 2
1 2 3 0 )=(001 4 1 0 0o -5 —-11 -7
4 3 1 1 01 0 1 01 0 O 0 -2

This process can always be followed and so there always exists a PLU factorization of a
given matrix even though there isn’t always an LU factorization.

1 2 3 2
Example 9.6.2 Use the PLU factorization of M = | 1 2 3 0 | to solve the system
4 3 1 1

Mx =b where b =(1,2,3)".

Let Ux =y and consider PLy = b. In other words, solve,

1 00 1 00 Y1 1
0 0 1 4 1 0 yo | =1 2
010 1 01 Y3 3
Multiplying both sides by P gives
4 1 0 Y2 =
1 0 1 Y3 2
and so
(i 1
y=| % |=1 -1
Y3 1
Now Ux =y and so it only remains to solve
1 2 3 2 . 1
€2

0 -5 —-11 -7 = -1
xs3

0 0 0 -2 1
x4
which yields
1,7
£+ 5t
€
z 9 _ 11y
2 _ 0 5 teR
T3 ¢
T4 1
2

9.7 The QR Factorization

As pointed out above, the LU factorization is not a mathematically respectable thing be-
cause it does not always exist. There is another factorization which does always exist. Much
more can be said about it than I will say here. I will only deal with real matrices and so
the dot product will be the usual real dot product.
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Definition 9.7.1 An n X n real matriz Q is called an orthogonal matriz if
QR =Q"Q=1
Thus an orthogonal matriz is one whose inverse is equal to its transpose.

First note that if a matrix is orthogonal this says
> QLQik=>Q;iQjr =ik
J J
Thus
i
=33 QisQirzrr =D > > QisQirwsy
i s roos i

= Z Z(Squxsxr = Zz% = |x|2

This shows that orthogonal transformations preserve distances. You can show that if you
have a matrix which does preserve distances, then it must be orthogonal also.

2
|QX|2 = Z ZQijx_j = ZZZQismsQirxr
J i r s

Example 9.7.2 One of the most important examples of an orthogonal matrix is the so
called Householder matriz. You have v a unit vector and you form the matriz,

I—2vv’

This is an orthogonal matriz which is also symmetric. To see this, you use the rules of
matriz operations.
(I — 2VVT)T = I - (2VVT)T
= J-2vv’
so it is symmetric. Now to show it is orthogonal,
(I - 2VVT) (I - 2VVT) = I—2vvl —2vwwT + avvTvvT
= J—davwl +avwl =1

T

because v'v =v-v = |V|2 = 1. Therefore, this is an example of an orthogonal matriz.

Consider the following problem.

Problem 9.7.3 Given two vectors X,y such that |x| = |y| # 0 but x # y and you want an
orthogonal matriz, Q@ such that Qx =y and Qy = x. The thing which works is the House-
holder matrix

QEI—Zﬂ(X—y)T

x -yl
Here is why this works.
X—Yy
Qx-y) = (x-y)-2—"5(x-y) (x-y)
x -l
X—-Yy
= x-y) -2 kP oy -x

Ix -yl
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Qx+y) = <x+y>f2ﬁ<x—yﬁx+y>
= <x+y>—2ﬁ(<x—y)-<x+y>)
= (xry) =2 (k- by = x+y
Hence
Qx+Qy = x+y

Qx-Qy = y-—-x
Adding these equations, 2Qx = 2y and subtracting them yields 2Qy = 2x.

A picture of the geometric significance follows.

The orthogonal matrix @ reflects across the dotted line taking x to y and y to x.

Definition 9.7.4 Let A be an m x n matriz. Then a QR factorization of A consists of two
matrices, Q) orthogonal and R upper triangular or in other words equal to zero below the
main diagonal such that A = QR.

With the solution to this simple problem, here is how to obtain a QR factorization for
any matrix A. Let
A= (a17a2u"' 7an)

where the a; are the columns. If a; =0, let @1 = I. If a; # 0, let

|a |
0

and form the Householder matrix,

lel—Qg”_;lgl—bF
L

As in the above problem Q1a; = b and so

_ [ laa]
@A(S @)

where Ay is a m —1xn—1 matrix. Now find in the same way as was just donean—1xn—1

matrix Q2 such that
~ * %
Q2A2 = ( 0 AS )
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(10
@=(, 4 )

B 1 0 lag] =
QQQIA_(O @2)(01 Ag)

la;| *

Let

Then

ok sk
0 0 A;

Continuing this way untill the result is upper triangular, you get a sequence of orthogonal
matrices QpQp—1 - - - @1 such that

QpQp-1---QA=R (9.2)

where R is upper triangular.
Now if @)1 and Q)2 are orthogonal, then from properties of matrix multiplication,

Q1Q2 (Q1Q2)" = Q1Q:2QF QT = IQT =1

and similarly

(@Q1Q2)" Q1Q2 = 1.

Thus the product of orthogonal matrices is orthogonal. Also the transpose of an orthogonal
matrix is orthogonal directly from the definition. Therefore, from [9.2

A= (QyQp-1---Q1)" R=QR.
This proves the following theorem.

Theorem 9.7.5 Let A be any real m x n matrixz. Then there exists an orthogonal matriz,
Q@ and an upper triangular matriz R such that

A=QR

and this factorization can be accomplished in a systematic manner.



Linear Programming

10.1 Simple Geometric Considerations

One of the most important uses of row operations is in solving linear program problems
which involve maximizing a linear function subject to inequality constraints determined
from linear equations. Here is an example. A certain hamburger store has 9000 hamburger
patties to use in one week and a limitless supply of special sauce, lettuce, tomatoes, onions,
and buns. They sell two types of hamburgers, the big stack and the basic burger. It has also
been determined that the employees cannot prepare more than 9000 of either type in one
week. The big stack, popular with the teen agers from the local high school, involves two
patties, lots of delicious sauce, condiments galore, and a divider between the two patties.
The basic burger, very popular with children, involves only one patty and some pickles
and ketchup. Demand for the basic burger is twice what it is for the big stack. What
is the maximum number of hamburgers which could be sold in one week given the above
limitations?

Let x be the number of basic burgers and y the number of big stacks which could be sold
in a week. Thus it is desired to maximize z = x + y subject to the above constraints. The
total number of patties is 9000 and so the number of patty used is z+2y. This number must
satisfy x + 2y < 9000 because there are only 9000 patty available. Because of the limitation
on the number the employees can prepare and the demand, it follows 2z + y < 9000.
You never sell a negative number of hamburgers and so z,y > 0. In simpler terms the
problem reduces to maximizing z = x 4y subject to the two constraints, z + 2y < 9000 and
2z + y < 9000. This problem is pretty easy to solve geometrically. Consider the following
picture in which R labels the region described by the above inequalities and the line z = z+y
is shown for a particular value of z.

rT+y==z

As you make z larger this line moves away from the origin, always having the same slope

155
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and the desired solution would consist of a point in the region, R which makes z as large as
possible or equivalently one for which the line is as far as possible from the origin. Clearly
this point is the point of intersection of the two lines, (3000,3000) and so the maximum
value of the given function is 6000. Of course this type of procedure is fine for a situation in
which there are only two variables but what about a similar problem in which there are very
many variables. In reality, this hamburger store makes many more types of burgers than
those two and there are many considerations other than demand and available patty. Each
will likely give you a constraint which must be considered in order to solve a more realistic
problem and the end result will likely be a problem in many dimensions, probably many
more than three so your ability to draw a picture will get you nowhere for such a problem.
Another method is needed. This method is the topic of this section. I will illustrate with
this particular problem. Let 1 = x and y = x5. Also let x3 and x4 be nonnegative variables
such that
Ty + 229 + x3 = 9000, 221 + x2 + x4 = 9000.

To say that x3 and x4 are nonnegative is the same as saying 1 + 222 < 9000 and 2z + 22 <
9000 and these variables are called slack variables at this point. They are called this because
they “take up the slack”. 1 will discuss these more later. First a general situation is
considered.

10.2 The Simplex Tableau

Here is some notation.
Definition 10.2.1 Let x,y be vectors in R9. Then x <y means for each i,x; < ;.

The problem is as follows:
Let A be an m x (m + n) real matrix of rank m. It is desired to find x € R**™ such
that x satisfies the constraints,
x>0,Ax=Db (10.1)

and out of all such x,
m—+n

z = E CiZ;
i=1

is as large (or small) as possible. This is usually referred to as maximizing or minimizing z
subject to the above constraints. First I will consider the constraints.

Let A = ( a; - Apym ) First you find a vector, x°> 0, Ax°= b such that n of
the components of this vector equal 0. Letting i1,--- ,i, be the positions of x° for which
2 = 0, suppose also that {aj,,--- ,a,,} is linearly independent for j; the other positions

of x°. Geometrically, this means that x° is a corner of the feasible region, those x which
satisfy the constraints. This is called a basic feasible solution. Also define

¢ = (le."',ij),CFE(Cil,---,cin)

XB = (lev"' 7‘7"jm)7 XF = ($i17"' 7win)'

and

0 _ 0\ _ X% _ 0
z :Z(X)—(CB CF) X% = CBXp

since x% = 0. The variables which are the components of the vector x are called the basic
variables and the variables which are the entries of xr are called the free variables. You
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T, .
set xp = 0. Now (XO, zo) is a solution to

(2 9)()-(8)

along with the constraints x > 0. Writing the above in augmented matrix form yields

(_AC o 'g) (10.2)

Permute the columns and variables on the left if necessary to write the above in the form

Xp
B F 0 b
< —cg —cp 1 ) XZF N < 0 ) (10.3)

or equivalently in the augmented matrix form keeping track of the variables on the bottom

as
B F 0 b

—Cp —Cpgp 1 0 . (104)
XB Xp 0 0

Here B pertains to the variables x;,,---,z; and is an m X m matrix with linearly inde-
pendent columns, {a;,,---,a;, }, and F is an m X n matrix. Now it is assumed that
B F)(B)=(B F)(*F )=Bx)=b
( ) x0 )= ( ) o | = PXB=

and since B is assumed to have rank m, it follows
x% =B"'b>o0. (10.5)

This is very important to observe. B~'b > 0!
Do row operations on the top part of the matrix,

( B F 0 b) (10.6)

—Cp —Cpg 1 0
and obtain its row reduced echelon form. Then after these row operations the above becomes

( I B'F o B—1b>

Cew —ew 1 0 (10.7)

where B~ !'b > 0. Next do another row operation in order to get a 0 where you see a —cp.
Thus

I B F 0 B~ b
< 0 cgB'F'—cp 1 cgB™'b ) (10.8)
(I B'F 0 B 'b
o 0 CBB_lF/—CF 1 CBX%
I B lF 0 B b
o ( 0 cgB 'F—cp 1 20 ) (10.9)

The reason there is a 2° on the bottom right corner is that xp = 0 and (x(})37 xY%, zO)T isa
solution of the system of equations represented by the above augmented matrix because it is
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a solution to the system of equations corresponding to the system of equations represented
by [10.6 and row operations leave solution sets unchanged. Note how attractive this is. The
2o is the value of z at the point x°. The augmented matrix of [10.9] is called the simplex
tableau and it is the beginning point for the simplex algorithm to be described a little
later. It is very convenient to express the simplex tableau in the above form in which the

é on the left side. However, as far
as the simplex algorithm is concerned it is not necessary to be permuting the variables in
this manner. Starting with [10.9/ you could permute the variables and columns to obtain an
augmented matrix in which the variables are in their original order. What is really required
for the simplex tableau?

It is an augmented m + 1 X m + n + 2 matrix which represents a system of equations
which has the same set of solutions, (x,z)T as the system whose augmented matrix is

A 0 b
—c 1 0

(Possibly the variables for x are taken in another order.) There are m linearly independent
columns in the first m 4+ n columns for which there is only one nonzero entry, a 1 in one of
the first m rows, the “simple columns”, the other first m + n columns being the “nonsimple
columns”. As in the above, the variables corresponding to the simple columns are xp,
the basic variables and those corresponding to the nonsimple columns are xp, the free
variables. Also, the top m entries of the last column on the right are nonnegative. This is
the description of a simplex tableau.

In a simplex tableau it is easy to spot a basic feasible solution. You can see one quickly
by setting the variables, x p corresponding to the nonsimple columns equal to zero. Then the
other variables, corresponding to the simple columns are each equal to a nonnegative entry
in the far right column. Lets call this an “obvious basic feasible solution”. If a solution is
obtained by setting the variables corresponding to the nonsimple columns equal to zero and
the variables corresponding to the simple columns equal to zero this will be referred to as
an “obvious” solution. Lets also call the first m + n entries in the bottom row the “bottom
left row”. In a simplex tableau, the entry in the bottom right corner gives the value of the
variable being maximized or minimized when the obvious basic feasible solution is chosen.

The following is a special case of the general theory presented above and shows how such
a special case can be fit into the above framework. The following example is rather typical
of the sorts of problems considered. It involves inequality constraints instead of Ax = b.
This is handled by adding in “slack variables” as explained below.

variables are possibly permuted in order to have

Example 10.2.2 Consider z = x1 —xo subject to the constraints, r1+2xo < 10,21 +2x9 >
2, and 2x1 +x2 < 6,2; > 0. Find a simplex tableau for a problem of the form x > 0,Ax =b
which is equivalent to the above problem.

You add in slack variables. These are positive variables, one for each of the first three con-
straints, which change the first three inequalities into equations. Thus the first three inequal-
ities become z1+2x5+x3 = 10, 14+ 2x0— 24 = 2, and 2z, +x2+x5 = 6, 21, T2, T3, T4, T5 > 0.
Now it is necessary to find a basic feasible solution. You mainly need to find a positive so-
lution to the equations,

X1 +2.§C2 +I3 = 10

T1+ 209 — x4 =2

201 +x2+ x5 =06
the solution set for the above system is given by

2 2+1 L +1O 2 +38
To= -4 — -+ STs5,01 = —sXa+ — — -T5,L3 = —2 .
2= 3T 5+ 3T5,0 gTat 5 T g T3 4
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An easy way to get a basic feasible solution is to let z4 = 8 and x5 = 1. Then a feasible
solution is

($1,$2,Ig7l’4,$5) = (07 5, 0, 8, 1) .

It follows z° = —5 and the matrix [10.2, ( AC (1) }3 > with the variables kept track of on
the bottom is
12 1 0 0 0 10
12 0 -1 0 0 2
2 1 0 0 1 0 6
-1 1 0 0 0 1 0

r1 Ty x3 x4 x5 0 0

and the first thing to do is to permute the columns so that the list of variables on the bottom
will have x1 and z3 at the end.

2 0 0 1 1 0 10
2 -1 0 1 0 0 2
1 0 1 2 0 0 6
1 0 0 -1 0 1 0
X9 X4 xIs il I3 0 0

Next, as described above, take the row reduced echelon form of the top three lines of the
above matrix. This yields

1 04 4 05
0100 1 038
0 12 -1 01
Now do row operations to
100 5 3 05
010 0 1 038
001 32 -1 01
100 -1 0 10
to finally obtain
roo0 L+ 1 0 5
010 0 1 0 8
001%—%01
000 -3 —3 1 -5

and this is a simplex tableau. The variables are x5, x4, x5, 1, T3, 2.
It isn’t as hard as it may appear from the above. Lets not permute the variables and
simply find an acceptable simplex tableau as described above.

Example 10.2.3 Consider z = x1 —xo subject to the constraints, r1+2x9 < 10,21 +2x9 >
2, and 2x1 + x5 < 6,2; > 0. Find a simplex tableau.

Adding in slack variables, an augmented matrix which is descriptive of the constraints
is

1 21 0 0 10
120 -1 0 6
210 0 1 6
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The obvious solution is not feasible because of that -1 in the fourth column. Consider the
second column and select the 2 as a pivot to zero out that which is above and below the 2.
This is because that 2 satisfies the criterion for being chosen as a pivot.

001 1 04
7 1.0 -3 03
500 U 13
2 2

This one is good. The obvious solution is now feasible. You can now assemble the simplex
tableau. The first step is to include a column and row for z. This yields

001 1 00 4
élO—%OOi&
= 00 4 10 3
-1 01 0 010

Now you need to get zeros in the right places so the simple columns will be preserved as
simple columns. This means you need to zero out the 1 in the third column on the bottom.
A simplex tableau is now

0 01 1 00 4
§10—5003
5 00 %+ 10 3
-1 00 -1 0 1 —4

Note it is not the same one obtained earlier. There is no reason a simplex tableau should
be unique. In fact, it follows from the above general description that you have one for each
basic feasible point of the region determined by the constraints.

10.3 The Simplex Algorithm

10.3.1 Maximums

The simplex algorithm takes you from one basic feasible solution to another while maxi-
mizing or minimizing the function you are trying to maximize or minimize. Algebraically,
it takes you from one simplex tableau to another in which the lower right corner either
increases in the case of maximization or decreases in the case of minimization.

I will continue writing the simplex tableau in such a way that the simple columns having
only one entry nonzero are on the left. As explained above, this amounts to permuting the
variables. I will do this because it is possible to describe what is going on without onerous
notation. However, in the examples, I won’t worry so much about it. Thus, from a basic
feasible solution, a simplex tableau of the following form has been obtained in which the
columns for the basic variables, xpg are listed first and b > 0.

I F 0 b
(100 o
Let #) = b; fori=1,--- ,m and 2 = 0 for i > m. Then (x°, 2°) is a solution to the above

system and since b > 0, it follows (XO, zo) is a basic feasible solution.

If ¢; < 0 for some ¢, and if F};; < 0 so that a whole column of ( f ) is < 0 with the

bottom entry < 0, then letting x; be the variable corresponding to that column, you could
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leave all the other entries of xr equal to zero but change z; to be positive. Let the new
vector be denoted by x» and letting x’z = b — Fx% it follows

(Xp)y = bk—Zij(XF)j

= by — Fpx; >0

Now this shows (x5,x}) is feasible whenever x; > 0 and so you could let x; become
arbitrarily large and positive and conclude there is no maximum for z because

z=—cxp+2° = (—¢;) w; + 2° (10.11)

If this happens in a simplex tableau, you can say there is no maximum and stop.

What if ¢ > 0? Then z = 2° — cxp and to satisfy the constraints, xz > 0. Therefore,
in this case, 20 is the largest possible value of z and so the maximum has been found. You
stop when this occurs. Next I explain what to do if neither of the above stopping conditions
hold.

The only case which remains is that some ¢; < 0 and some F}; > 0. You pick a column

in ( l: ) in which ¢; < 0, usually the one for which ¢; is the largest in absolute value.

You pick Fj; > 0 as a pivot element, divide the gt row by Fj; and then use to obtain
zeros above Fj; and below Fj;, thus obtaining a new simple column. This row operation
also makes exactly one of the other simple columns into a nonsimple column. (In terms of
variables, it is said that a free variable becomes a basic variable and a basic variable becomes
a free variable.) Now permuting the columns and variables, yields

I F' 0 b
0 ¢ 1 ¥

where 2% > 20 because 2% = 20 —¢; (%) and ¢; < 0. If b’ > 0, you are in the same
i

position you were at the beginning but now z° is larger. Now here is the important thing.
You don’t pick just any F}; when you do these row operations. You pick the positive one
for which the row operation results in b’ > 0. Otherwise the obvious basic feasible
solution obtained by letting x = 0 will fail to satisfy the constraint that x > 0.

How is this done? You need

F,ib;
b;, =b, % >0 (10.12)
ji
for each p=1,--- ,m or equivalently,
F,b;
b, > 22, 10.1

Now if Fj,; < 0 the above holds. Therefore, you only need to check Fj; for F},; > 0. The
pivot, F}; is the one which makes the quotients of the form

bp
Fy;

for all positive F},; the smallest. Having gotten a new simplex tableau, you do the same
thing to it which was just done and continue. As long as b > 0, so you don’t encounter the
degenerate case, the values for z associated with setting xp = 0 keep getting strictly larger
every time the process is repeated. You keep going until you find ¢ > 0. Then you stop.
You are at a maximum. Problems can occur in the process in the so called degenerate case
when at some stage of the process some b; = 0. In this case you can cycle through different
values for x with no improvement in z. This case will not be discussed here.
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10.3.2 Minimums

How does it differ if you are finding a minimum? From a basic feasible solution, a simplex
tableau of the following form has been obtained in which the simple columns for the basic
variables, xp are listed first and b > 0.

I F 0 b
(0 . 1 ZO) (10.14)

Let 20 = b; for i =1,--- ,m and 2? = 0 for ¢ > m. Then (x°, 2%) is a solution to the above
system and since b > 0, it follows (xo, zo) is a basic feasible solution. So far, there is no
change.

Suppose first that some ¢; > 0 and Fj; < 0 for each j. Then let x> consist of changing z;
by making it positive but leaving the other entries of xr equal to 0. Then from the bottom

row,

/ 0 0
Z=—-CXp+2z =—cxr;i+z

and you let x5 = b — Fx} > 0. Thus the constraints continue to hold when z; is made
increasingly positive and it follows from the above equation that there is no minimum for
z. You stop when this happens.

Next suppose ¢ < 0. Then in this case, z = z” — cxp and from the constraints, xp > 0
and so —cxp > 0 and so 2° is the minimum value and you stop since this is what you are
looking for.

What do you do in the case where some ¢; > 0 and some F};; > 07 In this case, you use
the simplex algorithm as in the case of maximums to obtain a new simplex tableau in which
2% is smaller. You choose F};; the same way to be the positive entry of the i*" column such
that b, /Fpi > b; / F}; for all positive entries, F),; and do the same row operations. Now this

time,
0o _ 0 b, 0
zn =z —¢ <z
Fj;

As in the case of maximums no problem can occur and the process will converge unless
you have the degenerate case in which some b; = 0. As in the earlier case, this is most
unfortunate when it occurs. You see what happens of course. z° does not change and the
algorithm just delivers different values of the variables forever with no improvement.

To summarize the geometrical significance of the simplex algorithm, it takes you from
one corner of the feasible region to another. You go in one direction to find the maximum
and in another to find the minimum. For the maximum you try to get rid of negative
entries of ¢ and for minimums you try to eliminate positive entries of ¢ where the method of
elimination involves the auspicious use of an appropriate pivot element and row operations.

Now return to Example [10.2.2. It will be modified to be a maximization problem.

0

Example 10.3.1 Mazimize z = x1—xo subject to the constraints, x1+2xo < 10,21 +229 >
2, and 2x1 + 29 < 6,2; > 0.

Recall this is the same as maximizing z = x; — x2 subject to

gl
1 21 0 O T2 10
1 2 0 -1 0 T3 = 2 , x>0,
2 1 0 0 1 Tyq 6

L5
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the variables, x3, x4, 5 being slack variables. Recall the simplex tableau was

roo0 &+ 1 0 5
010 0 1 0 8
001%—%01
000 -3 —3 1 =5

with the variables ordered as xo, x4, x5, 21,3 and so xp = (22, x4, x5) and xp = (z1, z3).

Apply the simplex algorithm to the fourth column because —% < 0 and this is the most
negative entry in the bottom row. The pivot is 3/2 because 1/(3/2) = 2/3 < 5/(1/2).
Dividing this row by 3/2 and then using this to zero out the other elements in that column,
the new simplex tableau is

1o -0 2 o 4
01 0 0 1 0 38
00 2 1 —%f 0 2
00 I 0 -1 1 —4

Now there is still a negative number in the bottom left row. Therefore, the process should
be continued. This time the pivot is the 2/3 in the top of the column. Dividing the top row
by 2/3 and then using this to zero out the entries below it,

m\oao\»—-wmm\oa
oo~ O
N"—N"_N"_'m,_.
o= OO
oo o
-0 o o
[SURNGURT N |

Now all the numbers on the bottom left row are nonnegative so the process stops. Now
recall the variables and columns were ordered as s, x4, 5, 1, 3. The solution in terms of
x1 and x9 is x5 = 0 and z; = 3 and z = 3. Note that in the above, I did not worry about
permuting the columns to keep those which go with the basic variables on the left.

Here is a bucolic example.

Example 10.3.2 Consider the following table.

Fy | Fy | F5 | Fy
ron 1 2 1 3
protein ) 3 2 1
folic acid | 1 2 |2 1
copper 2 1 1 1
calcium 1 1 1 1

This information is available to a pig farmer and F; denotes a particular feed. The numbers
in the table contain the number of units of a particular nutrient contained in one pound of
the given feed. Thus Fy has 2 units of iron in one pound. Now suppose the cost of each feed
in cents per pound is given in the following table.

P F | Fs | Fy
2 3 [2 |3

A typical pig needs 5 units of iron, 8 of protein, 6 of folic acid, 7 of copper and 4 of calcium.
(The units may change from nutrient to nutrient.) How many pounds of each feed per pig
should the pig farmer use in order to minimize his cost?
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His problem is to minimize C' = 2x7 + 3x3 + 223 + 3x4 subject to the constraints

T1 + 229 + x3 + 324
5x1 + 3xo + 223 + 24
T, + 229 4+ 223 + 14
201+ x9 + 23 + 24
X1+ T + T3+ X4

VvV IV IV IV IV
B o 0 o

where each z; > 0. Add in the slack variables,

T+ 20+ 23+ 304 — 5 =
51 +3r2+2x3+ x4 — 26 =
X1 +2x9+ 223 +14 — 27 =

201 + 20+ a3+ x4 — 8 =

= N O 0o Ot

1‘1+5L‘2+5€3+$4—$9 =

The augmented matrix for this system is

— N = Ol
=N W N
— o= NN

o O OO
= =3 O Co Ut

How in the world can you find a basic feasible solution? Remember the simplex algorithm
is designed to keep the entries in the right column nonnegative so you use this algorithm a
few times till the obvious solution is a basic feasible solution.

Consider the first column. The pivot is the 5. Using the row operations described in the
algorithm, you get

o I 2 B 1 L 9 o o LI
1 3 3 i 0 _5l 0 0 0 g
o 281 g g ¢ 2
1 3 3 1
N O S
5 5 5 5 - 5

Now go to the second column. The pivot in this column is the 7/5. This is in a different
row than the pivot in the first column so I will use it to zero out everything below it. This
will get rid of the zeros in the fifth column and introduce zeros in the second. This yields

012 2 -2 L o o o ¥

I 5 3 " 7
1o+ -1 2 2.0 0 0 1
001 -2 1 0 -1 0 0 1
oo 2 1 L 2 o -1 0o 2
005 0 2" 1 0 0 —15

7 7 7 7

Now consider another column, this time the fourth. I will pick this one because it has
some negative numbers in it so there are fewer entries to check in looking for a pivot.
Unfortunately, the pivot is the top 2 and I don’t want to pivot on this because it would
destroy the zeros in the second column. Consider the fifth column. It is also not a good
choice because the pivot is the second element from the top and this would destroy the zeros
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in the first column. Consider the sixth column. I can use either of the two bottom entries
as the pivot. The matrix is

01 0 2 -1 0 O 0 1 1
10 1 -1 1 0 O 0 -2 3
o0 1 -2 1 0 -1 0 0 1
o060 -1 1 -10 0 -1 3 0
0 0 3 0 2 1 0 0 -7 10

Next consider the third column. The pivot is the 1 in the third row. This yields

010 2 -10 0 0 1 1
10 0 1 0 0 1 0 -2 2
001 -2 1 0 -1 0 0 1
o000 -1 0 0 -1 -1 3 1
000 6 —-11 3 0o -7 7

There are still 5 columns which consist entirely of zeros except for one entry. Four of them
have that entry equal to 1 but one still has a -1 in it, the -1 being in the fourth column.
I need to do the row operations on a nonsimple column which has the pivot in the fourth
row. Such a column is the second to the last. The pivot is the 3. The new matrix is

010 % —10% %Oé

100 5 0 0 3 -2 0 2

001 -2 1 0 -1 0 01 (10.15)
_1 -1 _1 1

oo 1y P g4
3 3 3 3

Now the obvious basic solution is feasible. You let x4 = 0 = 25 = 27 = g and x; =
8/3,x0 = 2/3,23 = 1, and x¢ = 28/3. You don’t need to worry too much about this. It is
the above matrix which is desired. Now you can assemble the simplex tableau and begin
the algorithm. Remember C' = 2z + 3x5 + 223 + 3x4. First add the row and column which
deal with C. This yields

7 11 2
I A A
0 0 1 2 1 01 0 00 1
o o o -1 0 -1 _1 1 ¢ 1 (10.16)
0o 0 o ¥ 11 2 g B

EN 3 73 3

-2 -3 -2 -3 0 0 0 01 0

Now you do row operations to keep the simple columns of [10.15/ simple in [10.16. Of course
you could permute the columns if you wanted but this is not necessary.

This yields the following for a simplex tableau. Now it is a matter of getting rid of the
positive entries in the bottom row because you are trying to minimize.

o010 f —-10 &+ L 00 2
100i00i—3200g
3 3 3 3
001 -2 1 0 -1 0 00 1
o000 -t o0 o0 - -1 10 1%
3 3;} 238
000%—11§—§00§
1 8

oo0oo0  -10 - —3201 2
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The most positive of them is the 2/3 and so I will apply the algorithm to this one first. The
pivot is the 7/3. After doing the row operation the next tableau is

3 3 1 1 2
T Y 7 7 A
6 1 _35 2 11
0 10 2 0 200
0 I 00 =L o fg -2 1 0 g
7 7 7 7 rd
o -%+ 00 %2 1 & -2 9o 2
0 -2 o0 30 -2 -4 g1 &
7 T T T T

and you see that all the entries are negative and so the minimum is 64/7 and it occurs when
xr1 = 18/7,1’2 = O,.Z‘g = 11/7,584 = 2/7

There is no maximum for the above problem. However, I will pretend I don’t know this
and attempt to use the simplex algorithm. You set up the simiplex tableau the same way.
Recall it is

o010 £ —-10 & L1 o090 2
1003003—3200é

3 3 3 3
001 -2 1 0 -1 0 00 1

1 1 1 1
ROt A S A
RO N RN B
oo0oo0 2 -10 - -2 01 2

Now to maximize, you try to get rid of the negative entries in the bottom left row. The
most negative entry is the -1 in the fifth column. The pivot is the 1 in the third row of this
column. The new tableau is

1 2 1 5
011 5 00 -3 3 00 3
100 3 00 & =200 3
001 -210 -1 0 00 1
000—%00—%—%10%
001301—§—§00%

4 31
001 -3 00 —3 —5 01 &

Consider the fourth column. The pivot is the top 1/3. The new tableau is

0 3 3100 -2 1 020 5
1 -1 -1 000 1 -1 00 1
0 7T 01 0 -5 2 0 0 11
0 1 1 000 -1 0 1 0 2
0 -5 4001 3 —-400 2
0 4 5 000 -4 1 01 17

There is still a negative in the bottom, the -4. The pivot in that column is the 3. The
algorithm yields

0o -+ L& 10 2 0 -3 00 ¥
123100jl01300i
3 3 3
(A S S-S S P
3
32 i _i g
0 0 0 0 10
0o -3 b g 1 1 g 2
g 3 i i3 sh
0 -5 -5 00 3 0 -2 01 2

Note how z keeps getting larger. Consider the column having the —13/3 in it. The pivot is
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the single positive entry, 1/3. The next tableau is

5 3 210 -1 0 0 0 0 8
3 2100 -1 0100 1
4 75 01 -3 0 0 0 0 19
4 2100 -1 0010 4
4 1000 -1 1000 2
136 400 -3 00 01 24

There is a column consisting of all negative entries. There is therefore, no maximum. Note
also how there is no way to pick the pivot in that column.

Example 10.3.3 Minimize z = x1 — 3x2 + x3 subject to the constraints x1 + xo + x3 <
10,21+ 2o+ 23 > 2, 1 + 22+ 323 < 8 and x1 + 2z +x3 < 7 with all variables nonnegative.

There exists an answer because the region defined by the constraints is closed and
bounded. Adding in slack variables you get the following augmented matrix corresponding
to the constraints.

1111 0 0 0 10
1110 -1 0 0 2
113 0 0 1 0 8
1210 0 01 7

Of course there is a problem with the obvious solution obtained by setting to zero all
variables corresponding to a nonsimple column because of the simple column which has the
—1 in it. Therefore, I will use the simplex algorithm to make this column non simple. The
third column has the 1 in the second row as the pivot so I will use this column. This yields

0o 0 o1 1 0 0 8
1 110 -1 0 0 2
-2 -2 00 3 1 0 2 (10.17)
0 1 00 1 015

and the obvious solution is feasible. Now it is time to assemble the simplex tableau. First
add in the bottom row and second to last column corresponding to the equation for z. This
yields

o 0 0 1 1 0 0 0 8
1 1 1 0 -1 0 0 0 2
-2 -2 0 0 3 1 0 0 2
0 1 0 0 1 010 5
-1 3 -1 0 0 0 0 1 O

Next you need to zero out the entries in the bottom row which are below one of the simple
columns in [10.17. This yields the simplex tableau

0 0 01 1 0 0 0 8
1 1 10 -1 0 0 0 2
-2 -2 00 3 1 0 0 2
0 1 00 1 010 5
0o 4 00 -1 0 0 1 2

The desire is to minimize this so you need to get rid of the positive entries in the left bottom
row. There is only one such entry, the 4. In that column the pivot is the 1 in the second
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row of this column. Thus the next tableau is

0 0 0 1.1 0 OO 8
11 1 0 -1 00 0 2
0 0 2 0 1 1 0 O0 6
-1 0 -1 0 2 01 0 3
-4 0 -4 0 3 00 1 -6

There is still a positive number there, the 3. The pivot in this column is the 2. Apply the
algorithm again. This yields

Ju—
w

=

Lo 1 100 0o i
1 7 1 ?
%1%00020%
505001—%0g
3001050y
-2 0 -5 000 -2 1 -2

Now all the entries in the left bottom row are nonpositive so the process has stopped. The
minimum is —21/2. It occurs when zy = 0, xo = 7/2, 23 = 0.
Now consider the same problem but change the word, minimize to the word, maximize.

Example 10.3.4 Mazximize z = x1 — 3x2 + x3 subject to the constraints v1 + xo + x3 <
10,21 +xo+ 23 > 2, 1+ 22+ 323 < 8 and x1 + 2x5 + x3 < 7 with all variables nonnegative.

The first part of it is the same. You wind up with the same simplex tableau,

0 0 01 1 00 0 8
1 1 1.0 -1 0 0 0 2
-2 -2 00 3 1 0 0 2
0 1 00 1 0105
0 4 00 -1 0 0 1 2

but this time, you apply the algorithm to get rid of the negative entries in the left bottom
row. There is a —1. Use this column. The pivot is the 3. The next tableau is

2 2 1 22
2 2 o910 - 0o 2
ii1001300g
3. 3

Py P i 3
2 -2 001 2 00 2
2 5 1 13
2 5 000 -2 10 ¥
2 10 1 g
-2 D o000 % 01 ¢

There is still a negative entry, the —2/3. This will be the new pivot column. The pivot is
the 2/3 on the fourth row. This yields

0 -1 010 0 -1 0 3

1 1 1 1
0o 100 § 1o}
o1 001 0 1 05

5 1 3 13
1 2 o000 -1 3 o L
o5 000 0 1 1 7

and the process stops. The maximum for z is 7 and it occurs when z7 = 13/2, 29 = 0,23 =
1/2.
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10.4 Finding A Basic Feasible Solution

By now it should be fairly clear that finding a basic feasible solution can create considerable
difficulty. Indeed, given a system of linear inequalities along with the requirement that each
variable be nonnegative, do there even exist points satisfying all these inequalities? If you
have many variables, you can’t answer this by drawing a picture. Is there some other way
to do this which is more systematic than what was presented above? The answer is yes. It
is called the method of artificial variables. I will illustrate this method with an example.

Example 10.4.1 Find a basic feasible solution to the system 2z1+x9—x3 > 3, x1+x2+2x3 >
2,21+ 20+ 23 <7 and x> 0.

If you write the appropriate augmented matrix with the slack variables,

21 -1 -1 0 0 3
1 1 1 0 -1 0 2 (10.18)
1 1 1 0 0 1 7

The obvious solution is not feasible. This is why it would be hard to get started with
the simplex method. What is the problem? It is those —1 entries in the fourth and fifth
columns. To get around this, you add in artificial variables to get an augmented matrix of
the form

21 -1 -1 0 0 1

11 1 0 -1 0 0

11 1 o 0 1 0 0 7
Thus the variables are x1, xs, T3, Z4, T5, Tg, L7, Tg. Suppose you can find a feasible solution
to the system of equations represented by the above augmented matrix. Thus all variables
are nonnegative. Suppose also that it can be done in such a way that zg and z7 happen
to be 0. Then it will follow that x1, -+ ,z¢ is a feasible solution for [10.18. Conversely, if
you can find a feasible solution for [10.18, then letting x7 and xg both equal zero, you have
obtained a feasible solution to [10.19. Since all variables are nonnegative, x7 and zg both
equalling zero is equivalent to saying the minimum of z = x7 + xg subject to the constraints
represented by the above augmented matrix equals zero. This has proved the following
simple observation.

0 3
12 (10.19)

Observation 10.4.2 There exists a feasible solution to the constraints represented by the
augmented matriz of 10.18 and x > 0 if and only if the minimum of x7 + xg subject to the
constraints of 10.19 and x > 0 exists and equals 0.

Of course a similar observation would hold in other similar situations. Now the point of
all this is that it is trivial to see a feasible solution to [10.19, namely x¢ = 7,27 = 3,25 = 2
and all the other variables may be set to equal zero. Therefore, it is easy to find an initial
simplex tableau for the minimization problem just described. First add the column and row

for z
-1 -1 0 0 1 0

2 1 0 3
1 1 1 0 -1 0 O 1 0 2
1 1 1 0 0 1 0 0 0 7
0 0 O 0 0 0 -1 -1 1 0

Next it is necessary to make the last two columns on the bottom left row into simple columns.
Performing the row operation, this yields an initial simplex tableau,

21 -1 -1 0 0100 3

11 1 0 -1.0 0 1 0 2
11 1 0 0 1.0 0 0 7
32 0 -1 -1 0 0 0 1 5
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Now the algorithm involves getting rid of the positive entries on the left bottom row. Begin
with the first column. The pivot is the 2. An application of the simplex algorithm yields
the new tableau

1%-5—%00%00%
ogéé—lo—%10§
0%§?01—g001—%1

Now go to the third column. The pivot is the 3/2 in the second row. An application of the
simplex algorithm yields

1 2 o -1 _1 ¢ 1 1 09 3
0 i 1 l3 _g 0 _3l g 0 i
3 3 3 3 3 3
00 0 O 1 1 0 -1 0 5 (10.20)
00 0 O 0 0 -1 -1 1 0

and you see there are only nonpositive numbers on the bottom left column so the process
stops and yields 0 for the minimum of z = x7+xg. As for the other variables, 1 = 5/3,29 =
0,23 = 1/3,24 = 0,25 = 0,26 = 5. Now as explained in the above observation, this is a
basic feasible solution for the original system [10.18.

Now consider a maximization problem associated with the above constraints.

Example 10.4.3 Maximize ©1 — xo + 2x3 subject to the constraints, 2xy + o — x3 >
3,21 +xot+x3>2,21+22+23 <7 and x> 0.

From [10.20/ you can immediately assemble an initial simplex tableau. You begin with
the first 6 columns and top 3 rows in [10.20. Then add in the column and row for z. This
yields

o
|

W=

OO =
= O wl—wWIN
O =

S oOwle
SO
SO = OO
—_ o0 O O
O Orwl—wlut

1
-1 0

and you first do row operations to make the first and third columns simple columns. Thus
the next simplex tableau is

2 1 _ 1 5
BRI
3 3 3 3
o0 0 o0 1 10 5
7 1 _5 7
oo i 3011

You are trying to get rid of negative entries in the bottom left row. There is only one, the
—5/3. The pivot is the 1. The next simplex tableau is then

2 1 1 10
I IO BN
3 3 3 3
000 0 1 10 5
7 1 5 32
030 35 03 1 7%

and so the maximum value of z is 32/3 and it occurs when 1 = 10/3, 22 = 0 and x5 = 11/3.
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10.5 Duality

You can solve minimization problems by solving maximization problems. You can also go
the other direction and solve maximization problems by minimization problems. Sometimes
this makes things much easier. To be more specific, the two problems to be considered are
A.) Minimize z = ¢x subject to x > 0 and Ax > b and
B.) Maximize w = yb such that y > 0 and yA < c,

(equivalently ATyT > c? and w = bTyT) .

In these problems it is assumed A is an m X p matrix.

I will show how a solution of the first yields a solution of the second and then show how
a solution of the second yields a solution of the first. The problems, A.) and B.) are called
dual problems.

Lemma 10.5.1 Let x be a solution of the inequalities of A.) and let y be a solution of the
inequalities of B.). Then
cx > yb.

and if equality holds in the above, then x is the solution to A.) andy is a solution to B.).
Proof: This follows immediately. Since ¢ > y A,
cx > yAx > yb.

It follows from this lemma that if y satisfies the inequalities of B.) and x satisfies the
inequalities of A.) then if equality holds in the above lemma, it must be that x is a solution
of A.) and y is a solution of B.). This proves the lemma.

Now recall that to solve either of these problems using the simplex method, you first
add in slack variables. Denote by x’ and y’ the enlarged list of variables. Thus x’ has at
least m entries and so does y’ and the inequalities involving A were replaced by equalities
whose augmented matrices were of the form

(A =T b), and (AT I <)

Then you included the row and column for z and w to obtain

A -1 0 b AT T 0 T

(—c 0 10>and<_bT01 0)' (10.21)

Then the problems have basic feasible solutions if it is possible to permute the first p + m
columns in the above two matrices and obtain matrices of the form

B F 0 b B R 0 c*
<_CB ep 10 ) and ( —bgl _bITa 1 0 ) (10.22)

where B, B; are invertible m x m and p X p matrices and denoting the variables associated
with these columns by xp,yp and those variables associated with F' or F; by xp and yp,
it follows that letting Bxp = b and xr = 0, the resulting vector, x’ is a solution to x’ > 0
and ( A —I )x’ = b with similar constraints holding for y’. In other words, it is possible
to obtain simplex tableaus,

I B~'F 0 B'b I B 'R 0 B'cT
0 cgB 'F—cp 1 ¢cgB™'b )’ 0 bL B'F-bL 1 b} Bi'ch
(10.23)
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Similar considerations apply to the second problem. Thus as just described, a basic feasible
solution is one which determines a simplex tableau like the above in which you get a feasible
solution by setting all but the first m variables equal to zero. The simplex algorithm takes
you from one basic feasible solution to another till eventually, if there is no degeneracy, you
obtain a basic feasible solution which yields the solution of the problem of interest.

Theorem 10.5.2 Suppose there exists a solution, x to A.) where x is a basic feasible so-
lution of the inequalities of A.). Then there exists a solution, y to B.) and cx = by. It is
also possible to find'y from x using a simple formula.

Proof: Since the solution to A.) is basic and feasible, there exists a simplex tableau
like [10.23 such that x’ can be split into xg and xp such that xp = 0 and xg = B~ 'b.
Now since it is a minimizer, it follows cg B~ 'F — cp < 0 and the minimum value for cx is
cpB~'b. Stating this again, cx = cg B~'b. Is it possible you can take y = ¢z B~'? From
Lemma [10.5.1 this will be so if cg B~! solves the constraints of problem B.).Is cgB~1>07
Is cgB™'A < ¢? These two conditions are satisfied if and only if cgB™'( A —I ) <
( c O ) . Referring to the process of permuting the columns of the first augmented matrix
of [10.21] to get [10.22/ and doing the same permutations on the columns of ( A —T ) and
( c 0 ) , the desired inequality holds if and only if cg B! ( B F ) < ( cg Cp ) which
is equivalent to saying ( cg cgBlF ) < ( cg Cgp ) and this is true because cg B~ F —
cr < 0 due to the assumption that x is a minimizer. The simple formula is just

Yy = CBBil.

This proves the theorem.
The proof of the following corollary is similar.

Corollary 10.5.3 Suppose there exists a solution, y to B.) where y is a basic feasible
solution of the inequalities of B.). Then there exists a solution, x to A.) and cx = by. It is
also possible to find x from y using a simple formula. In this case, and referring to10.23,
the simple formula is x = B] " bp, .

As an example, consider the pig farmers problem. The main difficulty in this problem
was finding an initial simplex tableau. Now consider the following example and marvel at
how all the difficulties disappear.

Example 10.5.4 minimize C = 2x1 + 3x2 + 2x3 + 3x4 subject to the constraints

T, + 229 + x3 + 314
521 + 3x2 + 223 + 24
Ty + 229 + 223 + x4
21 + x9 + 13 + X4

1+ 2o +x3+ 24

IV IV IV IV IV
B~ N o o o

where each x; > 0.

Here the dual problem is to maximize w = 5y; + 8ya + 6y3 + Tys + 4ys subject to the
constraints
Y1

151 21 2
23 2 1 1 Y2 3
12 2 11 Us [ =] 9
31 1 1 1 Y 3

Ys
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Adding in slack variables, these inequalities are equivalent to the system of equations whose
augmented matrix is

1 51211000 2
232110100 3
122110010 2
3111100013

Now the obvious solution is feasible so there is no hunting for an initial obvious feasible
solution required. Now add in the row and column for w. This yields

1 5 1 2 1 1.0 0 0 0 2
2 3 2 1 1 0100 0 3
1 2 2 1 1 001 0 0 2
3 1 1 1 1 0001 0 3
-5 -8 -6 =7 =4 0 0 0 0 1 O

It is a maximization problem so you want to eliminate the negatives in the bottom left row.
Pick the column having the one which is most negative, the —8. The pivot is the top 5.
Then apply the simplex algorithm to obtain

1 1 1 2 1 1 00 0 0 2
i AU 8
0 5 1 0 0 0

g 0 g 1 3 ,g 010 0 g

5 5
4 i3 1 % b
o7 0 52 %9 %2 g 00 10 s
-5 0 -5 -5 -5 5 0001 %

There are still negative entries in the bottom left row. Do the simplex algorithm to the
column which has the 72—52. The pivot is the %. This yields

1 3 1 1 1 1
L 00 -2 -4 -2 1 - 00 2
3 AR A | 5 3
: 0 1 5% 10 2 00 3
> 00 5 3 00 —1% 10 2
7 13 3 1 1 13
-3 00 =% -3 3 0 37 01 %

and there are still negative numbers. Pick the column which has the —13/4. The pivot is
the 3/8 in the top. This yields

5 5 01l 5 5 0 -500 3
1 1. 000 0 1 -1 00 1
EHIEIEREE
g—go0§—§o—§10g
2 2 8 5 26
-3 3 003 3 0 35 01 %

which has only one negative entry on the bottom left. The pivot for this first column is the
%. The next tableau is

20 2 5 2 1 3
o ¥ 00 - 2 1 -8 -2 0 2
7 7 7 7 { g
0o -+ 10 2 -20 2 —2 0 2
1 =42 0 0 I _I o =1 2 o 5
0 587 0 0 g 187 0 117 Z 1 674
7 7T 7 7 7
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and all the entries in the left bottom row are nonnegative so the answer is 64/7. This is
the same as obtained before. So what values for x are needed? Here the basic variables are
Y1,Y3, Y4, y7. Consider the original augmented matrix, one step before the simplex tableau.

1 5 1 2 110 0 0 0 2
2 3 2 1 1 01 0 0 0 3
1 2 2 1 1 001 0 0 2
3 1 1 1 1 0001 0 3
-5 -8 -6 -7 =4 0 0 0 0 1 O

Permute the columns to put the columns associated with these basic variables first. Thus

1 1 2 0 5 1 1.0 0 0 2
2 2 1 1 3 1 0 0 0 0 3
1 2 1 0 2 1 01 0 0 2
3 1 1 0 1 1 001 0 3
-5 -6 -7 0 -8 -4 0 0 0 1 0
The matrix, B is
1 1 2 0
2 2 1 1
12 10
3110
and so BT equals
12 5 1
7 77 7
0 0 0 1
_1 5 _2 _6
U S
7 7 7 7
Also b§:(5 6 7 O)and so from Corollary 10.5.3)
1 2 5 1
—% ~F 7 % 5 2
0 0 0 1 6 0
X=1_1 5 _2 _¢ 7T u
s 1 1 _% 0 %
7 7 7 7 7

which agrees with the original way of doing the problem.

Two good books which give more discussion of linear programming are Strang [13] and
Nobel and Daniels [10]. Also listed in these books are other references which may prove
useful if you are interested in seeing more on these topics. There is a great deal more which
can be said about linear programming.



Spectral Theory

11.0.1 Outcomes
A. Describe the eigenvalue problem geometrically and algebraically.
B. Evaluate the spectrum and eigenvectors for a square matrix.
C. Find the principle directions of a deformation matrix.
D

. Model a Markov process.

(a) Find the limit state.

(b) Determine comparisons of population after a long period of time.

11.1 Eigenvalues And Eigenvectors Of A Matrix

Spectral Theory refers to the study of eigenvalues and eigenvectors of a matrix. It is of
fundamental importance in many areas. Row operations will no longer be such a useful tool
in this subject.

11.1.1 Definition Of Eigenvectors And Eigenvalues

In this section, F = C.
To illustrate the idea behind what will be discussed, consider the following example.

Example 11.1.1 Here is a matriz.

0 5 -—10
0 22 16
0o -9 =2
Multiply this matriz by the vector
-5
—4
3

and see what happens. Then multiply it by

1
0
0

and see what happens. Does this matriz act this way for some other vector?

175
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First
0 5 -—10 -5 —50 -5
0 22 16 —4 | = —40 | =10 —4
0 -9 =2 3 30 3
0 5 -—10 1 0 1
0 22 16 0O |l=101]1=0[20
0 -9 -2 0 0 0

When you multiply the first vector by the given matrix, it stretched the vector, multiplying
it by 10. When you multiplied the matrix by the second vector it sent it to the zero vector.
Now consider

0 5 -10 1 )
0 22 16 1] = 38
0 -9 =2 1 —11

In this case, multiplication by the matrix did not result in merely multiplying the vector by
a number.

In the above example, the first two vectors were called eigenvectors and the numbers, 10
and 0 are called eigenvalues. Not every number is an eigenvalue and not every vector is an
eigenvector.

Definition 11.1.2 Let M be an n X n matriz and let x € C" be a nonzero vector for
which

Mx = Ax (11.1)

for some scalar, \. Then x is called an eigenvector and X is called an eigenvalue (char-
acteristic value) of the matriz, M.

Note: Eigenvectors are never equal to zero!

The set of all eigenvalues of an n X n matriz, M, is denoted by o (M) and is referred to as
the spectrum of M.

The eigenvectors of a matrix M are those vectors, x for which multiplication by M
results in a vector in the same direction or opposite direction to x. Since the zero vector, 0
has no direction this would make no sense for the zero vector. As noted above, 0 is never
allowed to be an eigenvector. How can eigenvectors be identified? Suppose x satisfies [11.1.
Then

(M-X)x=0

for some x # 0. (Equivalently, you could write (Al — M)x = 0.) Sometimes we will use

(M —M)x=0

and sometimes (M — AI)x = 0. It makes absolutely no difference and you should use
whichever you like better. Therefore, the matrix M — AI cannot have an inverse because if
it did, the equation could be solved,

x = ((M — ) H (M - M)) x=(M —\)" (M = \)x) = (M - \)"'0 =0,

and this would require x = 0, contrary to the requirement that x # 0. By Theorem 6.2.1
on Page [85]
det (M — \I) =0. (11.2)
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(Equivalently you could write det (Al — M) = 0.) The expression, det (AI — M) or equiva-
lently, det (M — AI) is a polynomial called the characteristic polynomial and the above
equation is called the characteristic equation. For M an n X n matrix, it follows from the
theorem on expanding a matrix by its cofactor that det (M — AI) is a polynomial of de-
gree n. As such, the equation, [11.2/ has a solution, A € C by the fundamental theorem of
algebra. Is it actually an eigenvalue? The answer is yes and this follows from Observation
8.2.7 on Page [140] along with Theorem [6.2.1] on Page 85. Since det (M — AI) = 0 the ma-
trix, det (M — AI) cannot be one to one and so there exists a nonzero vector, x such that
(M — XI)x = 0. This proves the following corollary.

Corollary 11.1.3 Let M be an n x n matriz and det (M — XI) = 0. Then there exists a
nonzero vector, x € C" such that (M — X)x = 0.

11.1.2 Finding Eigenvectors And Eigenvalues

As an example, consider the following.

Example 11.1.4 Find the eigenvalues and eigenvectors for the matriz,

5 —10 -5
A= 2 14 2
-4 -8 6

You first need to identify the eigenvalues. Recall this requires the solution of the equation

det (A — AI) = 0.
In this case this equation is
5 —10 -5 1 00
det 2 14 2 -Al 0 1 0 =0
-4 -8 6 0 0 1

When you expand this determinant and simplify, you find the equation you need to solve is
(A =5) (A% = 20\ + 100) = 0

and so the eigenvalues are
5, 10, 10.

We have listed 10 twice because it is a zero of multiplicity two due to
A2 — 20X\ 4100 = (A — 10)°.

Having found the eigenvalues, it only remains to find the eigenvectors. First find the
eigenvectors for A = 5. As explained above, this requires you to solve the equation,

5 —10 -5 1 00 x 0
2 14 2 -5 0 1 0 y | =120
-4 -8 6 0 0 1 z 0
That is you need to find the solution to
0 —-10 -5 x 0
2 9 2 y | =10
-4 -8 1 z 0
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By now this is an old problem. You set up the augmented matrix and row reduce to get the
solution. Thus the matrix you must row reduce is

0 —-10 -5 | 0
2 9 2 | 0 |. (11.3)
-4 -8 1 | 0
The row reduced echelon form is
1o =210
01 5 | o0
00 0 | O
and so the solution is any vector of the form
5 5
1t 1
-1 _ -1
=t 3
t 1

where ¢t € F. You would obtain the same collection of vectors if you replaced ¢ with 4¢. Thus
a simpler description for the solutions to this system of equations whose augmented matrix
is in 11.3/is

t| —2 (11.4)
4

where ¢t € F. Now you need to remember that you can’t take ¢ = 0 because this would result
in the zero vector and

Eigenvectors are never equal to zero!

Other than this value, every other choice of z in [11.4 results in an eigenvector. It is a good
idea to check your work! To do so, we will take the original matrix and multiply by this
vector and see if we get 5 times this vector.

5 —-10 -5 ) 25 5
2 14 2 -2 | = -10 | =5 -2
-4 -8 6 4 20 4

so it appears this is correct. Always check your work on these problems if you care about
getting the answer right.

The parameter, t is sometimes called a free variable. The set of vectors in [11.4 is
called the eigenspace and it equals ker (A — AI). You should observe that in this case
the eigenspace has dimension 1 because the eigenspace is the span of a single vector. In
general, you obtain the solution from the row echelon form and the number of different free
variables gives you the dimension of the eigenspace. Just remember that not every vector
in the eigenspace is an eigenvector. The vector, 0 is not an eigenvector although it is in the
eigenspace because

Eigenvectors are never equal to zero!

Next consider the eigenvectors for A = 10. These vectors are solutions to the equation,
5 —10 -5 1 00 x 0
2 14 2 —-101 0 1 0 y |=120
-4 -8 6 0 0 1 z 0
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That is you must find the solutions to

-5 —10 -5 T 0
2 4 2 y | =10
—4 -8 —4 z 0

which reduces to consideration of the augmented matrix,

5 —-10 =5 | 0
2 4 2 |0
-4 -8 -4 | 0

The row reduced echelon form for this matrix is

12 10
0 0 0O
0 0 0 O
and so the eigenvectors are of the form
—2s5—1 -2 -1
s =35 1 +1 0
t 0 1

You can’t pick ¢ and s both equal to zero because this would result in the zero vector and

Eigenvectors are never equal to zero!

However, every other choice of ¢ and s does result in an eigenvector for the eigenvalue A = 10.
As in the case for A = 5 you should check your work if you care about getting it right.

5 —10 -5 -1 —10 -1
2 14 2 0 = 0 =10 0
-4 -8 6 1 10 1

so it worked. The other vector will also work. Check it.

11.1.3 A Warning

The above example shows how to find eigenvectors and eigenvalues algebraically. You may
have noticed it is a bit long. Sometimes students try to first row reduce the matrix be-
fore looking for eigenvalues. This is a because row operations destroy the
eigenvalues. The eigenvalue problem is really not about row operations.

The general eigenvalue problem is the hardest problem in algebra and people still do
research on ways to find eigenvalues and their eigenvectors. If you are doing anything which
would yield a way to find eigenvalues and eigenvectors for general matrices without too
much trouble, the thing you are doing will certainly be wrong. The problems you will see
in these notes are not too hard because they are cooked up by us to be easy. Later we
will describe general methods to compute eigenvalues and eigenvectors numerically. These
methods work even when the problem is not cooked up to be easy.

If you are so fortunate as to find the eigenvalues as in the above example, then finding the
eigenvectors does reduce to row operations and this part of the problem is easy. However,
finding the eigenvalues along with the eigenvectors is anything but easy because for an
n X n matrix, it involves solving a polynomial equation of degree n. If you only find a good
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approximation to the eigenvalue, it won’t work. It either is or is not an eigenvalue and
if it is not, the only solution to the equation, (M — AI)x = 0 will be the zero solution as
explained above and

Eigenvectors are never equal to zero!

Here is another example.

Example 11.1.5 Let

2 2 =2
A= 1 3 -1
-1 1 1
First find the eigenvalues.
2 2 =2 1 0 0
det 1 3 -1 |=-X[0 10 =0
-1 1 1 0 0 1

This reduces to A*> — 6A% + 8\ = 0 and the solutions are 0, 2, and 4.

0 Can be an Eigenvalue! ‘

Now find the eigenvectors. For A = 0 the augmented matrix for finding the solutions is

2 2 -2 10
1 3 -1 | 0
-11 1 | 0
and the row reduced echelon form is
1 0 -1 0
01 0 O
0 0 0 O

Therefore, the eigenvectors are of the form

—_

[t

where t # 0.
Next find the eigenvectors for A = 2. The augmented matrix for the system of equations
needed to find these eigenvectors is

0 2 -2 1] 0
1 1 -1 | 0
-1 1 -1 | 0
and the row reduced echelon form is
10 0 O
1 -1 0
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and so the eigenvectors are of the form

where t # 0.
Finally find the eigenvectors for A = 4. The augmented matrix for the system of equations
needed to find these eigenvectors is

-2 2 =210
1 -1 -1 | 0
-1 1 =3 1] 0
and the row reduced echelon form is
1 -1 0 0
0 0 1 0
0 0 0 0

Therefore, the eigenvectors are of the form

where t # 0.

11.1.4 Triangular Matrices

Although it is usually hard to solve the eigenvalue problem, there is a kind of matrix for
which this is not the case. These are the upper or lower triangular matrices. I will illustrate
by a examples.

1 2 4

Example 11.1.6 Let A= | 0 4 7 |. Find its eigenvalues.
0 0 6

You need to solve

12 4 100
0 = det[[ 047 )=x[010
00 6 00 1
1-X 2 4
= det| 0 4-Xx 7T |=(1-NE-N(6-).
0 0 6-2A

Thus the eigenvalues are just the diagonal entries of the original matrix. You can see it
would work this way with any such matrix. These matrices are called upper triangular.
Stated precisely, a matrix A is upper triangular if A;; = 0 for all ¢ > j. Similarly, it is easy
to find the eigenvalues for a lower triangular matrix, on which has all zeros above the main
diagonal.
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11.1.5 Defective And Nondefective Matrices

Definition 11.1.7 By the fundamental theorem of algebra, it is possible to write the char-
acteristic equation in the form

(>\ — )\1)7"1 (/\ — /\2)7“2 .. (/\ _ /\m)rm -0

where r; is some integer no smaller than 1. Thus the eigenvalues are A1, Ao, , A\m. The
algebraic multiplicity of \; is defined to be r;.

Example 11.1.8 Consider the matrix,
110
A= 0 1 1 (11.5)
0 0 1

What is the algebraic multiplicity of the eigenvalue A = 17
In this case the characteristic equation is
det (A= X)=(1-X)>*=0

or equivalently,
det A\ —A) = (A—1)* = 0.

Therefore, A is of algebraic multiplicity 3.
Definition 11.1.9 The geometric multiplicity of an eigenvalue is the dimension of the
etgenspace,
ker (A — AI).
Example 11.1.10 Find the geometric multiplicity of A =1 for the matrix in11.5.

We need to solve

010 x 0
00 1 y | =1 0
00 0 2 0

o OO
o O =

It follows the geometric multiplicity of A =1 is 1.

Definition 11.1.11 An n xn matriz is called defective if the geometric multiplicity is not
equal to the algebraic multiplicity for some eigenvalue. Sometimes such an eigenvalue for
which the geometric multiplicity is not equal to the algebraic multiplicity is called a defective
eigenvalue. If the geometric multiplicity for an eigenvalue equals the algebraic multiplicity,
the eigenvalue is sometimes referred to as nondefective.
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Here is another more interesting example of a defective matrix.

Example 11.1.12 Let

2 -2 -1
A= -2 -1 -2
14 25 14

Find the eigenvectors and eigenvalues.

In this case the eigenvalues are 3,6,6 where we have listed 6 twice because it is a zero
of algebraic multiplicity two, the characteristic equation being

A=3)(A—6)>=0.

It remains to find the eigenvectors for these eigenvalues. First consider the eigenvectors for
A = 3. You must solve

2 -2 -1 1 0 0 T 0
-2 -1 -2 -31 0 1 0 Y = 0
14 25 14 0 0 1 z 0
The augmented matrix is
-1 -2 -1 ] 0
-2 -4 =2 ] 0
14 25 11 | 0
and the row reduced echelon form is
1 0 -1 0
01 1 0
0O 0 0 O

so the eigenvectors are nonzero vectors of the form

Next consider the eigenvectors for A = 6. This requires you to solve

2 -2 -1 100 x 0
-2 -1 -2 | -6 0 1 0 y | =1 o0
14 25 14 00 1 z 0

and the augmented matrix for this system of equations is

—4 -2 —-1 ] 0
—2 -7 =2 ] 0
4 25 8 | 0

The row reduced echelon form is

o O =
o = O
O A= 0ol
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and so the eigenvectors for A = 6 are of the form

_1

8

1
Ll —1

1

or written more simply,

-1
t -2

8

where t € F.

Note that in this example the eigenspace for the eigenvalue, A\ = 6 is of dimension 1
because there is only one parameter. However, this eigenvalue is of multiplicity two as a
root to the characteristic equation. Thus this eigenvalue is a defective eigenvalue. However,
the eigenvalue 3 is nondefective. The matrix is defective because it has a defective eigenvalue.

The word, defective, seems to suggest there is something wrong with the matrix. This
is in fact the case. Defective matrices are a lot of trouble in applications and we may wish
they never occurred. However, they do occur as the above example shows. When you study
linear systems of differential equations, you will have to deal with the case of defective
matrices and you will see how awful they are. The reason these matrices are so horrible
to work with is that it is impossible to obtain a basis of eigenvectors. When you study
differential equations, solutions to first order systems are expressed in terms of eigenvectors
of a certain matrix times e* where \ is an eigenvalue. In order to obtain a general solution
of this sort, you must have a basis of eigenvectors. For a defective matrix, such a basis does
not exist and so you have to go to something called generalized eigenvectors. Unfortunately,
it is never explained in beginning differential equations courses why there are enough
generalized eigenvectors and eigenvectors to represent the general solution. In fact, this
reduces to a difficult question in linear algebra equivalent to the existence of something
called the Jordan Canonical form which is much more difficult than everything discussed in
the entire differential equations course. If you become interested in this, see [9)or Appendix
Al

Ultimately, the algebraic issues which will occur in differential equations are a red herring
anyway. The real issues relative to existence of solutions to systems of ordinary differential
equations are analytical, having much more to do with calculus than with linear algebra
although this will likely not be made clear when you take a beginning differential equations
class.

In terms of algebra, this lack of a basis of eigenvectors says that it is impossible to obtain
a diagonal matrix which is similar to the given matrix.

Although there may be repeated roots to the characteristic equation, [11.2/ and it is not
known whether the matrix is defective in this case, there is an important theorem which
holds when considering eigenvectors which correspond to distinct eigenvalues.

Theorem 11.1.13 Suppose Mv; = \jv;,i = 1,--- ,r , v; # 0, and that if i # j, then
Xi # Xj. Then the set of eigenvectors, {vi,---,v,} is linearly independent.

Proof: If the conclusion of this theorem is not true, then there exist non zero scalars,
¢k, such that

> ex,vi, =0. (11.6)
j=1
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Take m to be the smallest number possible for an expression of the form [11.6/ to hold. Then
solving for vy,

Vi, = Z dkjvkj (117)

kj#k1

where dy.; = cy; /cx, # 0. Multiplying both sides by M,

Ay Vi, = g dp; Ak Vi,
kj#k1

Z iy Aky Viy = Z iy Ak; Vi,

kj;ékl kj;ékl

which from [11.7 yields

and therefore,

0= Z dr; (/\k1 - )‘kj) AR
kj7#k1

a sum having fewer than m terms. However, from the assumption that m is as small as
possible for 11.6/ to hold with all the scalars, ¢, non zero, it follows that for some j # 1,

di, ()‘kl - )‘kj) =0

which implies A\g, = Ag;, a contradiction.
Here is another proof in case you did not follow the above.

Theorem 11.1.14 Suppose Mv; = \jv;,i = 1,---,r , v; # 0, and that if i # j, then

Xi # Aj. Then the set of eigenvectors, {vi,--- ,v,} is linearly independent.
Proof: If the conclusion is not true, there exists a basis for span (vq,---,v,.), consisting
of some vectors from the list {vy,- -, v,.} which has fewer than r vectors. Let {wq,- -, w}
be this list of vectors. Thus {wq,---,wy} are the pivot columns in the matrix
( Vi Vg9 e Vi ) .
Then there exists v € {vy,- -+ ,v,} which is a linear combination of the {wy,--- ,w;}. Thus

k
v = Zciwi. (11.8)
i=1

Then doing M to both sides yields

k
AV = Z Cidw,; Wi (11.9)

i=1

where )\, denotes the eigenvalue for v. But also you could multiply both sides of 11.8 by
Ay to get

k
AyV = g CiAvW;.
i=1

And now subtracting this from [11.9! yields
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and by independence of the {wy,- -, wy}, this requires ¢; (A\y — Aw,) = 0 for each 4. Since
the eigenvalues are distinct, Ay — Aw, # 0 and so each ¢; = 0. But from [11.8, this requires
v = 0 which is impossible because v is an eigenvector and

‘Eigenvectors are never equal to zero! ‘

This proves the theorem.

11.1.6 Complex Eigenvalues

Sometimes you have to consider eigenvalues which are complex numbers. This occurs in
differential equations for example. You do these problems exactly the same way as you do
the ones in which the eigenvalues are real. Here is an example.

Example 11.1.15 Find the eigenvalues and eigenvectors of the matrix

1 0 O
A= 0 2 -1
01 2

You need to find the eigenvalues. Solve

1 0 0 1 0 0
det 02 -1 ]-=2x(010 =0.
01 2 0 0 1

This reduces to (A — 1) (/\2 —4X+5) = 0. The solutions are A = 1,A =2+ i, A =2 — 4.
There is nothing new about finding the eigenvectors for A = 1 so consider the eigenvalue
A =2+ 4. You need to solve

100 10 0 x 0
@+ 0 10|02 -1 y | =10
00 1 01 2 z 0

In other words, you must consider the augmented matrix,

1+4¢ 0 0 | O
0 i 1] 0
0 -1 ¢ | O
for the solution. Divide the top row by (1 +4) and then take —i times the second row and
add to the bottom. This yields

Now multiply the second row by —i to obtain

10 0 | O
01 —i | 0
00 0 | 0

Therefore, the eigenvectors are of the form
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You should find the eigenvectors for A = 2 —i. These are

0
tl —
1

As usual, if you want to get it right you had better check it.

1.0 0 0 0 0
02 -1 —i | = -1-2i | =@-i)| —i
01 2 1 2 1

so it worked.

11.2 Some Applications Of Eigenvalues And Eigenvec-
tors

11.2.1 Principle Directions

Recall that n x n matrices can be considered as linear transformations. If ' is a 3 x 3 real
matrix having positive determinant, it can be shown that F = RU where R is a rotation
matrix and U is a symmetric real matrix having positive eigenvalues. An application of
this wonderful result, known to mathematicians as the right polar factorization, is to
continuum mechanics where a chunk of material is identified with a set of points in three
dimensional space.

The linear transformation, F' in this context is called the deformation gradient and
it describes the local deformation of the material. Thus it is possible to consider this
deformation in terms of two processes, one which distorts the material and the other which
just rotates it. It is the matrix, U which is responsible for stretching and compressing.
This is why in elasticity, the stress is often taken to depend on U which is known in this
context as the right Cauchy Green strain tensor. In this context, the eigenvalues will
always be positive. The symmetry of U allows the proof of a theorem which says that if
A is the largest eigenvalue, then in every other direction other than the one corresponding
to the eigenvector for Ay; the material is stretched less than Ay and if A, is the smallest
eigenvalue, then in every other direction other than the one corresponding to an eigenvector
of A\, the material is stretched more than \,,. This process of writing a matrix as a product
of two such matrices, one of which preserves distance and the other which distorts is
also important in applications to geometric measure theory an interesting field of study in
mathematics and to the study of quadratic forms which occur in many applications such as
statistics. Here we are emphasizing the application to mechanics in which the eigenvectors
of the symmetric matrix U determine the principle directions, those directions in which
the material is stretched the most or the least.

Example 11.2.1 Find the principle directions determined by the matrix,

29 6 6
11 11 11
6 41 19
11 44 44
6 19 41
11 44 44

The eigenvalues are 3,1, and %
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It is nice to be given the eigenvalues. The largest eigenvalue is 3 which means that in
the direction determined by the eigenvector associated with 3 the stretch is three times as
large. The smallest eigenvalue is 1/2 and so in the direction determined by the eigenvector
for 1/2 the material is stretched by a factor of 1/2, becoming locally half as long. It remains
to find these directions. First consider the eigenvector for 3. It is necessary to solve

2 6 6

1 11 11
1 0 0 6 41 19 T 0
310 1 0 |- 11 44 44 Y = 0
0 0 1 6 19 41 z 0

11 44 44

Thus the augmented matrix for this system of equations is

4 6 6
T —1u —u |0
6 91 19
i @ —m |0
6 19 91
i —u wu |0
The row reduced echelon form is
1 0 -3 0
01 -1 0
0 0 0 O

and so the principle direction for the eigenvalue, 3 in which the material is stretched to the
maximum extent is

3
1
1

A direction vector (or unit vector) in this direction is
3/V11

1/v11
1/V11

You should show that the direction in which the material is compressed the most is in the
direction

0
~1/V2
1/V2

Note this is meaningful information which you would have a hard time finding without
the theory of eigenvectors and eigenvalues.

11.2.2 Migration Matrices

There are applications which are of great importance which feature only one eigenvalue.

Definition 11.2.2 Let n locations be denoted by the numbers 1,2, --- ,n. Also suppose it is
the case that each year a;; denotes the proportion of residents in location j which move to
location i. Also suppose no one escapes or emigrates from without these n locations. This last
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assumption requires y, a;; = 1. Such matrices in which the columns are nonnegative num-
bers which sum to one are called Markov matrices. In this context describing migration,
they are also called migration matrices.

Example 11.2.3 Here is an example of one of these matrices.

(s 2)

Thus if it is considered as a migration matriz, .4 is the proportion of residents in location
1 which stay in location one in a given time period while .6 is the proportion of residents in
location 1 which move to location 2 and .2 is the proportion of residents in location 2 which
mowve to location 1. Considered as a Markov matriz, these numbers are usually identified
with probabilities.

Ifv=(xq1,- - ,xn)T where x; is the population of location i at a given instant, you obtain
the population of location ¢ one year later by computing Zj a;jx; = (Av), . Therefore, the
population of location i after k years is (A*v)_ . An obvious application of this would be to
a situation in which you rent trailers which can go to various parts of a city and you observe
through experiments the proportion of trailers which go from point ¢ to point j in a single
day. Then you might want to find how many trailers would be in all the locations after 8
days.

Proposition 11.2.4 Let A = (a;;) be a migration matriz. Then 1 is always an eigenvalue

for A.
Proof: Remember that det (B”) = det (B). Therefore,
det (A — M) = det ((A - M)T) = det (AT — AJ)

because I” = I. Thus the characteristic equation for A is the same as the characteristic
equation for AT and so A and A7 have the same eigenvalues. We will show that 1 is an
eigenvalue for AT and then it will follow that 1 is an eigenvalue for A.

Remember that for a migration matrix, ), a;; = 1. Therefore, if AT = (bi;) s0 bij = aji,

it follows that
D by =) =1
J J

Therefore, from matrix multiplication,

1 > bij 1
AT | = : =1 :
1 > bij 1
1
which shows that : is an eigenvector for AT corresponding to the eigenvalue, A = 1.
1

As explained above, this shows that A = 1 is an eigenvalue for A because A and AT have
the same eigenvalues.

.6
2
2

Suppose initially there are 100 residents in location 1, 200 in location 2 and 400 in location
4. Find the population in the three locations after 10 units of time.

0 .1
Example 11.2.5 Consider the migration matriz, 8 0 for locations 1,2, and 3.
29
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From the above, it suffices to consider

6 0 1\ /100 115. 085 829 22
2 8 0 200 | = | 120.13067244
2 2 9 400 464. 783 498 34

Of course you would need to round these numbers off.

A related problem asks for how many there will be in the various locations after a long
time. It turns out that if some power of the migration matrix has all positive entries, then
there is a limiting vector, x = limy_ . A*xy where xq is the initial vector describing the
number of inhabitants in the various locations initially. This vector will be an eigenvector
for the eigenvalue 1 because

x = lim AFxp = lim A*"'xy = A lim A*x = Ax,
k—oo k—oo k—oo

and the sum of its entries will equal the sum of the entries of the initial vector, xy because
this sum is preserved for every multiplication by A since

TZen-To(5n) T

Here is an example. It is the same example as the one above but here it will involve the
long time limit.

6 0 .1
Example 11.2.6 Consider the migration matriz, 2 .8 0 | forlocations 1,2, and 3.
2 29
Suppose initially there are 100 residents in location 1, 200 in location 2 and 400 in location
4. Find the population in the three locations after a long time.

You just need to find the eigenvector which goes with the eigenvalue 1 and then normalize
it so the sum of its entries equals the sum of the entries of the initial vector. Thus you need
to find a solution to

1 00 6 0 .1 x 0
01 0 |- 2 8 0 y |=10
0 0 1 2 209 z 0
The augmented matrix is
4 0 -1 10
-2 .2 0 | O
-2 =2 1 10

and its row reduced echelon form is

1 0 —-25 0
01 =25 0
0 0 0 0

Therefore, the eigenvectors are
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and all that remains is to choose the value of s such that

1 1
184-134-8:1004-2004-400

This yields s = % and so the long time limit would equal

1400 (1/4) 116. 666 666 666 666 7
5 (1/4) | = | 116.666 6666666667
1 466. 666 666 666 666 7

You would of course need to round these numbers off. You see that you are not far off after
just 10 units of time. Therefore, you might consider this as a useful procedure because it is
probably easier to solve a simple system of equations than it is to raise a matrix to a large
power.

11 1
5 2 5
11 1
Example 11.2.7 Suppose a migration matrix is 4 4 2 . Find the comparison
11 3
20 4 10

between the populations in the three locations after a long time.

This amounts to nothing more than finding the eigenvector for A = 1. Solve

1 1 1
5 2 5
1 0 0 101 1 x 0
01 0 |- 4 4 2 Y =( 0
0 0 1 11 1 3 z 0
20 4 10
The augmented matrix is
11 1| g
5 2 5
1 3 1
-1 1 —2 |0
11 1 7
- —1 1 |0
The row echelon form is
1 0o -1
19
18
0 1 —15
00 0 0
and so an eigenvector is
16
18
19

. h . . . . . h .
Thus there will be %t more in location 2 than in location 1. There will be %t more in

location 3 than in location 2.
You see the eigenvalue problem makes these sorts of determinations fairly simple.
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There are many other things which can be said about these sorts of migration prob-
lems. They include things like the gambler’s ruin problem which asks for the probability
that a compulsive gambler will eventually lose all his money. However those problems are
not so easy although they still involve eigenvalues and eigenvectors.

There are many other important applications of eigenvalue problems. We have just given
a few such applications here. As pointed out, this is a very hard problem but sometimes
you don’t need to find the eigenvalues exactly.

11.3 The Estimation Of Eigenvalues

There are ways to estimate the eigenvalues for matrices from just looking at the matrix.
The most famous is known as Gerschgorin’s theorem. This theorem gives a rough idea
where the eigenvalues are just from looking at the matrix.

Theorem 11.3.1 Let A be an n x n matriz. Consider the n Gerschgorin discs defined
as

D;=dAeC:|\—ayl §Z|aij\
J#i
Then every eigenvalue is contained in some Gerschgorin disc.
This theorem says to add up the absolute values of the entries of the i*” row which are
off the main diagonal and form the disc centered at a;; having this radius. The union of

these discs contains o (A), the spectrum of A.
Proof: Suppose Ax = Ax where x # 0. Then for A = (a;;)

Zaijxj = ()\ — CL“') Zj.

J#i
Therefore, picking k such that |zx| > |z;| for all ;, it follows that |zx| # 0 since |x| # 0
and

e Y larg] > > langl |25] > D awjws| = A — axr| |z
i#k i#k i#k
Now dividing by |zy|, it follows ) is contained in the k** Gerschgorin disc.

Example 11.3.2 Suppose the matrix is

21 —-16 —6
A= 14 60 12
7 8 38

Estimate the eigenvalues.
The exact eigenvalues are 35,56, and 28. The Gerschgorin disks are
Dy ={ e C:|N—-21 <22},
Dy ={AeC:|A—-60| <26},
and
Ds={AeC:|\—38| <15}.
Gerschgorin’s theorem says these three disks contain the eigenvalues. Now 35 is in D3, 56
isin Dy and 28 is in D;.
More can be said when the Gerschgorin disks are disjoint but this is an advanced topic

which requires the theory of functions of a complex variable. If you are interested and have
a background in complex variable techniques, this is in [9]
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11.4 Exercises With Answers

8§ -3 1
1. Find the eigenvectors and eigenvalues of the matrix, A=| -2 7 1 . Deter-
0 0 10

mine whether the matrix is defective. If nondefective, diagonalize the matrix with an
appropriate similarity transformation.

First you need to write the characteristic equation.

100 8 -3 1 A—-8 3 -1
det [A[ 0 1 0 |- -2 7 1 =det| 2 A-7 -1
00 1 0 0 10 0 0 A—10

(11.10)

=23 —25)% + 200\ — 500 = 0

Next you need to find the solutions to this equation. Of course this is a real joy. If
there are any rational zeros they are

factor of 500
factor of 1

I hope to find a rational zero. If there are none, then I don’t know what to do at this
point. This is a really lousy method for finding eigenvalues and eigenvectors. It only
works if things work out well. Lets try 10. You can plug it in and see if it works or
you can use synthetic division.

0 1 -25 200 —500
10 10 —150 500

1 -15 50 0

Yes, it appears 10 works and you can factor the polynomial as (A — 10) ()\2 — 15X + 50)
which factors further to (A — 10) (A — 5) (A — 10) so you find the eigenvalues are 5, 10,
and 10. It remains to find the eigenvectors. First find an eigenvector for A = 5. To do
this, you find a vector which is sent to 0 by the matrix on the right in[11.10 in which
you let A = 5. Thus the augmented matrix of the system of equations you need to
solve to get the eigenvector is

5-8 3 ~1 |0
2 5-7 -1 | 0
0 0 5-10 | ©

Now the row reduced echelon form is

1 -1 0 | O
0 0 1] 0
0 0 0| O

and so you need x = y and z = 0. An eigenvector is (1,1,0)" . Now you have the
glorious opportunity to solve for the eigenvectors associated with A = 10. You do it

the same way. The augmented matrix for the system of equations you solve to find
the eigenvectors is

)T

10-8 3 -1 | o0
2 10-7 -1 | 0
0 0 10-10 | ©
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The row reduced echelon form is

12 -1 10
00 0 | O
00 0 | O
and so you need x = —%y + %z It follows the eigenvectors for A = 10 are

J + L :
—— —2,Y, %
QYT 5% Y

where z,y € R, not both equal to zero. Why? Let y = 2 and z = 0. This gives the

vector,
(—3,2,0)"

as one of the eigenvectors. You could also let y = 0 and z = 2 to obtain another

eigenvector,
(1,0,2)".

If there exists a basis of eigenvectors, then the matrix is nondefective and as discussed
above, the matrix can be diagonalized by considering S~!AS where the columns of S
are the eigenvectors. In this case, I have found three eigenvectors and so it remains
to determine whether these form a basis. Remember how to do this. You let them be
the columns of a matrix and then find the rank of this matrix. If it is three, then they
are a basis because they are linearly independent and the vectors are in R2. This is
equivalent to the following matrix has an inverse.

1 -3 1
1 2 0
0 0 2
1 -3 1\ " 2 3 1
e
0 0 2 0 0 3
Then to diagonalize
2 3 1
PN (T (1)
5 5 10 - =
0 0 % 0 0 10 0 0 2
5 0 0
0 10 0
0 0 10

Isn’t this stuff marvelous! You can know this matrix is nondefective at the point when
you find the eigenvectors for the repeated eigenvalue. This eigenvalue was repeated
with multiplicity 2 and there were two parameters, y and z in the description of
the eigenvectors. Therefore, the matrix is nondefective. Also note that there is no
uniqueness for the similarity transformation.

2 10

Now consider the matrix, 0 1 0 |.Find its eigenvectors and eigenvalues and
-1 0 1

determine whether it is defective.
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The characteristic equation is
1 0 0 2 10
det [A] O 1 0 | — 0 1 0 =0
0 0 1 0 1
thus the characteristic equation is

A=2)(A—1)*=0.

The zeros are 1,1, 2. Lets find the eigenvectors for A = 1. The augmented matrix for
the system you need to solve is

-1 -1 0 | 0
0 0 0 | O
1 0 0] O
The row reduced echelon form is
100 | O
01 0] O
0 00| O

Then you find x = y = 0 and there is no restriction on z. Thus the eigenvectors are of
the form
(0,0,2)", z e R.

The eigenvalue had multiplicity 2 but the eigenvectors depend on only one parameter.
Therefore, the matrix is defective and cannot be diagonalized. The other eigenvector
comes from row reducing the following

100 | O 2 1.0 ] 0 0 -1 0 | O
210 1 0 | O - 0 1.0 ] O = 0 1 0] O
001 ] 0 -1 01 | 0 1 0 1 | 0
The row reduced echelon form is
101 | 0
01 0] 0
000 | O

Therefore the eigenvectors are of the form (z,0, —z)” . One such eigenvector is
(1,0,-1)".

3. Let M be an n x n matrix. Then define the adjoint of M,denoted by M™* to be the
transpose of the conjugate of M. For example,

2 i\ _ (2 1-i
1+i 3 ) "\ =i 3 )

A matrix, M, is self adjoint if M* = M. Show the eigenvalues of a self adjoint matrix
are all real. If the self adjoint matrix has all real entries, it is called symmetric. Show
that the eigenvalues and eigenvectors of a symmetric matrix occur in conjugate pairs.
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. 2 o .
First note that for x a vector, x*x = |x|”. This is because
e N 22
XX—E Tplp = g lzk]” = |x[|°.
k i

Also note that (AB)" = B*A* because this holds for transposes.This implies that for
A an n X m matrix,
x*A*x = (Ax)" x
Then if Mx = Ax
(Ax)"x = (Mx)"x = x*M*x

X*Mx =x"Ax = \x"x

Ax*x

and so A = X showing that A\ must be real.

Suppose A is an n X n matrix consisting entirely of real entries but a + b is a complex
eigenvalue having the eigenvector, x + iy. Here x and y are real vectors. Show that
then a — b is also an eigenvalue with the eigenvector, x — ¢y. Hint: You should
remember that the conjugate of a product of complex numbers equals the product of
the conjugates. Here a + ib is a complex number whose conjugate equals a — ib.

If A is real then the characteristic equation has all real coefficients. Therefore, letting
p (M) be the characteristic polynomial,

0=pN)=p)=p())
showing that X is also an eigenvalue.

Find the eigenvalues and eigenvectors of the matrix

-10 -2 11
-18 6 -9
10 —-10 -2

Determine whether the matrix is defective.

The matrix has eigenvalues —12 and 18. Of these, —12 is repeated with multiplicity
two. Therefore, you need to see whether the eigenspace has dimension two. If it does,
then the matrix is non defective. If it does not, then the matrix is defective. The row
reduced echelon form for the system you need to solve is

2 -2 11 | 0
~18 18 -9 | 0
10 —-10 10 | ©

and its row reduced echelon form is

1 -1 0 | 0
0 0 1 1] 0
0 0 0| O
Therefore, the eigenspace is of the form
t
t
0

This is only one dimensional and so the matrix is defective.
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1 2 0
6. Here is a matrix. A= 0 —1 0 |.Find a formula for A™ where n is an integer.
0 -2 1
1 2 0
First you find the eigenvectors and eigenvalues. 0 —1 0 |, eigenvectors:
0 -2 1
1 0 -1
01,1 0 | «1, 1 — —1.
0 1 1

The matrix, S used to diagonalize the matrix is obtained by letting these vectors be
the columns of S. Then S~! is given by

1 1 0
St=(0 -1 1
0 1 0
Then S~'AS equals
1 1 0 1 2 0 1 0 -1
0 -1 1 0 -1 0 0 0 1
0 1 0 0 -2 1 01 1
1 0 0
= 01 0 =D
0 0 -1

10 0
D'"=|( 0 1 0
0 0 (="
Therefore,
1 0 -1 1 0 0 1 1 0
A" = 0 0 1 0 1 0 0 -1 1
01 1 0 0 (=" 0 1
1 1—(=1)" 0
= (o (v~ o ].
0 —1+(-1D)" 1
7. Suppose the eigenvalues of A are Ay, -+, A\, and that A is nondefective. Show that
eMt L. 0
et =9 S~1 where S is the matrix which satisfies S™1AS = D.
0 ce. eMnt

The diagonal matrix, D has the same characteristic equation as A why? and so it has
the same eigenvalues. However the eigenvalues of D are the diagonal entries and so
the diagonal entries of D are the eigenvalues of A. Now

S~1AS =tD
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and
(Ait)" 0
@Dy =| z
0 (Ant)"
Therefore,
1 n >, (S71tAS)"
> Loy = Y
n=0 n! n=0 n!
e ()"
= 5> -
n=0
Now the left side equals
Y =D = — : . :
n! n! : :
n=0 n=0 0 .. ()\nt)n
Yonto A 0
0 St 5P
ettt 0
0 e’\."t
Therefore,
o et 0
tA _ (tA)n _ —1
et =3 =S| S
n=0 0 e>‘nt

Do you think you understand this? If so, think again. What exactly do you mean by
an infinite sum? Actually there is no problem here. You can do this just fine and the
sums converge in the sense that the ij*" entries converge in the partial sums. Think
about this. You know what you need from calculus to see this.

8. Show that if A is similar to B then AT is similar to BT.
This is easy. A= S"'BS and so AT = STBT (S_I)T = STRBT (S’T)_l )

9. Suppose A™ = 0 for some m a positive integer. Show that if A is diagonalizable, then
A=0.

Since A™ = 0 suppose S™'AS = D. Then raising to the m'" power, D™ = §~1A™S =
0. Therefore, D = 0. But then A = S0S~! = 0.

1 1 -6
10. Find the complex eigenvalues and eigenvectors of the matrix 7 -5 —6
-1 7 2

Determine whether the matrix is defective.

After wading through much affliction you find the eigenvalues are —6,2 + 6i,2 — 61.
Since these are distinct, the matrix cannot be defective. We must find the eigenvectors
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for these eigenvalues. The augmented matrix for the system of equations which must
be solved to find the eigenvectors associated with 2 — 6¢ is

~1+6i 1 -6 | 0
7 —T4+6i —6 | 0
-1 7 6i | 0

The row reduced echelon form is

10 ¢ 0
01 4 0
0 0 0O
and so the eigenvectors are of the form
—1i
t| —i
1
You can check this as follows
1 1 -6 —i —6 —2i
7 -5 —6 —i | =] —-6-—2¢
-1 7 2 1 2 — 61
and
—i —6 — 2i
2-6i)) —i | = —6—2i
1 2 — 61

It follows that the eigenvectors for A = 2 + 67 are
i
t| i
1

This is because A is real. If Av = A\v, then taking the conjugate,

AV = Av = \V.
It only remains to find the eigenvector for A = —6. The augmented matrix to row
reduce is
7 1 -6 | 0
7T 1 -6 | 0
-1 7 8 | 0
The row reduced echelon form is
10 -1 | 0
01 1 | o0
00 0 | O
Then an eigenvector is
-1
1
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Some Special Matrices

12.0.1 Outcomes

A. Define symmetric matrix, skew-symmetric matrix, and orthogonal matrix. Prove iden-
tities involving these types of matrices.

B. Characterize and determine the eigenvalues and eigenvectors of symmetric, skew-
symmetric, and orthogonal matrices. Derive basic facts concerning these matrices.

C. Define an orthonormal set of vectors. Determine whether a set of vectors is orthonor-
mal.

D. Relate the orthogonality of a matrix to the orthonormality of its column (or row)
vectors.

E. Diagonalize a symmetric matrix. In particular, given a symmetric matrix, A4, find an
orthogonal matrix, U and a diagonal matrix, D such that UT AU = D.

F. Understand and use the Gram Schmidt process.

G. Understand and use the technique of least square approximations.

12.1 Symmetric And Orthogonal Matrices

12.1.1 Orthogonal Matrices

Remember that to find the inverse of a matrix was often a long process. However, it was
very easy to take the transpose of a matrix. For some matrices, the transpose equals the
inverse and when the matrix has all real entries, and this is true, it is called an orthogonal
matrix.

Definition 12.1.1 A real n x n matriz, U is called an Orthogonal matriz if UUT =
UTu =1.

Example 12.1.2 Show the matriz,

U =

S sk
S-S

is orthogonal.

201
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1 1 1 1
V2 V2 V2 V2 10
uut=| L L 1L :<0 1>’
V2 V2 V2 V2
1 0 0
Example 12.1.3 LetU=| 0 0 —1 |. IsU orthogonal?

o
\
—
o

The answer is yes. This is because the columns form an orthonormal set of vectors as
well as the rows. As discussed above this is equivalent to UTU = I.

o o0 \"

1 1 1 00
vfu=10 0 -1 0 0 -1 ]=(010o0
0 -1 0 0 0 0 1

When you say that U is orthogonal, you are saying that
> U UN = UiiUskj = 6.
J J

In words, the dot product of the i*" row of U with the k*" row gives 1if i = k and 0 if i # k.
The same is true of the columns because UTU = I also. Therefore,

D ULUmw = Uil = Sur
i i

which says that the one column dotted with another column gives 1 if the two columns are
the same and 0 if the two columns are different.

More succinctly, this states that if uy, - - - , u,, are the columns of U, an orthogonal matrix,
then o
ui.ujzaijz{égz;; . (12.1)
Definition 12.1.4 A set of vectors, {uy,--- ,u,} is said to be an orthonormal set if 12.1.
Theorem 12.1.5 If {uy,- - ,u,,} is an orthonormal set of vectors then it is linearly inde-
pendent.

Proof: Using the properties of the dot product,
0-u=(04+0)-u=0-u+0-u

and so, subtracting 0 - u from both sides yields 0 - u = 0. Now suppose Zj cju; = 0. Then
from the properties of the dot product,

ck:chéjk:ch (uj -ug) = chuj ‘u, =0-u, =0.
J J J

Since k was arbitrary, this shows that each ¢, = 0 and this has shown that if > j¢iu; =0,
then each ¢; = 0. This is what it means for the set of vectors to be linearly independent.
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11 1
Vi V2 V6
1 -1 1
Example 12.1.6 Let U = V3 V2 Ve . Is U an orthogonal matrix?
1 _ 6
VA -

The answer is yes. This is because the columns (rows) form an orthonormal set of
vectors.

The importance of orthogonal matrices is that they change components of vectors rela-
tive to different Cartesian coordinate systems. Geometrically, the orthogonal matrices are
exactly those which preserve all distances in the sense that if x € R™ and U is orthogonal,
then ||Ux|| = ||x]|| because

1Ux|]> = (Ux)" Ux = x"UTUx = x"Ix = ||x|*.
Observation 12.1.7 Suppose U is an orthogonal matriz. Then det (U) = £1.
This is easy to see from the properties of determinants. Thus
det (U)? = det (UT) det (U) = det (UTU) = det (I) = 1.

Orthogonal matrices are divided into two classes, proper and improper. The proper
orthogonal matrices are those whose determinant equals 1 and the improper ones are those
whose determinants equal -1. The reason for the distinction is that the improper orthog-
onal matrices are sometimes considered to have no physical significance since they cause a
change in orientation which would correspond to material passing through itself in a non
physical manner. Thus in considering which coordinate systems must be considered in
certain applications, you only need to consider those which are related by a proper orthog-
onal transformation. Geometrically, the linear transformations determined by the proper
orthogonal matrices correspond to the composition of rotations.

12.1.2 Symmetric And Skew Symmetric Matrices

Definition 12.1.8 A real n x n matriz, A, is symmetric if AT = A. If A = —AT, then
A is called skew symmetric.

Theorem 12.1.9 The eigenvalues of a real symmetric matriz are real. The eigenvalues of
a real skew symmetric matriz are 0 or pure imaginary.

Proof: The proof of this theorem is in [9]. It is best understood as a special case of
more general considerations. However, here is a proof in this special case.

Recall that for a complex number, a + ib, the complex conjugate, denoted by a + b is
given by the formula a + ib = a — ib. The notation, X will denote the vector which has every
entry replaced by its complex conjugate.

Suppose A is a real symmetric matrix and Ax = Ax. Then

Wx'x = (E)T x =% ATx =xT Ax = \X x.

Dividing by X*x on both sides yields A\ = A which says ) is real. (Why?)
Next suppose A = —AT so A is skew symmetric and Ax = Ax. Then

xlx = (E)T x=%"ATx = xTAx = - )\x''x

and so, dividing by X' x as before, X\ = —\. Letting A = a + ib, this means a — ib = —a — ib
and so a = 0. Thus A is pure imaginary.
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0

Example 12.1.10 Let A = < 1

-1
0 ) . This is a skew symmetric matriz. Find its eigen-

values.

Its eigenvalues are obtained by solving the equation det ( 71>\ :}\ ) =X 4+1=0.

You see the eigenvalues are +i, pure imaginary.

Example 12.1.11 Let A= ( ; ; > . This is a symmetric matriz. Find its eigenvalues.
. . . . 1-—A 2
Its eigenvalues are obtained by solving the equation, det 9 N —1—-4X+

A2 =0 and the solution is A = 2 + /5 and A = 2 — /5.

Definition 12.1.12 An n x n matriz, A = (a;;) is called a diagonal matric if a;; =0
whenever i # j. For example, a diagonal matriz is of the form indicated below where x
denotes a number.

* 0 0
0 *

0
0 0

Theorem 12.1.13 Let A be a real symmetric matriz. Then there exists an orthogonal
matriz, U such that UT AU is a diagonal matriz. Moreover, the diagonal entries are the
eigenvalues of A.

Proof: The proof may be found in [9].

Corollary 12.1.14 If A is a real n X n symmetric matriz, then there exists an orthonormal
set of eigenvectors, {uy, - ,u,}.

Proof: Since A is symmetric, then by Theorem [12.1.13), there exists an orthogonal ma-
trix, U such that UT AU = D, a diagonal matrix whose diagonal entries are the eigenvalues
of A. Therefore, since A is symmetric and all the matrices are real,

D=DT =UTATU =UTATU =UTAU =D

showing D is real because each entry of D equals its complex conjugate.
Finally, let
Uz(ul u - un)

where the u; denote the columns of U and

A1 0
D= )
0 An
The equation, UT AU = D implies
AU = ( Au; Auy, .- Au, )
= UD = ( /\1111 )\2112 )\nun )

1Recall that for a complex number, x + iy, the complex conjugate, denoted by x + iy is defined as x — iy.
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where the entries denote the columns of AU and U D respectively. Therefore, Au; = \;u;
and since the matrix is orthogonal, the ij" entry of UTU equals d;; and so

— Ll =111
03 = u; uj = u; - uy.

This proves the corollary because it shows the vectors {u;} form an orthonormal basis.
The following corollary is also important.

Example 12.1.15 Find the eigenvalues and an orthonormal basis of eigenvectors for the
matriz,

19 8 2
9 TiVd Vo
_8 1 _16
15 5 5 15
2./5 _ 16 94
45 15 45

given that the eigenvalues are 3, -1, and 2.

The augmented matrix which needs to be row reduced to find the eigenvectors for A = 3
is

19 8 2
_3 _8/5 25 | 0
S8 F _1_a _1s
15 5 5 3 15 | 0
2 16 94
wmVS - -3 10

and the row reduced echelon form for this is

10 —3v5 | 0
o1 2 |10
0 0 0 | 0
Therefore, eigenvectors for A = 3 are
NG
3
<
1
where z # 0.
The augmented matrix which must be row reduced to find the eigenvectors for A = —1

is
L+1 -EV6 E2VE | 0

15 45

8 1 16

—85 —lp1 18
2 16 94

25 Sl

and the row reduced echelon form is
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Therefore, the eigenvectors for A = —1 are

v
3
1

N[ =

, 2#0

The augmented matrix which must be row reduced to find the eigenvectors for A = 2 is

-2 -V AV5 | 0

9 15 45

8 1 16
85 —L-2 -1 | 9
2 16 94

BV - -2 10

and its row reduced echelon form is

10 2V5 | 0
01 O | 0
0 0 O | 0
so the eigenvectors for A = 2 are
—2/5
z 0 , 2 # 0.
1

It remains to find an orthonormal basis. You can check that the dot product of any of
these vectors with another of them gives zero and so it suffices choose z in each case such
that the resulting vector has length 1. First consider the vectors for A = 3. It is required to
choose z such that

NG
3

z _2

4
1
is a unit vector. In other words, you need
3V5 V5
3 3 _
z -3 -2 -3 =1
1 1
But the above dot product equals %zQ and this equals 1 when z = %\/5 Therefore, the

eigenvector which is desired is

15

4
15 4
1 wVH
Next find the eigenvector for A = —1. The same process requires that 1 = %22 which

happens when z = 1—25\/5 Therefore, an eigenvector for A = —1 which has unit length is
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/5 —
15 3

=[RS
S Wl
R

Finally, consider A = 2. This time you need 1 = %zQ which occurs when z = %

=

Therefore, the eigenvector is
2
) -2V5 -3
Al NI Bl
1 5V5

Now recall that the vectors form an orthonormal set of vectors if the matrix having them
as columns is orthogonal. That matrix is

\
@l

0
3V5

4
EVO

[N

Is this orthogonal? To find out, multiply by its transpose. Thus

4 2 1 2
3 —5Vh V5 3 3 -3
100
1 2
3 VB V5 —5V5 32V5 0 -0 1 0
4 2 1 0 0 1
-2 0 L Ve 5VE Ve

Since the identity was obtained this shows the above matrix is orthogonal and that therefore,
the columns form an orthonormal set of vectors. The problem asks for you to find an
orthonormal basis. However, you will show in Problem ?? that an orthonormal set of n
vectors in R"™ is always a basis. Therefore, since there are three of these vectors, they must

constitute a basis.

Example 12.1.16 Find an orthonormal set of three eigenvectors for the matriz,

13 2 8
9 15 5 45\/5

2 6 4
V5o ¢ 5
8 4 61
5V5 % 5

given the eigenvalues are 2, and 1.

The eigenvectors which go with A = 2 are obtained from row reducing the matrix

13 _ 2 8

9 15 5 15 5 | 0
2 6 4

15 5 5 2 15 | 0
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and its row reduced echelon form is

10 —3v5 | 0
01 =2 10
00 0 [0

which shows the eigenvectors for A = 2 are

and a choice for z which will produce a unit vector is z = %\/5 Therefore, the vector we

want is

B Ol

3
V5
V5

1

ot

Next consider the eigenvectors for A = 1. The matrix which must be row reduced is

B_1 25 EV5 | 0

15 15
2 6 4
FVe 51 % [0
8 4 61
wVS 5 -1 [0

and its row reduced echelon form is
3 2
1 5v5 2V5 |
0
0

0 |
0 |

oo O

0
0
Therefore, the eigenvectors are of the form

BEW N2

Y
z

This is a two dimensional eigenspace.

Before going further, we want to point out that no matter how we choose y and z the
resulting vector will be orthogonal to the eigenvector for A = 2. This is a special case of a
general result which states that eigenvectors for distinct eigenvalues of a symmetric matrix
are orthogonal. This is explained in Problem ??. For this case you need to show the
following dot product equals zero.

3 2
—TO\/gy - g\/gz

Y
z

(12.2)

N

2
3

V5
NG

1

928

This is left for you to do.
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Continuing with the task of finding an orthonormal basis, Let y = 0 first. This results

in eigenvectors of the form
—%\/52

0

z

and letting z = %\/5 you obtain a unit vector. Thus the second vector will be
—3V5(5V5) -

0
3V5

win

0
15

It remains to find the third vector in the orthonormal basis. This merely involves choosing
y and z in [12.2]in such a way that the resulting vector has dot product with the two given

vectors equal to zero. Thus you need

2
T N AN
y . 0 :5\/5y+5\/5z:0.
W

z

The dot product with the eigenvector for A\ = 2 is automatically equal to zero and so all
that you need is the above equation. This is satisfied when z = f%y. Therefore, the vector

we want is of the form
—15VBy — 55 (=3y) —5V5y

= Y
Y
_%y

1
(—39)
and it only remains to choose y in such a way that this vector has unit length. This occurs

when y = %\/5 Therefore, the vector we want is

Y -}
5\/5 1 — %\/5

1 2
3 *ﬁ5

The three eigenvectors which constitute an orthonormal basis are

_1 2 2

3 -3 3
%\/5 , 0 , and %\/5
—2\/5 e A5

To check our work and see if this is really an orthonormal set of vectors, we make them
the columns of a matrix and see if the resulting matrix is orthogonal. The matrix is

2

3

-}
V5
V5

[SIN)

a & wir

S o

0
Vb

v
W=

1

wt
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This matrix times its transpose equals

wIin

W=
(SN
S
\
=S
ot

Wl

il
S (MIN]
ot
SN

NG 0
-2V5 L5

(SN

W=

B

|
OO =
o = O
_ O O

Gl
B
win
atf=
% )
ot
Gl
=

and so this is indeed an orthonormal basis.

Because of the repeated eigenvalue, there would have been many other orthonormal
bases which could have been obtained. It was pretty arbitrary for to take y = 0 in the above
argument. We could just as easily have taken z = 0 or even y = z = 1. Any such change
would have resulted in a different orthonormal basis. Geometrically, what is happening is
the eigenspace for A = 1 was two dimensional. It can be visualized as a plane in three
dimensional space which passes through the origin. There are infinitely many different pairs
of perpendicular unit vectors in this plane.

12.1.3 Diagonalizing A Symmetric Matrix

Recall the following definition:

Definition 12.1.17 An n x n matriz, A = (a;;) is called a diagonal matriz if a;; = 0
whenever i # j. For example, a diagonal matrix is of the form indicated below where *
denotes a number.

* 0 0
0 =«

0
0 0 =

Definition 12.1.18 An n x n matriz, A is said to be non defective or diagonalizable
if there exists an invertible matriz, S such that STYAS = D where D is a diagonal matrix
as described above.

Some matrices are non defective and some are not. As indicated in Theorem 12.1.13] if
A is a real symmetric matrix, there exists an orthogonal matrix, U such that UT AU = D
a diagonal matrix. Therefore, every symmetric matrix is non defective because if U is an
orthogonal matrix, its inverse is U”. In the following example, this orthogonal matrix will
be found.

Example 12.1.19 Let A = . Find an orthogonal matriz, U such that UT AU

i Nl O
Wi - O

is a diagonal matriz.

In this case, a tedious computation shows the eigenvalues are 2 and 1. First we will find
an eigenvector for the eigenvalue 2. This involves row reducing the following augmented
matrix.

1 0
3 1
02-3 —1 |0
0 0
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The row reduced echelon form is

and so an eigenvector is

However, it is desired that the eigenvectors obtained all be unit vectors and so dividing this
vector by its length gives

0
1/v2
1/v2

Next consider the case of the eigenvalue, 1. The matrix which needs to be row reduced in
this case is

0 0
3
0 1-3 —% | 0
0 0
The row reduced echelon form is
0 1
0 0
0 0

Therefore, the eigenvectors are of the form

s
—t
t
Two of these which are orthonormal are
1 0
0 | and [ —1/v2
0 1/V2

An orthogonal matrix which works in the process is then obtained by letting these vectors
be the columns.

0 1 0
—-1/vV2 0 1/V2
1/vV2 0 1/V2

It remains to verify this works. U7 AU is of the form

_1 1
OB RAN LN
1 0 0 22 -1/vV2 0 1/V2
0 3va v )lod i)\ 1ve 01
100
=lo10],
00 2

the desired diagonal matrix.
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12.2 Fundamental Theory And Generalizations™

12.2.1 Block Multiplication Of Matrices

(& 5)(en)

You know how to do this. You get

Consider the following problem

AE+ BG AF+ BH
CE+DG CF+DH J°

Now what if instead of numbers, the entries, A, B,C, D, E, F, G are matrices of a size such
that the multiplications and additions needed in the above formula all make sense. Would
the formula be true in this case? I will show below that this is true.

Suppose A is a matrix of the form

A o A
A= oo (12.3)
Arl e Arm
where A;; is a s; X p; matrix where s; is constant for j = 1,--- ,m for each ¢ = 1,--- ,r.

Such a matrix is called a block matrix, also a partitioned matrix. How do you get the
block A;;? Here is how for A an m x n matrix:

nxp;

—_—~

S;Xm 0
(0 Iixs, O0)A| Ipxp, |- (12.4)

0
In the block column matrix on the right, you need to have c; — 1 rows of zeros above the
small p; X p; identity matrix where the columns of A involved in A;; are ¢j,--- ,¢; +p; and
in the block row matrix on the left, you need to have r; — 1 columns of zeros to the left
of the s; x s; identity matrix where the rows of A involved in A;; are r;,--- ,r; +5;. An

important observation to make is that the matrix on the right specifies columns to use in
the block and the one on the left specifies the rows used. Thus the block A;; in this case
is a matrix of size s; x p;. There is no overlap between the blocks of A. Thus the identity
n X n identity matrix corresponding to multiplication on the right of A is of the form

Ipl Xp1 0

0 Ipm XPm

these little identity matrices don’t overlap. A similar conclusion follows from consideration
of the matrices I, s,
Next consider the question of multiplication of two block matrices. Let B be a block
matrix of the form
By -+ By,
: .o (12.5)
B -+ By
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and A is a block matrix of the form

A o Aim
S (12.6)
Ay o Apm
and that for all 7, j, it makes sense to multiply B;sAg; for all s € {1,--- ,p}. (That is the
two matrices, B;s and A,; are conformable.) and that for fixed ij, it follows B;sA; is the
same size for each s so that it makes sense to write ) B;sAg;.
The following theorem says essentially that when you take the product of two matrices,
you can do it two ways. One way is to simply multiply them forming BA. The other way
is to partition both matrices, formally multiply the blocks to get another block matrix and

this one will be BA partitioned. Before presenting this theorem, here is a simple lemma
which is really a special case of the theorem.

Lemma 12.2.1 Consider the following product.

0
I')(o 1 0)
0

where the first is n X r and the second is v X n. The small identity matriz I is an r X r matrix
and there are I zero rows above I and | zero columns to the left of I in the right matriz.
Then the product of these matrices is a block matriz of the form

o oo

0
1
0

©c oo

Proof: From the definition of the way you multiply matrices, the product is

0 0 0 0 0 0
I ]o ---| T ]o0 I e --- I ]e, I ]o --- I ]0
0 0 0 0 0 0

which yields the claimed result. In the formula e; refers to the column vector of length r
which has a 1 in the j** position. This proves the lemma.

Theorem 12.2.2 Let B be a g X p block matrix as inl12.5 and let A be a p x n block matriz
as in12.6 such that B;s is conformable with Ag; and each product, B;sAsj fors=1,---,p
is of the same size so they can be added. Then BA can be obtained as a block matriz such
that the i7" block is of the form

ZBisAsj~ (127)

Proof: From 12.4

0 0
BisASj = ( 0 Imxrq: 0 )B Ipsxps ( 0 Istps 0 )A qu'qu
0 0

where here it is assumed B;, is r; X ps and A; is ps X ¢j. The product involves the sth
block in the i*" row of blocks for B and the s block in the j** column of A. Thus there
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are the same number of rows above the I, ;. as there are columns to the left of I, «, in
those two inside matrices. Then from Lemma [12.2.1

0 0 0 0
Istps ( 0 Istps 0 ): 0 Istps 0
0 0 0 0

Since the blocks of small identity matrices do not overlap,

0 0 O Iy xpy 0
Z 0 Ipsxl)s 0 = = I
s 0 0 0 0 IPpXPp

and so

Z BisAsj =

0 0
Z ( 0 I”'i X714 0 ) B Ips XPs ( 0 Ips XPs 0 ) A I‘Zj X qj
s 0 0
0 0
= ( 0 I""i><7"11 0 )BZ IPsXPs ( 0 IPSXPS 0 )A I‘IJ'XQJ'
s 0 0
0 0
=(0 I, O)BIA| Iyxg | =(0 I,xy, O )BA[ Iy,
0 0

which equals the ij*" block of BA. Hence the ;" block of BA equals the formal multipli-
cation according to matrix multiplication,

> Bi.As;.

This proves the theorem.

Example 12.2.3 Let an n X n matrix have the form

(2 })

where P isn —1 xn — 1. Multiply it by

_ (P 4q
2=(13)
where B is also an n x n matriz and @ isn —1 xn — 1.

You use block multiplication

a b p q \ [ ap+br aq+bQ
c P r Q@) \ pc+Pr cq+ PQ
Note that this all makes sense. For example, b=1xn—1landr=n—1x1so brisa
1 x 1. Similar considerations apply to the other blocks.
Here is an interesting and significant application of block multiplication. In this theorem,

pu (t) denotes the characteristic polynomial, det (¢ — M) . Thus the zeros of this polynomial
are the eigenvalues of the matrix, M.



12.2. FUNDAMENTAL THEORY AND GENERALIZATIONS* 215

Theorem 12.2.4 Let A be an m x n matriz and let B be an n x m matriz for m < n. Then
ppa(t) =t"""pap (1),

so the eigenvalues of BA and AB are the same including multiplicities except that BA has
n —m extra zero eigenvalues.

Proof: Use block multiplication to write
AB 0 I A\ ( AB ABA
B 0 o 1) B BA
I A 0 0 _
0 I B BA |
I A\ '/ AB 0 I A\ (0 0
0 I B 0 0 I /) \B BA

Since the two matrices above are similar it follows that < 0 0 ) and ( AB 0 ) have

Therefore,

B BA B 0
the same characteristic polynomials. Therefore, noting that BA is an n X n matrix and AB

is an m X m matrix,
t™ det (tI — BA) =t" det (tI — AB)
and so det (tI — BA) = ppa(t) = t" ™det (tI — AB) = t" ™pap (t). This proves the

theorem.

12.2.2 Orthonormal Bases
Not all bases for F” are created equal. Recall F equals either C or R and the dot product

is given by
X-y= Z TiYj-
J

The best bases are orthonormal. Much of what follows will be for F™ in the interest of
generality.

Definition 12.2.5 Suppose {v1,--,Vg} is a set of vectors in F™. It is an orthonormal set
if
_s 1=y
V-V =045 { 0 ifi ]

Every orthonormal set of vectors is automatically linearly independent.

Proposition 12.2.6 Suppose {vi,---,vi} is an orthonormal set of vectors. Then it is
linearly independent.

Proof: Suppose Zle ¢;v; = 0. Then taking dot products with v;,
0= O'Vj = ZCZ'VZ' V= Zciéij = Cj.
i i

Since j is arbitrary, this shows the set is linearly independent as claimed.
It turns out that if X is any subspace of F™, then there exists an orthonormal basis for
X.
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Lemma 12.2.7 Let X be a subspace of F™ of dimension n whose basis is {X1, -+ ,Xn} .
Then there exists an orthonormal basis for X, {uy,--- ,u,} which has the property that for
each k < n, span(Xi,- - ,Xp) =span (ug,--- ,ug).

Proof: Let {x1, -+ ,x,} be abasis for X. Let u; = x;/|x;|. Thus for k = 1, span (u;) =
span (x1) and {u;} is an orthonormal set. Now suppose for some k < n, uy, ---, ui have
been chosen such that (u;,w;) = ¢;; and span (x1,--- ,Xx) = span (uy, - - ,ug). Then define

k
X - (% ‘uy) uy
Ug41 = = Z]_l( 1) ) (12.8)

k
Xp+1 = Do (Xes1 - uj) 0y

where the denominator is not equal to zero because the x; form a basis and so

Xk+1 ¢ span (X17 e ,Xk) = span (ula e ,'llk)
Thus by induction,
Uj41 € span (ug, -+, Ug, Xg41) = span (X1, -, X, Xkt+1) -
Also, xj41 € span (uy,- - , Uy, urr1) which is seen easily by solving [12.8| for xj11 and it
follows
sparmn (Xla o an7Xk+1) = Span (u17 s, U, uk-i—l) .
If i <k,

(uk+1 . ul) = C (Xk+1 : ul) - (XkJrl ’ uj) (uj : ul)

M-

7j=1

M-

C| X1 w) — (Xk+1 - 1) 0

j=1

C((Xk+1 W) — (Xpt1 - w)) = 0.

The vectors, {u; }?:1 , generated in this way are therefore an orthonormal basis because

each vector has unit length.
The process by which these vectors were generated is called the Gram Schmidt process.

12.2.3 Schur’s Theorem*

Every matrix is related to an upper triangular matrix in a particularly significant way. This
is Shur’s theorem and it is the most important theorem in the spectral theory of matrices.
The important result which makes this theorem possible is the Gram Schmidt procedure of
Lemma [12.2.7.

Definition 12.2.8 An n xn matriz, U, is unitary if UU* = [ = U*U where U* is defined
to be the transpose of the conjugate of U. Thus U;; = Uy;. Note that every real orthogonal
matriz is unitary. For A any matriz, A* just defined as the conjugate of the transpose is
called the adjoint.

Lemma 12.2.9 The following holds. (AB)" = B*A*.



12.2. FUNDAMENTAL THEORY AND GENERALIZATIONS* 217

Proof: From the definition and remembering the properties of complex conjugation,
((AB) )ji = (AB)ij

ZAikBkj = Z Aik Brj
ZB (B*A*),;

This proves the lemma.

Theorem 12.2.10 Let A be an n X n matriz. Then there exists a unitary matriz, U such
that

U AU =T, (12.9)

where T is an upper triangular matriz having the eigenvalues of A on the main diagonal
listed according to multiplicity as roots of the characteristic equation.

Proof: Let v; be a unit eigenvector for A . Then there exists A; such that
AV1 = /\1V1, |V1| =1.

Extend {v1} to a basis using Theorem [7.4.20 and then use the Gram Schmidt procedure to
obtain {vi,---,v,}, an orthonormal basis in F". Let Uy be a matrix whose i*" column is
v;. Then from the above, it follows Uy is unitary. Then Uj AU, is of the form

) PR

. A1
0
where Aj is an n — 1 x n — 1 matrix. Repeat the process for the matrix, A; above. There

exists a unitary matrix U1 such that Uy A; U is of the form

Az * e *
. A2
0

Now let U; be the n x n matrix of the form

(o5)

This is also a unitary matrix because by block multiplication,
1 0\ /10 /(10 10
0 U, 0 U B 0 Uy 0 U
B 10 (1 0
N o Uy ) \0 I

Then using block multiplication, Uy Uj AUyUs is of the form

LV T R
0 X * -0 %
0 0

A
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where As is an n — 2 X n — 2 matrix. Continuing in this way, there exists a unitary matrix,
U given as the product of the U; in the above construction such that

U*AU =T

where T is some upper triangular matrix similar to A which consequently has the same
eigenvalues with the same multiplicities as A. Since the matrix is upper triangular, the
characteristic equation for both A and T is []; (A — X;) where the \; are the diagonal
entries of T. Therefore, the \; are the eigenvalues.

As a simple consequence of the above theorem, here is an interesting lemma.

Lemma 12.2.11 Let A be of the form
A =
where Py is an myg X my matriz. Then

det (A) = [ ] det (Py).
k

Proof: Let Uy be an my X my unitary matrix such that
Ui P U, =Ty,

where T}, is upper triangular. Then letting

U -+ 0
v=|{ : |
0 U,
it follows
Uy 0
U*: . '
0 U;
and
us -~ 0 P ok U - 0
0 Uz 0 P 0 Us
T, - %
0 T
and so

det (A) = [ ] det (Tx) = [ ] det (Pr) .
k k
This proves the lemma.

Definition 12.2.12 An n X n matriz, A is called Hermitian if A = A*. Thus a real
symmetric matriz is Hermitian.
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Theorem 12.2.13 If A is Hermitian, there exists a unitary matriz, U such that
U*AU =D (12.10)

where D is a diagonal matriz. That is, D has nonzero entries only on the main diagonal.
Furthermore, the columns of U are an orthonormal basis for F™.

Proof: From Schur’s theorem above, there exists U unitary such that
U*AU =T
where T is an upper triangular matrix. Then from Lemma [12.2.9
T = (U*AU)" = U*A*U =T.
Thus 7' = T* and T is upper triangular. This can only happen if T is really a diagonal
matrix. (If ¢ # j, one of T;; or T}; equals zero. But T;; = T); and so they are both zero.

Finally, let
U=(u1 uy - un)

where the u; denote the columns of U and

A1 0
D= .
0 An
The equation, U* AU = D implies
AU = (Au1 Auy - Aun)
= UD=(Muw Xuz -+ X\u, )

where the entries denote the columns of AU and UD respectively. Therefore, Au; = A\;u;
and since the matrix is unitary, the ij'" entry of U*U equals §;; and so

oy — T — T
0 =U; u; =u; U; =U; - uj.

This proves the corollary because it shows the vectors {u;} form an orthonormal basis. This
proves the theorem.

Corollary 12.2.14 If A is Hermitian, then all the eigenvalues of A are real.

Proof: Since A is Hermitian, there exists unitary, U such that U*AU = D, a diagonal
matrix whose diagonal entries are the eigenvalues of A. Therefore, D* = U*A*U = U*AU =
D showing D is real.

Corollary 12.2.15 If A is a real symmetric (A = AT )matriz, then A is Hermitian and
there exists a real unitary matriz, U such that UT AU = D where D is a diagonal matriz.

Proof: This follows from Corollary [12.2.14] which says the eigenvalues are all real. Then
if Ax = Ax, the same is true of X. and so in the construction for Shur’s theorem, you
can always deal exclusively with real eigenvectors as long as your matrices are real and
symmetric. When you construct the matrix which reduces the problem to a smaller one
having A; in the lower right corner, use the Gram Schmidt process on R™ using the real dot
product to construct vectors, va,-- -, v, in R™ such that {vy,---,v,} is an orthonormal
basis for R™. The matrix A; is symmetric also. This is because for j, k > 2

_ T (T Ao NT _ T _ )
Ay = Vi Avy = (Vi Av;) =vi Avp = Ay

Therefore, continuing this way, the process of the proof delivers only real vectors and real
matrices.
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12.3 Least Square Approximation

A very important technique is that of the least square approximation.

Lemma 12.3.1 Let A be an m X n matriz and let A (F™) denote the set of vectors in F™
which are of the form Ax for some x € F™. Then A (F") is a subspace of F™.

Proof: Let Ax and Ay be two points of A (F™). It suffices to verify that if a,b are
scalars, then aAx + bAy is also in A (F"). But aAx + bAy = A (ax + by) because A is
linear. This proves the lemma.

Theorem 12.3.2 Let y € F™ and let A be an m X n matriz. Then there exists x € F"
minimizing the function, |y—Ax|”. Furthermore, x minimizes this function if and only if

(y—Ax) - Aw =0
for all w € F™.
Proof: Let {f1,---,f.} be an orthonormal basis for A (F"). Since
A(F™) =span(fy,--- ,f.),

it follows that there exists y1,- - ,y, that minimize

T
Y= > uifr
k=1

then letting Ax =", _, yxfk, it will follow that this x is the desired solution. Now here are
the details.

Let y1,- -+ ,y, be a list of scalars in F. Then from the definition of |-| and the properties
of the dot product,

T
y- Z Yit
k=1

2

)

2

Okt
r A~
[ =2Red un (v £)+ D> wdifs £
k=1 k l

y[* = 2Re uk(y-£) + Y [usl®
k=1 k=1

.
y>+ > luel® = 2Reyx (v - £)
k=1

Now complete the square to obtain

yl?+> (ka\z —2Reyi (v - £;) + Iy-kaQ) >y £
k=1 k=1

= WP+l -y £)1P =D (v £0)°

k=1 k=1

This shows that the minimum is obtained when y, = (y - f;). This proves the existence
part of the Theorem.
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To verify the other part, let ¢ € R and consider
ly—A(x+ lfw)|2 = (y—Ax—tAw)- (y—Ax — tAw)
= |y—Ax|> — 2t Re (y—Ax) - Aw + t*|Aw/|*.
Then from the above equation, |y—Ax|2 < |y—Az|2 for all z € F™ if and only if for all
welF"andteR
ly—Ax|* — 2t Re (y—Ax) - Aw + 12 |w|* > |y—Ax|?
and this happens if and only if for all ¢t € R and w € F",
—2tRe (y—Ax) - Aw + 2 |[Aw|* > 0,

which occurs if and only if Re (y—Ax) - Aw = 0 for all w € R". (Why?)
This implies that (y—Ax) - Aw = 0 for every w € F™ because there exists a complex
number, 6 of magnitude 1 such that

|(y—Ax) - Aw| = 0(y—Ax)-Aw = (y—Ax) - A0w
= Re(y—A4Ax)- Afw = 0.

This proves the theorem.
Recall the definition of the adjoint of a matrix.
Definition 12.3.3 Let A be an m X n matriz. Then

A* = (AT).

This means you take the transpose of A and then replace each entry by its conjugate. This
matriz is called the adjoint. Thus in the case of real matrices having only real entries, the
adjoint is just the transpose.

Lemma 12.3.4 Let A be an m x n matriz. Then
Ax -y =x-Ay
Proof: This follows from the definition.

Ax - y = ZA”.Q?]E
1,7

;

. T
E a?JAjl-yZ
]

= xA'y.

This proves the lemma.
The next corollary gives the technique of least squares.

Corollary 12.3.5 A wvalue of x which solves the problem of Theorem[12.5.2 is obtained by
solving the equation

A"Ax = Ay
and furthermore, there exists a solution to this system of equations.

Proof: For x the unique minimizer of Theorem [12.3.2) (y—Ax) - Aw = 0 for all w € F"
and from Lemma [12.3.4, this is the same as saying

A" (y—Ax) -w=0
for all w € F". This implies

Ay — A*Ax = 0.
Therefore, there is a unique solution to the equation of this corollary and it solves the
minimization problem of Theorem 12.3.2.
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12.3.1 The Least Squares Regression Line

For the situation of the least squares regression line discussed here I will specialize to the
case of R™ rather than F™ because it seems this case is by far the most interesting and
the extra details are not justified by an increase in utility. Thus, everywhere you see A* it
suffices to place AT.

An important application of Corollary 12.3.5is the problem of finding the least squares
regression line in statistics. Suppose you are given points in the plane, {(z;, yi)}?zl and you
would like to find constants m and b such that the line y = mx + b goes through all these
points. Of course this will be impossible in general. Therefore, try to find m,b to get as
close as possible. The desired system is

Y1 Z1

)

Yn Tn 1

which is of the form y = Ax and it is desired to choose m and b to make

2
m
(%)
as small as possible. According to Theorem [12.3.2/ and Corollary [12.3.5, the best values for
m and b occur as the solution to

Y1

Yn

U1

ATA( m ) = AT
b :
Yn

where
I 1
A=
T, 1

Thus, computing AT A,

(B %) (5)-CE)

Solving this system of equations for m and b,
=i m) i vi) + i maya)
n n 2
Cim @) n = i =)

— (i @) 2wy + (i yi) i
5 )
i) n— (o, i)
One could clearly do a least squares fit for curves of the form y = ax? + bx + ¢ in the
same way. In this case you want to solve as well as possible for a, b, and ¢ the system

and

x} w1 a U1
. . b = .
22wz, 1 ¢ Un

and one would use the same technique as above. Many other similar problems are important,
including many in higher dimensions and they are all solved the same way.
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12.3.2 The Fredholm Alternative

The next major result is called the Fredholm alternative. It comes from Theorem [12.3.2
and Lemma 12.3.4l

Theorem 12.3.6 Let A be an m X n matriz. Then there exists x € F" such that Ax =y
if and only if whenever A*z = 0 it follows that z -y = 0.

Proof: First suppose that for some x € F", Ax =y. Then letting A*z = 0 and using
Lemma 12.3.4
y-z=Ax-z=x-A"z=x-0=0.

This proves half the theorem.

To do the other half, suppose that whenever, A*z = 0 it follows that z-y = 0. It is
necessary to show there exists x € F” such that y = Ax. From Theorem [12.3.2] there exists
X minimizing |y — Ax|* which therefore satisfies

(y —Ax)- Aw =0 (12.11)
for all w € F". Therefore, for all w € F™,
A" (y—Ax)-w=0
which shows that A* (y — Ax) = 0. (Why?) Therefore, by assumption,
(y —Ax) y =0.
Now by 12.11 with w = x,
(y =A%) - (y—Ax) = (y — Ax) - y— (y — 4x) - Ax =0

showing that y = Ax. This proves the theorem.
The following corollary is also called the Fredholm alternative.

Corollary 12.3.7 Let A be an m x n matriz. Then A is onto if and only if A* is one to
one.

Proof: Suppose first A is onto. Then by Theorem [12.3.6, it follows that for all y € F™,
y - z = 0 whenever A*z = 0. Therefore, let y = z where A*z = 0 and conclude that z-z = 0
whenever A*z = 0. If A*x = A*y, then A* (x —y)= 0 and so x —y = 0. Thus A* is one to
one.

Now let y € F™ be given. y - z = 0 whenever A*z = 0 because, since A* is assumed to
be one to one, and 0 is a solution to this equation, it must be the only solution. Therefore,
by Theorem [12.3.6! there exists x such that Ax =y therefore, A is onto.

12.4 The Right Polar Factorization*

The right polar factorization involves writing a matrix as a product of two other matrices,
one which preserves distances and the other which stretches and distorts. First here are
some lemmas which review and add to many of the topics discussed so far about adjoints
and orthonormal sets and such things.

Lemma 12.4.1 Let A be a Hermitian matriz such that all its eigenvalues are nonnegative.
Then there exists a Hermitian matriz, A/? such that A2 has all nonnegative eigenvalues

and (A1/2)2 =A.
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Proof: Since A is Hermitian, there exists a diagonal matrix D having all real nonnegative
entries and a unitary matrix U such that A = U*DU. Then denote by D'/? the matrix which
is obtained by replacing each diagonal entry of D with its square root. Thus D'/2D'/2 = D.
Then define

A2 =y DU
Then
2
(412)" =" p2UU* DV2U = U* DU = A,

Since D'/? is real,
(U*Dl/zU)* _U* <D1/2)’k (U*)* = U*DV2U

so A'/? is Hermitian. This proves the lemma.
There is also a useful observation about orthonormal sets of vectors which is stated in
the next lemma.

Lemma 12.4.2 Suppose {X1,Xa, - ,X;} is an orthonormal set of vectors. Then ifcy,--- ¢,

are scalars,

2 r

=Sl

k=1

r
E CrpXp
k=1

Proof: This follows from the definition. From the properties of the dot product and
using the fact that the given set of vectors is orthonormal,

2 T T
= E CrXk, E CiXj
k=1 Jj=1

r
E CrXf
k=1

K
= >ty (xxg) = Y lel”.
ko k=1

This proves the lemma.
Next it is helpful to recall the Gram Schmidt algorithm and observe a certain property
stated in the next lemma.

Lemma 12.4.3 Suppose {w1, -+, Wy, V11, -+ ,Vp} is a linearly independent set of vectors
such that {wy, -+ ,w,} is an orthonormal set of vectors. Then when the Gram Schmidt
process is applied to the vectors in the given order, it will not change any of the wy, -+ , W,..

Proof: Let {uy,--- ,u,} be the orthonormal set delivered by the Gram Schmidt process.
Then u; = w; because by definition, u; = wi/|wi| = wi. Now suppose u; = w; for all
7 <k <r. Then if k < r, consider the definition of ugy;.

k+1
Wk41 — Zj:l (Wh1, ;) uy

k+1
Wk+1 — Zj:l (Wk41,15) u;

Ug+1 =

By induction, u; = w; and so this reduces to W1/ |Wg11| = Wg41. This proves the lemma.
This lemma immediately implies the following lemma.
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Lemma 12.4.4 LetV be a subspace of dimension p and let {w1,--- ,w,} be an orthonormal
set of vectors in V. Then this orthonormal set of vectors may be extended to an orthonormal

basis for 'V,

{W17 Wy Y, ayp}

Proof: First extend the given linearly independent set {wy,---,w,} to a basis for V
and then apply the Gram Schmidt theorem to the resulting basis. Since {wy,---,w,} is
orthonormal it follows from Lemma [12.4.3| the result is of the desired form, an orthonormal
basis extending {w1, -, w,}. This proves the lemma.

Here is another lemma about preserving distance.

Lemma 12.4.5 Suppose R is an m x n matriz with m > n and R preserves distances.
Then R*R=1.

Proof: Since R preserves distances, |Rx| = |x| for every x. Therefore from the axioms
of the dot product,

x> + |y* + (x,¥) + (v,%)
= [x+yl
= (R(x+y),R(x+y))
= (Rx,Rx)+ (Ry,Ry) + (Rx, Ry) + (Ry, Rx)
= x>+ |y’ + (R*Rx,y) + (y, R"Rx)

and so for all x,y,
(R*"Rx —x,y) + (y,R*Rx —x) =0

Hence for all x,y,
Re(R*Rx —x,y) =0

Now for a x,y given, choose o € C such that
a(R*Rx —x,y) = [(R"Rx — x,y)|
Then

0 = Re(R'Rx—x,ay) =Rea(R"Rx —x,y)
[(R"Rx —x,y)|

Thus |[(R*Rx —x,y)| = 0 for all x,y because the given x,y were arbitrary. Let y =
R*Rx — x to conclude that for all x,

R'Rx—x=0

which says R*R = I since x is arbitrary. This proves the lemma.
With this preparation, here is the big theorem about the right polar factorization.

Theorem 12.4.6 Let F' be an m X n matriz where m > n. Then there exists a Hermitian
n X n matriz, U which has all nonnegative eigenvalues and an m x n matriz, R which
preserves distances and satisfies R*R = I such that

F = RU.
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Proof: Consider F*F. This is a Hermitian matrix because
(F*F)* = F* (F*)* =F*F

Also the eigenvalues of the n x n matrix F*F are all nonnegative. This is because if x is an

eigenvalue,
A(x,x) = (F*Fx,x) = (Fx,Fx) > 0.

Therefore, by Lemma [12.4.1, there exists an n X n Hermitian matrix, U having all nonneg-

ative eigenvalues such that
U? = F*F.

Consider the subspace U (F"). Let {Uxy,---,Ux,} be an orthonormal basis for U (F™) C
F™. Note that U (F™) might not be all of F”. Using Lemma[12.4.4], extend to an orthonormal
basis for all of F",

{lea T 7er7yr+17 e ,YR}'

Next observe that {Fxi, -, Fx,} is also an orthonormal set of vectors in F™. This is
because

(Fxp, Fx;) = (F*Fxg,x;) = (U*xy,%;)
= (UXk,U*Xj) = (UXk,UXj) = 5jk

Therefore, from Lemma [12.4.4] again, this orthonormal set of vectors can be extended to an
orthonormal basis for F™,

{FX17 e 7FX7’a Zpy1, 7Zm}
Thus there are at least as many zj as there are y;. Now for x € F", since

{lea"' aUXTayT'-‘rla“' 7YTL}

is an orthonormal basis for F™, there exist unique scalars,

Cl... 7CT7dT‘+17“' ’dn
such that . .
X = chUXk + Z dpYk
k=1 k=r+4+1
Define . .
Rx=>cpFxp+ Y diz (12.12)
k=1 k=r+1
Then also there exist scalars by such that
Ux =Y bUxy
k=1

and so from [12.12)

RUx = i bkFXk =F (i bkxk>
k=1

k=1
Is F (22:1 bixg) = F (x)?

(F (zr: kak> —F(X) 7F‘ (Zr: bkxk> —F(X))
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(oo (£5e)
() (50
)

r r
( kaXk — UX7 Z kaXk — UX) =0
1

k= k=1

Therefore, F (3., _, bixy) = F (x) and this shows
RUx = Fx.
From[12.12/and Lemma[12.4.2| R preserves distances. Therefore, by Lemma/12.4.5 R*R = 1.
This proves the theorem.
12.5 The Singular Value Decomposition*
In this section, A will be an m X n matrix. To begin with, here is a simple lemma.

Lemma 12.5.1 Let A be an m x n matriz. Then A*A is self adjoint and all its eigenvalues
are nonnegative.

Proof: It is obvious that A*A is self adjoint. Suppose A*Ax = Ax. Then A \X|2 =
(Ax,x) = (A*Ax,x) = (Ax,Ax) > 0.

Definition 12.5.2 Let A be an m xn matriz. The singular values of A are the square roots
of the positive eigenvalues of A*A.

With this definition and lemma here is the main theorem on the singular value decom-
position.

Theorem 12.5.3 Let A be an m X n matrixz. Then there exist unitary matrices, U and V
of the appropriate size such that

where o is of the form

for the o; the singular values of A.
Proof: By the above lemma and Theorem [12.2.13 there exists an orthonormal basis,
{vi}_, such that A*Av, = o?v; where o7 >0 for i =1,--- ,k,(0; > 0) and equals zero if

i > k. Thus for i > k, Av; = 0 because

(Av;, Av;) = (A*Av,,v;) = (0,v;) = 0.
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Fori=1,--- k, define u; € F™ by
u; = a;lAvi.

Thus Av; = o;u;. Now

(ui,uj) = (O'i_lAVi,Uj_lAVj) = (Ui_lvl',O'j_lA*AVj)
_ _ g
= (Ui 1Vi70j 1U?Vj) = ;J (Vi,Vj) = 51]

3

Thus {ui}f:1 is an orthonormal set of vectors in F™. Also,
AA*u; = AA*U{lAvZ- = a;lAA*Avi = U;lAU?Vi = U?ui.

Now extend {ui}f:1 to an orthonormal basis for all of F™, {u;}.", and let U = (u; -+ u,)
while V = (v ---v,,). Thus U is the matrix which has the u; as columns and V is defined
as the matrix which has the v; as columns. Then

U*AV = up | A(vy--vy)

= u, (01u1-~0kuk0~-~0)

- (50)

where o is given in the statement of the theorem.

The singular value decomposition has as an immediate corollary the following interesting
result.

Corollary 12.5.4 Let A be an m xn matriz. Then the rank of A and A* equals the number
of singular values.

Proof: Since V and U are unitary, it follows that
rank (A) = rank (U*AV)
o 0
= rank < 0 0 )
= number of singular values.
Also since U,V are unitary,
rank (A*) = rank (V*A*U)
= rank ((U*AV)")

(3 8))

= number of singular values.
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This proves the corollary.

The singular value decomposition also has a very interesting connection to the problem
of least squares solutions. Recall that it was desired to find x such that |[Ax — y| is as small
as possible. Lemma[12.3.2 shows that there is a solution to this problem which can be found
by solving the system A*Ax = A*y. Each x which solves this system solves the minimization
problem as was shown in the lemma just mentioned. Now consider this equation for the
solutions of the minimization problem in terms of the singular value decomposition.

A* A A*
o 0 N c 0 oo o 0 «
v(o O>UU<O O)VX—V(O O)Uy.

Therefore, this yields the following upon using block multiplication and multiplying on the

left by V*.
o2 0 " c 0 "
(0 0>VX—<O 0)Uy. (12.13)

One solution to this equation which is very easy to spot is

ol 0 "
XV( 0 O>Uy. (12.14)
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Numerical Methods For Solving
Linear Systems

13.0.1 Outcomes

A. Apply Gauss-Seidel iteration to approximate a solution to a linear system of equations.

B. Apply Jacobi iteration to approximate a solution to a linear system of equations.

13.1 Iterative Methods For Linear Systems

Consider the problem of solving the equation
Ax=Db (13.1)

where A is an n X n matrix. In many applications, the matrix A is huge and composed
mainly of zeros. For such matrices, the method of Gauss elimination (row operations) is
not a good way to solve the system because the row operations can destroy the zeros and
storing all those zeros takes a lot of room in a computer. These systems are called sparse.
To solve them it is common to use an iterative technique. The idea is to obtain a sequence
of approximate solutions which get close to the true solution after a sufficient number of
iterations.

Definition 13.1.1 Let {xx},-, be a sequence of vectors in F™. Say

Xp = (z]f, ,xﬁ)
Then this sequence is said to converge to the vector, x = (x1, -+ ,x,) € F", written as
lim x, = x
k—o0
if for each j =1,2,--+ ,n,
klingo xf = ;.

In words, the sequence converges if the entries of the vectors in the sequence converge to the
corresponding entries of X.

Example 13.1.2 Consider x;, = (sin (1/k), %’ In (1252 )) . Find limy,_, o Xp.

From the above definition, this limit is the vector, (0,1, 0) because

o . k2 , 1+ k?
Jim s (1) =0, i 3 =1 and i (155 ) <0

A more complete mathematical explanation is given in Linear Algebra.

231
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13.1.1 The Jacobi Method

The first technique to be discussed here is the Jacobi method which is described in the
following definition. In this technique, you have a sequence of vectors, {x’“} which converge
to the solution to the linear system of equations and to get the i*" component of the x**1,
you use all the components of x* except for the i*". The precise description follows.

Definition 13.1.3 The Jacob:i iterative technique, also called the method of simultaneous
corrections, is defined as follows. Let x' be an initial vector, say the zero vector or some
other vector. The method generates a succession of vectors, x2,x3,x%,--- and hopefully this
sequence of vectors will converge to the solution to|13.1. The vectors in this list are called

iterates and they are obtained according to the following procedure. Letting A = (ai;) ,

aiix’frl = — Z aij.’E; + bz (132)
J#i
In terms of matrices, letting
aix - Qip
A =
(€275 I Gnn
The iterates are defined as
ail 0 0 x71‘+1
. +1
0 a9 (L’g
0 g
T
0 0 ann Tn
0 a2 - an at by
_ | e O : S+ (13.3)
: ’ : Ap—1n 'T !
ap1  *° OGpp-—1 0 Tn bn

The matrix on the left in [13.3] is obtained by retaining the main diagonal of A and
setting every other entry equal to zero. The matrix on the right in [13.3 is obtained from A
by setting every diagonal entry equal to zero and retaining all the other entries unchanged.

Example 13.1.4 Use the Jacobi method to solve the system

310 0 T 1
1 410 | | 2
025 1 zs | T | 3
00 2 4 T4 4

In terms of the matrices, the Jacobi iteration is of the form

3000 ) 01 0 0 A 1
0 400 xhtt 1 010 x} 2

r+1 = - r+
005 0 zh 02 0 1 A 3
00 0 4 it 00 20 zh 4

Now iterate this starting with
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0
x! = 8
0
3 000 z3 01 00 0 1
0400 | _ [ 1010 U
0 0 5 0 3 B 0 2 01 0 3
0 0 0 4 x5 00 20 0 4
1.0
- 2.0
N 3.0
4.0
Solving this system yields
x3 33333333
2
2 Ty _ .5
= A .6
x3 1.0
Then you use x? to find x* = (2} 23 23 a3} )T
3 000 z3 01 00 33333333 1
0400 3 _ [ ro1o0 5 ]2
0 0 5 0 z3 N 0 2 01 .6 3
0 0 0 4 x3 0 0 20 1.0 4
.5
_ 1.066 666 7
N 1.0
2.8
The solution is
3 .166 666 67
3 3 . 266 666 68
xX° = =
3 .2
3 7
Now use this as the new data to find x* = ( 21 23 23 a7} )T
30 00 zi 01 00 .166 666 67 1
0 4 00 x5 _ |10 1o . 266666 68 n 2
0050 x5 - 0 2 01 .2 3
0 0 0 4 x] 0 0 2 0 7 4
. 73333332
_ 1.6333333
n 1.7666666 |-
3.6
Thus you find
.244444 44
4 .408 33333
X =
.353 33332

.9
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Then another iteration for x° gives

3 0 0 0 x3 01 0 O .244 444 44 1
0 4 00 xg B 1 01 0 .408 333 33 2
0 0 5 0 xg ~ 10 2 01 .35333332 T 3
0 0 0 4 xi 0 0 2 0 .9 4
.591 666 67
_ 1.4022222
B 1.2833333
3.2933334
and so
.197222 22
& — .350 55555
. 256 666 66
.82333335
The solution to the system of equations obtained by row operations is
T .206
To _ .379
T3 - .275
T4 . 862

so already after only five iterations the iterates are pretty close to the true solution. How
well does it work?

31 00 .19722222 .94222221
1 410 . 35055555 . 1.8561111
0 2 5 1 . 256 666 66 a 2.8077778
0 0 2 4 .82333335 3.806 666 7

1

N 2

- 3

4

A few more iterates will yield a better solution.

13.1.2 The Gauss Seidel Method

The Gauss Seidel method differs from the Jacobi method in using z
E+1

;“1 for all j < i in going

from x* to x**1. This is why it is called the method of successive corrections. The precise
description of this method is in the following definition.

Definition 13.1.5 The Gauss Seidel method, also called the method of successive
corrections is given as follows. For A = (a;;), the iterates for the problem Ax =b are
obtained according to the formula

Zaijx;+1 = — Z aijZE; + b;. (134)
j=1 j=it1

In terms of matrices, letting
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The iterates are defined as

a 0 0 r+1
11 ‘T1+1
. r
az; Q22 : )
0 .
xr+1
an1 ce Apn—1 Qnn n
0 a2 - a al by
. . T
0o 0 . : Ty ba
= - . + ) (13.5)
: : : Ap—1n "r .
0 0 0 Ty bn

In words, you set every entry in the original matrix which is strictly above the main
diagonal equal to zero to obtain the matrix on the left. To get the matrix on the right,
you set every entry of A which is on or below the main diagonal equal to zero. Using the
iteration procedure of [13.4] directly, the Gauss Seidel method makes use of the very latest
information which is available at that stage of the computation.

The following example is the same as the example used to illustrate the Jacobi method.

Example 13.1.6 Use the Gauss Seidel method to solve the system

3100 1 1
1 4 10 xo | | 2
0 2 5 1 zz3 | | 3
0 0 2 4 24 4
In terms of matrices, this procedure is
3000 zy 01 0 0 A 1
1 400 aptt 0010 z} 2
r+1 = - T +
0 2 5 0 xh 0 0 01 x5 3
00 2 4 ay 0000 zh 4
As before, let x' be the zero vector. Thus the first iteration is to solve
3000 x? 01 00 0 1
1 400 3 _ (o010 U I
0 2 5 0 x3 o 00 01 0 3
0 0 2 4 x3 00 0O 0 4
1
- 2
o 3
4
Hence
.33333333
9 .416 666 67
X =
.433333 33

78333333
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T. .
Thus x* = ( 23 a3 a3 x4) is given by

.33333333
.416 666 67
43333333
.783333 33

SO~ W
(=R SN e
NN Ot O O
= O O O
8 8
WWN
|
o O O
S O =
S = O
=W N

0
0
1
23 0000
.58333333 )

1.566 666 7
2. 216 666 7

And so
.194 444 44

3 . 343 055 56
.30611111
.846944 44

Another iteration for x* involves solving

0 0 0 xi .194 444 44
. 343055 56
30611111

.846944 44

OO = W
(N CRNTN
N O O
= O O
8 8
[SHNN)
o O O
O O =
o = O
= W N

zd 00 0

0
0
1
0
.656944 44
1.693 8889
2. 153 055 6

and so
.218981 48

4 . 368726 86
.28312038
. 85843981
Recall the answer is
. 206
.379
.275
. 862

so the iterates are already pretty close to the answer. You could continue doing these iterates
and it appears they converge to the solution. Now consider the following example.

Example 13.1.7 Use the Gauss Seidel method to solve the system

1 400 T 1
1 410 x| | 2
025 1 s | T | 3
00 2 4 4 4

The exact solution is given by doing row operations on the augmented matrix. When
this is done the row echelon form is

1000 6

5
0100 -3
0010 1
0001 1
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and so the solution is approximately

6
. 6.0
“1 | | -125
1 |~ | 10

1
1 5

1 000 z) 0400 xh 1
1 400 o 0010 b 2
0250 [ [T {0001 o | T s
00 2 4 ay 0000 ) 4

and so, multiplying by the inverse of the matrix on the left, the iteration reduces to the
following in terms of matrix multiplication.

0 4 0 0 .
1
0o -1 1 0 |
2 1 1 4
xt=—10 5 -1 3 xX"+ | 1
2
1 1 1 3
0 =5 3 ~10 1

1 1
o -1 L o 61 h 5.0
2 1 1 - 4 —
2=_|0 2 -5 3 T _ 1.0
} 2 .9
1 1 1 5 3
0 =5 3% ~10 2 1 95

0 -1 1 o 5.0 ! 5.0
s o 2z 1 1 ~1.0 1| | —.975
X° = 5 10 5 9 + % 88
0 -1 1 _1 .55 3 .56
5 20 10 4
0 0 0 .
0 -1 1 0 5.0 1 4.9
s o oz -1 1 —.975 | —.945
X = L 88 | T3 866
0 -1 1 _1 .56 3 567
5 20 10 4
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The iterates seem to be getting farther from the actual solution. Why is the process which

worked so well in the other examples not working here? A better question might be: Why

does either process ever work at all?. A complete answer to this question is given in [9].
Both iterative procedures for solving

Ax=b (13.6)

are of the form
Bx™tl = _Cx"+b

where A = B + C. In the Jacobi procedure, the matrix C' was obtained by setting the
diagonal of A equal to zero and leaving all other entries the same while the matrix, B
was obtained by making every entry of A equal to zero other than the diagonal entries
which are left unchanged. In the Gauss Seidel procedure, the matrix B was obtained from
A by making every entry strictly above the main diagonal equal to zero and leaving the
others unchanged and C' was obtained from A by making every entry on or below the main
diagonal equal to zero and leaving the others unchanged. Thus in the Jacobi procedure,
B is a diagonal matrix while in the Gauss Seidel procedure, B is lower triangular. Using
matrices to explicitly solve for the iterates, yields

x"t = —B71Cx" + B~ 'b. (13.7)

This is what you would never have the computer do but this is what will allow the statement
of a theorem which gives the condition for convergence of these and all other similar methods.

Theorem 13.1.8 Let A= B+ C and suppose all eigenvalues of B~1C' have absolute value
less than 1 where A = B + C. Then the iterates in[153.7 converge to the unique solution of
15.6.

A complete explanation of this important result is found in [9]. It depends on a theorem
of Gelfand which is completely proved in this reference. Theorem [13.1.8/is very remarkable
because it gives an algebraic condition for convergence which is essentially an analytical
question.



Numerical Methods For Solving
The Eigenvalue Problem

14.0.3 Outcomes

A. Apply the power method with scaling to approximate the dominant eigenvector cor-
responding to a dominant eigenvalue.

B. Use the shifted inverse power method to find the eigenvector and eigenvalue close to
some number.

C. Approximate an eigenvalue of a symmetric matrix by computing the Rayleigh quo-
tient and finding the associated error bound. Illustrate why the Rayleigh quotient
approximates the dominant eigenvalue.

14.1 The Power Method For Eigenvalues

As indicated earlier, the eigenvalue eigenvector problem is extremely difficult. Consider for
example what happens if you cannot find the eigenvalues exactly. Then you can’t find an
eigenvector because there isn’t one due to the fact that A — AI is invertible whenever A
is not exactly equal to an eigenvalue. Therefore the straightforward way of solving this
problem fails right away, even if you can approximate the eigenvalues. The power method
allows you to approximate the largest eigenvalue and also the eigenvector which goes with
it. By considering the inverse of the matrix, you can also find the smallest eigenvalue.
The method works in the situation of a nondefective matrix, A which has an eigenvalue of
algebraic multiplicity 1, A, which has the property that [Agx| < |\,| for all k # n. Note that
for a real matrix this excludes the case that A\, could be complex. Why? Such an eigenvalue
is called a dominant eigenvalue.

Let {x1,- - ,X,} be a basis of eigenvectors for F" such that Ax,, = \,x,. Now let u; be
some nonzero vector. Since {x1,- -+ ,X,} is a basis, there exists unique scalars, ¢; such that

n
u; = E Cr X[
k=1

Assume you have not been so unlucky as to pick u; in such a way that ¢, = 0. Then let

Auy, = ugyq so that
n—1

u,, = A™u; = Z CEAR X + AN X (14.1)
k=1

239
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For large m the last term, A’ ¢, X, determines quite well the direction of the vector on the
right. This is because |A,| is larger than |A;| and so for a large, m, the sum, Zz;ll CLAL Xk
on the right is fairly insignificant. Therefore, for large m, u,, is essentially a multiple of the
eigenvector, X,, the one which goes with \,. The only problem is that there is no control
of the size of the vectors u,,. You can fix this by scaling. Let S; denote the entry of Au;
which is largest in absolute value. We call this a scaling factor. Then us will not be just
Auy but Auy/Ss. Next let S3 denote the entry of Auy which has largest absolute value and
define ug = Auy/Ss. Continue this way. The scaling just described does not destroy the
relative insignificance of the term involving a sum in [14.1. Indeed it amounts to nothing
more than changing the units of length. Also note that from this scaling procedure, the
absolute value of the largest element of uy is always equal to 1. Therefore, for large m,

m
A CnXn

= —2 — 4 (relatively insignificant term).
S2S3 . Sm ( V y g )

Um

Therefore, the entry of Au,, which has the largest absolute value is essentially equal to the
entry having largest absolute value of

A< A enXn > )\ZH'lchn

= AU,

SQSg"'Sm :5253"'Sm

and so for large m, it must be the case that A\, = S;,4+1. This suggests the following
procedure.
Finding the largest eigenvalue with its eigenvector.

1. Start with a vector, u; which you hope has a component in the direction of x,. The
vector, (1,---, 1)T is usually a pretty good choice.

2. If uy, is known,
Auk

Sk1

Up+1 =
where Sjy1 is the entry of Auy which has largest absolute value.

3. When the scaling factors, Si are not changing much, Si41 will be close to the eigen-
value and ug; will be close to an eigenvector.

4. Check your answer to see if it worked well.

5 —-14 11
Example 14.1.1 Find the largest eigenvalue of A = -4 4 -4
3 6 -3
The power method will now be applied to find the largest eigenvalue for the above matrix.
Letting uy=(1,---, 1)T , we will consider Au; and scale it.
5 —14 11 1 2
-4 4 -4 1 1= —4
3 6 -3 1 6



14.1.

Now lets do it again.

THE POWER METHOD FOR EIGENVALUES

1
5 —14 11 3 22
-4 4 -4 -2 | = -8
3 6 -3 1 —6
Then
L[ 22 L 1.0
Uz = o5 -8 | = "1 | = —.36363636
—6 - —. 27272727
Continue doing this
5 —14 11 1.0 7.090909 1
-4 4 -4 —.36363636 | = | —4.3636364
3 6 -3 —.27272727 1.636363 7
Then
1.0
u = —.61538
.23077
So far the scaling factors are changing fairly noticeably so continue.
5 —-14 11 1.0 16.154
-4 4 -4 —.61538 | = | —7.3846
3 6 -3 .23077 —1.3846
1.0
us = —.45714
—8.5713 x 1072
5 —14 11 1.0 10.457
-4 4 -4 —. 45714 =| —5.4857
3 6 -3 —8.5713 x 1072 .5143
1.0
ug = —.5246
4.9182 x 102
5 —-14 11 1.0 12.885
-4 4 -4 —.5246 =1 —6.2951
3 6 -3 4.9182 x 102 —.29515
1.0
uy = —. 48856
—2.2906 x 1072
5 —-14 11 1.0 11.588
-4 4 -4 —. 48856 = | —5.8626
3 6 -3 —2.2906 x 1072 .13736
1.0
ug = —.50592

1.1854 x 102

241
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5 =14 11 1.0 12.213
-4 4 —4 —.50592 = —6.0711
3 6 -3 1.1854 x 1072 —7.1082 x 1072
1.0
Ug — —.4971
—5.8202 x 1073
5 =14 11 1.0 11.895
-4 4 —4 —.4971 = —5.9651
3 6 -3 —5.8202 x 1073 3.4861 x 1072
1.0
Ui = —. 50148
2.9307 x 1073
5 =14 11 1.0 12.053
-4 4 —4 —.50148 = —6.0176
3 6 -3 2.9307 x 1073 —1.7672 x 1072
1.0
up; — —.499 26
—1.4662 x 1073

At this point, you could stop because the scaling factors are not changing by much.
They went from 11.895 to 12.053. It looks like the eigenvalue is something like 12 which is
in fact the case. The eigenvector is approximately ui;. The true eigenvector for A = 12 is

1
-5
0

and so you see this is pretty close. If you didn’t know this, observe

5 —-14 11 1.0 11.974
-4 4 -4 —. 49926 = —5.9912
3 6 -3 —1.4662 x 1073 8.8386 x 103
and
1.0 12.053
12.053 —.499 26 = —6.0176
—1.4662 x 1073 —1.7672 x 1072

14.2 The Shifted Inverse Power Method

This method can find various eigenvalues and eigenvectors. It is a significant generalization
of the above simple procedure and yields very good results. The situation is this: You have
a number, « which is close to A, some eigenvalue of an n x n matrix, A. You don’t know
A but you know that « is closer to A than to any other eigenvalue. Your problem is to find
both A and an eigenvector which goes with A\. Another way to look at this is to start with
« and seek the eigenvalue, A, which is closest to a along with an eigenvector associated
with A. If « is an eigenvalue of A, then you have what you want. Therefore, we will always
assume « is not an eigenvalue of A and so (A — ol )71 exists. The method is based on the
following lemma. When using this method it is nice to choose « fairly close to an eigenvalue.
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Otherwise, the method will converge slowly. In order to get some idea where to start, you
could use Gerschgorin’s theorem but this theorem will only give a rough idea where to look.
There isn’t a really good way to know how to choose « for general cases. As we mentioned
earlier, the eigenvalue problem is very difficult to solve in general.

Lemma 14.2.1 Let {\;},_, be the eigenvalues of A. If x, is an eigenvector of A for the
eigenvalue \i, then Xy is an eigenvector for (A — OJ)_1 corresponding to the eigenvalue
1

N —a-
Proof: Let \; and x; be as described in the statement of the lemma. Then
(A—al)x, = (A — @) xk
and so

1
)\kfa

x, = (A— od)_l Xk

This proves the lemma.

In explaining why the method works, we will assume A is nondefective. This is not
necessary! One can use Gelfand’s theorem on the spectral radius which is presented in
[9] and invariance of (A — aI)”" on generalized eigenspaces to prove more general results.
It suffices to assume that the eigenspace for A\x has dimension equal to the multiplicity of
the eigenvalue A\ but even this is not necessary to obtain convergence of the method. This
method is better than might be supposed from the following explanation.

Pick u;, an initial vector and let Axy = Agxx, where {x1, - ,x,} is a basis of eigen-
vectors which exists from the assumption that A is nondefective. Assume « is closer to A\,
than to any other eigenvalue. Since A is nondefective, there exist constants, a such that

n
u; = E ApXE.
k=1

Possibly )\, is a repeated eigenvalue. Then combining the terms in the sum which involve
eigenvectors for \,, a simpler description of u; is

m
u = E a;xX; +y
J=1

where y is an eigenvector for A,, which is assumed not equal to 0. (If you are unlucky in your
choice for uy, this might not happen and things won’t work.) Now the iteration procedure
is defined as

(A—al) " uy

Ug4+1 =
Sk

where Sy is the element of (A — ol )_1 uy;, which has largest absolute value. From Lemma
14.2.1

i1 a (ﬁ)kxj + (An%a)ky
Ug+1 = So--- Sy
k
1 m
- (B =)
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Now it is being assumed that A, is the eigenvalue which is closest to « and so for large k,
the term,
m Ay — o\ .

is very small while for every k > 1, uy is a moderate sized vector because every entry has
absolute value less than or equal to 1. Thus

k
—L"l_“) (Bx +y) = Ck (Bx +y)
uk+1—52m5k ETY)=0p (B TYy

where E; — 0, y is some eigenvector for A\, , and C} is of moderate size, remaining bounded
as k — oo. Therefore, for large k,

upy1 — Cry = CyEp= 0

and multiplying by (A — al )71 yields

B 3 B 1
(A —al) 1uk+1—(A—aI) 1C’ky = (A—al) 1uk+1_0k ()\ —a)y

_ 1
(A—al) gy — (/\ a) uy 1~ 0.
n

Q

Therefore, for large k, uy is approximately equal to an eigenvector of (A — af )71. Therefore,

(A—al) 'u, ~ uy

and so you could take the dot product of both sides with u; and approximate A, by solving
the following for A,.

(A—al) "up-u, 1
ug|? An — @
How else can you find the eigenvalue from this? Suppose ug = (wq, - - ,wn)T and from

the construction |w;| < 1 and wy = 1 for some k. Then

Skuk_H = (A — Oé[)_l u, ~ (A — Oé])_l (Ck_1y) = (Ck—l}’) ~

ug.
Ap — Q@ Ap — Q

Hence the entry of (A — af )71 u; which has largest absolute value is approximately
and so it is likely that you can estimate A, using the formula

Ap—Q

1
Anp —

Sk =

Of course this would fail if (A — aI)”" uy, had more than one entry having equal absolute
value.

Here is how you use the shifted inverse power method to find the eigenvalue
and eigenvector closest to a.

1. Find (A —al)™".
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2. Pick uy. It is important that u; = Z;n:l a;X; +y where y is an eigenvector which goes
with the eigenvalue closest to a and the sum is in an “invariant subspace corresponding
to the other eigenvalues”. Of course you have no way of knowing whether this is so
but it typically is so. If things don’t work out, just start with a different u;. You were
unlucky in your choice.

3. If ug has been obtained,
A o)ty
A

where Sy, is the element of uy which has largest absolute value.

4. When the scaling factors, Sy are not changing much and the u; are not changing
much, find the approximation to the eigenvalue by solving

1

Sk:/\—a

for A. The eigenvector is approximated by uy41.

5. Check your work by multiplying by the original matrix to see how well what you have
found works.

5 —14 11
Example 14.2.2 Find the eigenvalue of A = -4 4 -4 which is closest to —7.
3 6 -3

Also find an eigenvector which goes with this eigenvalue.

In this case the eigenvalues are —6,0, and 12 so the correct answer is —6 for the eigen-
value. Then from the above procedure, we will start with an initial vector,

1
u; = 1
1
Then we must solve the following equation.
5 —14 11 1 00 x 1
-4 4 -4 |1+71 0 10 y | =11
3 6 -3 0 0 1 z 1
Simplifying the matrix on the left, we must solve
12 —-14 11 x 1
—4 11 -4 y | =11
3 6 4 z 1

and then divide by the entry which has largest absolute value to obtain

1.0
Ug = . 184
—.76
Now solve
12 —-14 11 T 1.0
—4 11 -4 Y = .184

3 6 4 z —.76
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and divide by the largest entry, 1.0515 to get

1.0
uz = .0266
—.97061
Solve
12 —-14 11 x 1.0
-4 11 -4 y | = .0266
3 6 4 z —.97061
and divide by the largest entry, 1.01 to get
1.0
u = | 3.8454 x 1073
—.996 04

These scaling factors are pretty close after these few iterations. Therefore, the predicted
eigenvalue is obtained by solving the following for A.

1
—— =1.01
A+7
which gives A = —6.01. You see this is pretty close. In this case the eigenvalue closest to

—7 was —6.

Example 14.2.3 Consider the symmetric matriz, A =

W N =
= = N

3

4 | . Find the middle
2

eigenvalue and an eigenvector which goes with it.

Since A is symmetric, it follows it has three real eigenvalues which are solutions to

p(A) = det|A

OO =
o = O

0 1
0 ]—-1 2
1 3

=~ =N
N B~ W

A —dNZ 24\ —17=0

If you use your graphing calculator to graph this polynomial, you find there is an eigenvalue
somewhere between —.9 and —.8 and that this is the middle eigenvalue. Of course you could
zoom in and find it very accurately without much trouble but what about the eigenvector
which goes with it? If you try to solve

100 1 2 3 x 0
(-8 010 |-(2 14 y | =1 0
001 3 4 2 z 0

there will be only the zero solution because the matrix on the left will be invertible and the
same will be true if you replace —.8 with a better approximation like —.86 or —.855. This is
because all these are only approximations to the eigenvalue and so the matrix in the above
is nonsingular for all of these. Therefore, you will only get the zero solution and

Eigenvectors are never equal to zero!
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However, there exists such an eigenvector and you can find it using the shifted inverse power
method. Pick o = —.855. Then you solve

1 2 3 1 00 T 1
21 4 |4+85( 010 y | =11
3 4 2 0 0 1 z 1
or in other words,
1.855 2.0 3.0 T 1
2.0 1.85 4.0 y | =11
3.0 4.0 2.855 z 1
Divide by the largest entry, —67.944, to obtain
1.0
up = —.5H8921
—.23044
Now solve
1.855 2.0 3.0 T 1.0
2.0 1.855 4.0 y | =1 —.58921
3.0 4.0 2.855 z —.23044
—514.01
The solution is : 302.12 and divide by the largest entry, —514.01, to obtain
116.75
1.0
ug=| —.58777 |. (14.2)
—.22714

Clearly the uy are not changing much. This suggests an approximate eigenvector for this
eigenvalue which is close to —.855 is the above us. And an eigenvalue is obtained by solving

1
—— = -514.01
A+ .855 514.0
A= —.8569. Lets check this.
1 2 3 1.0 —. 85696
2 1 4 —.B8777 | = .50367
3 4 2 —.22714 .194 64
1.0 —.8569
—.8569 | —.58777 | = .5037
—.22714 .1946

Thus the vector of [14.2 is very close to the desired eigenvector, just as —. 8569 is very close
to the desired eigenvalue. For practical purposes, we have found both the eigenvector and
the eigenvalue.

Example 14.2.4 Find the eigenvalues and eigenvectors of the matriz, A =

W NN
N~
— =W
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This is only a 3x3 matrix and so it is not hard to estimate the eigenvalues. Just get
the characteristic equation, graph it using a calculator and zoom in to find the eigenvalues.
If you do this, you find there is an eigenvalue near —1.2, one near —.4, and one near 5.5.
(The characteristic equation is 2 + 8\ +4X% — X\* = 0.) Of course we have no idea what the
eigenvectors are.

Lets first try to find the eigenvector and a better approximation for the eigenvalue near
—1.2. In this case, let o = —1.2. Then

—25.357143  —33.928571  50.0
(A—al)™' = 12.5 17.5 —25.0
23.214286  30.357143 —45.0

Then for the first iteration, letting uy = (1,1, 1)T ,

—25.357143 —33.928571  50.0 1 —9.285714
12.5 17.5 —25.0 1 | = 5.0
23.214 286 30.357143 —45.0 1 8.571429

To get uy, we must divide by —9.285714. Thus

1.0
u, = | —.53846156
—. 923077
Do another iteration.
—25.357143 —33.928571  50.0 1.0 —53.241762
12.5 17.5 —25.0 —.53846156 | = 26.153 848
23.214 286 30.357143 —45.0 —.923077 48.406 596
Then to get usg you divide by —53.241762. Thus
1.0
us = | —.49122807
—.90918471

Now iterate again because the scaling factors are still changing quite a bit.

—25.357143 —33.928571  50.0 1.0 —54.149712
12.5 17.5 —25.0 —.49122807 | = 26.633127
23.214 286 30.357143 —45.0 —.90918471 49.215 317

This time the scaling factor didn’t change too much. It is —54.149 712. Thus

1.0
w = —.491 842 45
—.908 87495
Lets do one more iteration.
—25.357143 —33.928571 50.0 1.0 —54.113379
12.5 17.5 —25.0 —.491 842 45 = 26.614631
23.214 286 30.357143 —45.0 —.908874 95 49.182 727

You see at this point the scaling factors have definitely settled down and so it seems our
eigenvalue would be obtained by solving
1

——— = —54.113379
A—(—1.2)
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and this yields A = —1.2184797 as an approximation to the eigenvalue and the eigenvector
would be obtained by dividing by —54. 113 379 which gives

1.000 000
us = —.4918309
—.908 8830
How well does it work?
2 1 3 1.000 000 —1.2185
2 1 1 —.4918309 = .599 29
3 2 1 —.9088830 1.1075
while
1.000 000 —1.2185
—1.2184797 | —.4918309 = .599 29
—.908 8830 1.1075

For practical purposes, this has found the eigenvalue near —1.2 as well as an eigenvector
associated with it.

Next we shall find the eigenvector and a more precise value for the eigenvalue near —.4.
In this case,

8.0645161 x 1072 —9.2741935 6.4516129
(A— aI)_1 = —. 40322581 11.370968  —7.258064 5
.403 22581 3.6290323 —2.7419355

As before, we have no idea what the eigenvector is so we will again try (1,1, 1)T. Then to
find ug,

8.0645161 x 1072 —9.2741935 6.4516129 1 —2.7419354
—.40322581 11.370968  —7.258064 5 1 | = 3.7096777
.403 22581 3.6290323 —2.7419355 1 1.2903226

The scaling factor is 3.709 677 7. Thus

—.73913036
U = 1.0
.34782607
Now lets do another iteration.
8.0645161 x 1072 —9.2741935 6.4516129 —.73913036
—.403 22581 11.370968 —7.2580645 1.0
.40322581 3.6290323 —2.7419355 .34782607
—7.0897616
= 9.144 4604
2.3772792
The scaling factor is 9. 144460 4. Thus
—.775306 72
us = 1.0

.259969 33
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Lets do another iteration. The scaling factors are still changing quite a bit.

8.0645161 x 1072 —9.2741935 6.4516129 —. 77530672
—.40322581 11.370968  —7.2580645 1.0
.403 22581 3.6290323 —2.7419355 .259969 33
—7.659496 8
= 9.796 7175
2.6035895

The scaling factor is now 9.796 717 5. Therefore,

—. 78184318
uy = 1.0
.265 76141
Lets do another iteration.
8.0645161 x 1072 —9.2741935 6.4516129 —.78184318
—.40322581 11.370968 —7.2580645 1.0
.40322581 3.6290323 —2.7419355 .26576141
—7.6226556
= 9.7573139
2.5850723

Now the scaling factor is 9. 7573139 and so

—.7812248
u; = 1.0
. 264936 88

We notice the scaling factors are not changing by much so the approximate eigenvalue is

b =9.7573139

A4 4
which shows A = —.297512 78 is an approximation to the eigenvalue near .4. How well does
it work?
2 1 3 —.7812248 .23236104
2 1 1 1.0 = | —.29751272
3 21 .264 936 88 —.07873752
—.7812248 .232424 36
—.29751278 1.0 = —.29751278
.264 936 88 —7.8822108 x 1072

It works pretty well. For practical purposes, the eigenvalue and eigenvector have now been
found. If you want better accuracy, you could just continue iterating.
Next we will find the eigenvalue and eigenvector for the eigenvalue near 5.5. In this case,

29.2 16.8 23.2
(A—al)™' = 19.2 10.8 15.2
28.0 16.0 22.0

As before, we have no idea what the eigenvector is but we don’t want to give the impression
that you always need to start with the vector (1,1, l)T. Therefore, we shall let u; =
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(1,2,3)" . What follows is the iteration without all the comments between steps.

29.2 16.8 23.2 1 1.324 x 102
19.2 10.8 15.2 2 | = 86.4
28.0 16.0 22.0 3 1.26 x 102
S1 = 86.4.
1.532407 4
g = 1.0
1.4583333
29.2 16.8 23.2 1.532407 4 95.379 629
19.2 10.8 15.2 1.0 = | 62.388888
28.0 16.0 22.0 1.4583333 90.990 74
Sy =95.379629.
1.0
uz = | .65411125
953985 05
29.2 16.8 23.2 1.0 62. 321522
19.2 10.8 15.2 .65411125 | = | 40.764974
28.0 16.0 22.0 .953 98505 59.453 451
Ss3 = 62.321 522.
1.0
uy = | .65410748
953979 45
29.2 16.8 23.2 1.0 62.321 329
19.2 10.8 15.2 .65410748 | = | 40.764848
28.0 16.0 22.0 .95397945 59.453 268

Sy = 62.321329. Looks like it is time to stop because this scaling factor is not changing
much from Sj3.
1.0
u; = | .65410749
.953979 46

Then the approximation of the eigenvalue is gotten by solving

62.321329 =

A—5.5
which gives A = 5.5160459. Lets see how well it works.

2 1 3 1.0 5.5160459

2 11 .65410749 | = 3.608 087

3 21 .953979 46 5.2621944
1.0 5.5160459
5.5160459 | .65410749 | = | 3.6080869

.953979 46 5.2621945
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14.2.1 Complex Eigenvalues

What about complex eigenvalues? If your matrix is real, you won’t see these by graphing
the characteristic equation on your calculator. Will the shifted inverse power method find
these eigenvalues and their associated eigenvectors? The answer is yes. However, for a real
matrix, you must pick « to be complex. This is because the eigenvalues occur in conjugate
pairs so if you don’t pick it complex, it will be the same distance between any conjugate
pair of complex numbers and so nothing in the above argument for convergence implies you
will get convergence to a complex number. Also, the process of iteration will yield only real
vectors and scalars.

Example 14.2.5 Find the complex eigenvalues and corresponding eigenvectors for the ma-

trix,
5 —8 6
1 0 0
0 1 0

Here the characteristic equation is A\*> — 5A% + 8\ — 6 = 0. One solution is A = 3. The
other two are 1+ and 1 —14. We will apply the process to a = i so we will find the eigenvalue
closest to 1.

—02—.14i 1.24+ .68 —.84+.12i
(A-—al)'=| —14+.02 .68—.24i .12+ .84
02+ .14i —.24—.68i .84+ .88i

Then let u; = (1,1, l)T for lack of any insight into anything better.

—.02—.147 1.24+4 .68 —.84+ .12 1
—.144+.027 .68 —.247 12+ 840 1
02+ .14¢ —.24— .68 .84+ .88 1
.38 + . 661

= .66 + .62
.62+ . 340

Sy = .66 + .621.
.804 87805 + . 243 902 444
Ug — 1.0
. 756 09756 — . 195121 95¢

—.02—.147 1.244 .68 —.84+.12¢
—.14+.02¢ .68 — .24 12+ 844
02+.147 —.24— .68 .84+ .88

.804 87805 + .243902 441
1.0
75609756 — . 195121954

.646 34146 + . 817073 17%
= .81707317 + . 353658 544
54878049 — 6.097 5609 x 10~2i

S3 = .64634146 + .81707317i. After more iterations, of this sort, you find Sg9 = 1.
0027485 + 2.1376217 x 10~% and

1.0
ug = .50151417 — . 499 807 33¢
1.5620881 x 1073 — . 499 778 55i
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Then

—02—-.147 1.244 .68 —.84+.12¢
—.144.02¢ .68 —.24: 12+ .841
02+.140 —.24—-.68 .84+ .88

1.0
.50151417 — .499 807 337
1.5620881 x 1073 — . 499 778 55i

1.000407 8 + 1.269979 x 10733
= .501 07731 — . 498 893 66
8.848928 x 1074 — . 49951522

S10 = 1.0004078 + 1.269979 x 10~ 3.

1.0
ujp = .500239 18 — .499 325 337
2.5067492 x 10~% — . 499 31192

The scaling factors are not changing much at this point
1
A—1
The approximate eigenvalue is then A = .999 59076 + .998 731 06¢. This is pretty close to
1 4 4. How well does the eigenvector work?

1.0004078 4+ 1.269979 x 1073%; =

5 —8 6 1.0
1 0 0 .50023918 — . 499325 33
0 1 0 2.5067492 x 10~* — .499311 92
99959061 4 . 998 731124

= 1.0

.500239 18 — .499 325 337

1.0
(999590 76 + . 998 731 064) .500239 18 — .499 325 334
2.5067492 x 1074 — 499311 92i

.99959076 + . 998 731 067
= 998726 18 + 4.8342039 x 10~%i
4989289 — . 498 857 221

It took more iterations than before because o was not very close to 1+ 4.

This illustrates an interesting topic which leads to many related topics. If you have a
polynomial, z* + ax® + bx? + cx + d, you can consider it as the characteristic polynomial of
a certain matrix, called a companion matrix. In this case,

—a —-b —c —-d

1 0 0 O
0 1 0 0
0 0 1 0

The above example was just a companion matrix for A* — 5\% 4+ 8\ — 6. You can see the
pattern which will enable you to obtain a companion matrix for any polynomial of the form
N+ a A"+ - 4+ ap 1\ + a,. This illustrates that one way to find the complex zeros
of a polynomial is to use the shifted inverse power method on a companion matrix for the
polynomial. Doubtless there are better ways but this does illustrate how impressive this
procedure is. Do you have a better way?
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14.3 The Rayleigh Quotient

There are many specialized results concerning the eigenvalues and eigenvectors for Hermitian
matrices. A matrix, A is Hermitian if A = A* where A* means to take the transpose of the
conjugate of A. In the case of a real matrix, Hermitian reduces to symmetric. Recall also

that for x € F",
n
2 2
x| = x*x = E lz;]” .
j=1

The following corollary gives the theoretical foundation for the spectral theory of Her-
mitian matrices. This is a corollary of a theorem which is proved Corollary [12.2.14/ and
Theorem [12.2.13/ on Page 219.

Corollary 14.3.1 If A is Hermitian, then all the eigenvalues of A are real and there exists
an orthonormal basis of eigenvectors.

Thus for {x;},_, this orthonormal basis,

e o _ [ lifi=j

Xixﬂ_5’J:{ 0ifi+j

For x € F", x # 0, the Rayleigh quotient is defined by
x* Ax

x*

Now let the eigenvalues of A be Ay < Ay < .-+ < A\, and Axp = A\pxi where {xk}Zzl is
the above orthonormal basis of eigenvectors mentioned in the corollary. Then if x is an
arbitrary vector, there exist constants, a; such that

n
X = E a; X;.
i=1

Also,
n n
2 — %
xP = Y ax) ) ax;
i=1 j=1
n
— = K T8 = 2
= aianin = aiaj ij = |a1| .
ij ij i=1
Therefore,

X Ax (i aix;) (27:1 ajAij)
2 2
x| Dit lail
Zij ;0N ;X)X B Zij E,'aj/\jéij
2 - 2
> it ladl Dimy lail
n 2
1 ai] "
— 7217“1| Z| 21 S [)\17>\n] .
> i1 lail

In other words, the Rayleigh quotient is always between the largest and the smallest eigenval-
ues of A. When x = x,,, the Rayleigh quotient equals the largest eigenvalue and when x = x;
the Rayleigh quotient equals the smallest eigenvalue. Suppose you calculate a Rayleigh quo-
tient. How close is it to some eigenvalue?
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Theorem 14.3.2 Let x # 0 and form the Rayleigh quotient,

x*Ax

|x|”

Il
2

Then there exists an eigenvalue of A, denoted here by Ay such that

Ax —
D, — g < AX =] (14.3)

||

Proof: Let x =) ,_,; apx; where {x;},_, is the orthonormal basis of eigenvectors.

x—gxP = (Ax— gx)* (Ax — gx)
= (Z AR ARXE — C]akxk) (Z aRAeXp — qakxk>
k=1 k=1

iz

o DR (

j=1

3

n

(A —q) aka)

k=1

= (Nj — @) @ (Ax — q) apX;xy,
K

<

s

laxl” (O — q)°

I
NE

=~
Il
_

Now pick the eigenvalue, A, which is closest to ¢. Then

n n

Ax = gx = S ok Ok — 0% > (g = @)* 3 Janl = (g — @)* [x?
k=1 k=1
which implies [14.3.
1 2 3
Example 14.3.3 Consider the symmetric matriz, A= | 2 2 1 |. Let x=(1,1, 1)T.
3 1 4
How close is the Rayleigh quotient to some eigenvalue of A? Find the eigenvector and eigen-

value to several decimal places.

Everything is real and so there is no need to worry about taking conjugates. Therefore,
the Rayleigh quotient is

123 1
(11 1) 2 21 1
3.1 4 1 19
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According to the above theorem, there is some eigenvalue of this matrix, Ay such that

1 2 3 1 1
2 2 1 1] =21
) 19 - 3 1 4 1 1
q 3 — \/g
1
3
1 4
= — | ~3
V3l s
3
1 4)\2 512
s+ (3)+(3)
= =1.2472
V3

Could you find this eigenvalue and associated eigenvector? Of course you could. This is
what the inverse shifted power method is all about.

Solve
1 2 3 19 1 00 T 1
2 2 1 |- 3 0 1 0 y | =11
3 1 4 0 0 1 z 1
In other words solve
_ 16 3
’ 13 x !
2 -1 y | =11
3 1 -1 z 1
and divide by the entry which is largest, 3.8707, to get
.699 25
u, = | .49389
1.0
Now solve 6
s 28 z 169925
2 £ y | = .49389
3 1 _% z 1.0

and divide by the entry with largest absolute value, 2. 9979 to get

T1473

us; = [ .52263

1.0

Now solve 6
3 21 8 x 71473
-2 1 y | = .52263
1 T z 1.0
3

and divide by the entry with largest absolute value, 3.0454, to get

L7137
us = | .52056
1.0



14.3. THE RAYLEIGH QUOTIENT 257

Solve 6
3 21 8 x 7137
2 -8 y | = .52056
3 1 I z 1.0

and divide by the largest entry, 3.042 1 to get

.71378
us = | .52073
1.0

You can see these scaling factors are not changing much. The predicted eigenvalue is ob-

tained by solving
1
A=3

to obtain A = 6.6621. How close is this?

1 2 3 .71378 4.7552
2 21 .52073 | = 3.469
3 1 4 1.0 6.662 1
while
.71378 4.7553
6.6621 | .52073 | = | 3.4692
1.0 6.6621

You see that for practical purposes, this has found the eigenvalue and an eigenvector.
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Vector Spaces

It is time to consider the idea of a Vector space.

Definition 15.0.4 A vector space is an Abelian group of “vectors” satisfying the axioms of
an Abelian group,
V+W=W-++V,

the commutative law of addition,
(v+w)+z=v+(W+12z),

the associative law for addition,
v+0=v,

the existence of an additive identity,
v+ (—v) =0,

the existence of an additive inverse, along with a field of “scalars”, F which are allowed to
multiply the vectors according to the following rules. (The Greek letters denote scalars.)

a(v+w)=avtaw, (15.1)
(a+B)v=av+pv, (15.2)
a(Bv) =apf(v), (15.3)
lv=v. (15.4)

The field of scalars is usually R or C and the vector space will be called real or complex
depending on whether the field is R or C. However, other fields are also possible. For
example, one could use the field of rational numbers or even the field of the integers mod p
for p a prime. A vector space is also called a linear space.

For example, R™ with the usual conventions is an example of a real vector space and C"
is an example of a complex vector space. Up to now, the discussion has been for R or C"
and all that is taking place is an increase in generality and abstraction.

Definition 15.0.5 If {vy,---,v,} C V, a vector space, then

n
span (vy, -+ ,vy) = {Zaivi Ty € IF} .
i=1

A subset, W C V is said to be a subspace if it is also a vector space with the same field of
scalars. Thus W C 'V is a subspace if ax + by € W whenever a,b € F and xz,y € W. The
span of a set of vectors as just described is an example of a subspace.

259



260 VECTOR SPACES

Definition 15.0.6 If {vy,---,v,} CV, the set of vectors is linearly independent if

n
E a; VvV, = 0
i=1

implies
ap=-=0a,=0

and {vi, -+ ,vp} is called a basis for V if
span (vy,--- ,v,) =V

and {vy,- -+ ,vn} is linearly independent. The set of vectors is linearly dependent if it is not
linearly independent.

The next theorem is called the exchange theorem. It is very important that you under-
stand this theorem. There are two kinds of people who go further in linear algebra, those
who understand this theorem and its corollary presented later and those who don’t. Those
who do understand these theorems are able to proceed and learn more linear algebra while
those who don’t are doomed to wander in the wilderness of confusion and sink into the
swamp of despair. Therefore, I am giving multiple proofs. Try to understand at least one
of them. Several amount to the same thing, just worded differently.

Theorem 15.0.7 Let {x1, -+ ,X,} be a linearly independent set of vectors such that each
x; is in the span{yi,--- ,ys}. Then r <s.
Proof 1: Let

S
Xk = g ajikY;j
j=1

If r > s, then the matrix A = (ajx) has more columns than rows. By Corollary [7.2.8
one of these columns is a linear combination of the others. This implies there exist scalars
c1,- -+ ,Cr such that

r
E ajkaZO,jzl,"‘,T
k=1

Then
T T S S T
k=1 k=1 j=1 =1 \k=1
which contradicts the assumption that {x1,---,x,} is linearly independent. Hence r < s.
Proof 2: Define span{yi,---,ys} = V, it follows there exist scalars, ¢1,--- ,c¢s such
that

xi =Y ey (15.5)
i=1

Not all of these scalars can equal zero because if this were the case, it would follow that
x1 = 0 and so {x1, -+ ,x%,} would not be linearly independent. Indeed, if x; = 0, 1x; +
Y5 0x; = x1 = 0 and so there would exist a nontrivial linear combination of the vectors
{x1," -+ ,%,} which equals zero.

Say ¢, # 0. Then solve (15.5) for yj and obtain

s-1 vectors here

Yi €span | X1, Y1, 5 Yk—1,Yk+1," " 5 ¥s
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Define {z1,--- ,25_1} by

{Zla"' 7Zs—1} = {Yh"' Y YE—1,YEk+1," ays}

Therefore, span {x1,2z1,-+- ,2s—1} = V because if v € V| there exist constants cj,--- ,cs

such that
s—1

vV = Z CiZ; + CsYk-
i=1
Now replace the yy, in the above with a linear combination of the vectors, {x1,21, -+ ,2Zs—1}
to obtain v € span {x1,21, - ,2s—1} . The vector yg, in the list {y1,--- ,ys}, has now been
replaced with the vector x; and the resulting modified list of vectors has the same span as
the original list of vectors, {y1, - ,ys}-

Now suppose that r > s and that span{x1,--- ,x;,21, - ,2,} = V where the vectors,
z1,- - , 2, are each taken from the set, {y1,--- ,ys} and [ + p = s. This has now been done
for [ = 1 above. Then since r > s, it follows that [ < s < r and so [+ 1 < r. Therefore, x;41
is a vector not in the list, {x1,---,x;} and since span{xi,--- ,x;,21, -+ ,2,} = V there
exist scalars, ¢; and d; such that

l

p
Xj41 = Z CiX; + Z dej. (156)
j=1

i=1

Now not all the d; can equal zero because if this were so, it would follow that {x1,--- ,x,}
would be a linearly dependent set because one of the vectors would equal a linear combination
of the others. Therefore, (15.6) can be solved for one of the z;, say zj, in terms of x;41 and
the other z; and just as in the above argument, replace that z; with x;;; to obtain

p-1 vectors here

sparn X17"'Xlaxl+17zl7"'Zkflazk+17”' 7Zp :V

Continue this way, eventually obtaining
span (x1, -+ x,) = V.

But then x, € span{xi,---,Xs} contrary to the assumption that {xj,---,x,} is linearly
independent. Therefore, r < s as claimed.

Proof 3: Let V =span(yi,---,ys) and suppose r > s. Let A; = {x1,--- ,x;}, 40 =0,
and let Bs_; denote a subset of the vectors, {y1, -+ ,¥ys} which contains s — [ vectors and
has the property that span (4;, Bs—;) = V. Note that the assumption of the theorem says
span (Ao, Bs) = V.

Now an exchange operation is given for span (A;, Bs_;) = V. Since r > s, it follows
I < r. Letting

Bs—l = {Zla T 7Zs—l} c {yla e aYs}a

it follows there exist constants, ¢; and d; such that

l s—1
Xi+1 = g CiX; + E d;z;,
i=1 i=1

and not all the d; can equal zero. (If they were all equal to zero, it would follow that the set,
{x1,- -+ ,x,} would be dependent since one of the vectors in it would be a linear combination
of the others.)
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Let dy # 0. Then z;, can be solved for as follows.

l
1 C; dl
Zp = —Xp41 — —X; — E —Z;.
d d d
k i=1 Ok itk Ok

This implies V' = span (A4;41, Bs—i—1), where Bs_;_1 = Bs_;\{zx}, a set obtained by delet-

ing z, from Bj_;. You see, the process exchanged a vector in B;_; with one from {x1,--- ,x,}
and kept the span the same. Starting with V' = span (Ag, B;s), do the exchange operation
until V' = span (As_1,2) where z € {y1,--- ,ys} . Then one more application of the exchange
operation yields V' = span (A4;) . But this implies x,. € span (4s) = span (X1, - ,Xs), con-
tradicting the linear independence of {x1,--- ,x,}. It follows that r < s as claimed.

Proof 4: Suppose r > s. Let z; denote a vector of {y1, - ,ys}. Thus there exists j as
small as possible such that

Span(Yh' o ay.S) = Span(xl, s Xmy 41, azj)

where m + j = s. It is given that m = 0, corresponding to no vectors of {xy, -+ ,X;,} and

j = s, corresponding to all the yj, results in the above equation holding. If j > 0 then m < s

and so
m J
Xmt1 = E apXy + E biz;
k=1 i=1

Not all the b; can equal 0 and so you can solve for one of them in terms of x,, 11, X, - -+ , X1,
and the other z;. Therefore, there exists

{Z17"' 7zj71} g {Yh"' 7ys}

such that
span (Y1, ,¥s) =span (X1, -+, Xm41,21, - ;Z;j—1)

contradicting the choice of j. Hence j = 0 and
Spal (Y17 e 7YS) = Span (Xla e 7Xs)

It follows that
Xs+1 € Span (Xla to 7Xs)

contrary to the assumption the x; are linearly independent. Therefore, r < s as claimed.
This proves the theorem.

Corollary 15.0.8 If {uy, - ,uy} and {vi, - ,v,} are two bases for V, then m = n.

Proof: By Theorem [15.0.7, m <mn and n < m.
This corollary is very important so here is another proof of it given independent of the
exchange theorem above.

Theorem 15.0.9 Let V be a vector space and suppose {uy,--- ,ui} and {vy,- -, vy} are
two bases for V.. Then k = m.

Proof: Suppose k > m. Then since the vectors, {uy,--- ,ux} span V, there exist scalars,

cij such that
m
E Cij Vi = 4.
i=1
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Therefore,

k k m
Zdjuj = 0 if and only if Z Zcijdjvi =0
Jj=1 j=1i=1
if and only if

n k
1=

Cijdj vV, = 0
1 \j=1

Now since{vy,---,v,} is independent, this happens if and only if

> iy =0,i=1,2- m.

Jj=1

However, this is a system of m equations in k variables, dy,--- ,d; and m < k. Therefore,
there exists a solution to this system of equations in which not all the d; are equal to zero.
Recall why this is so. The augmented matrix for the system is of the form ( C' 0 ) where
C' is a matrix which has more columns than rows. Therefore, there are free variables and
hence nonzero solutions to the system of equations. However, this contradicts the linear
independence of {uy,---,u;} because, as explained above, Z?Zl dju; = 0. Similarly it
cannot happen that m > k. This proves the theorem.

Definition 15.0.10 A wvector space V is of dimension n if it has a basis consisting of n
vectors. This is well defined thanks to Corollary [15.0.8. It is always assumed here that
n < 0o in this case, such a vector space is said to be finite dimensional.

Theorem 15.0.11 If V = span(uy,- - ,u,) then some subset of {uy,---,u,} is a ba-
sis for V. Also, if {uy, - ,ux} C V is linearly independent and the vector space is finite
dimensional, then the set, {uy,--- ,ux}, can be enlarged to obtain a basis of V.

Proof: Let

S={F C{uy, - ,u,} such that span(E)=V}.
For E € S, let |E| denote the number of elements of E. Let
m = min{|E| such that £ € S}.
Thus there exist vectors
{V17"' ’Vm} - {ul’... 7un}

such that
span (vy, -+ ,vy) =V

and m is as small as possible for this to happen. If this set is linearly independent, it follows
it is a basis for V' and the theorem is proved. On the other hand, if the set is not linearly
independent, then there exist scalars,

Cl, " ,Cm
such that

m
0= E C;V;
i=1

and not all the ¢; are equal to zero. Suppose ¢ # 0. Then the vector, v; may be solved for
in terms of the other vectors. Consequently,

V = Span(vlv"' 7vk717vk+17"' 7vm)
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contradicting the definition of m. This proves the first part of the theorem.
To obtain the second part, begin with {uy,--- , u } and suppose a basis for V'is {vy,--+ , v, }.
It

span (ug,--- ,ug) =V,

then & = n. If not, there exists a vector,

U1 € span (uap, -, ug).

Then {uy,- - ,ug,ugs1} is also linearly independent. Continue adding vectors in this way
until n linearly independent vectors have been obtained. Then span(uj,---,u,) = V
because if it did not do so, there would exist u,; as just described and {uy,--- ,u,y1}
would be a linearly independent set of vectors having n+1 elements even though {vy,- - ,v,}
is a basis. This would contradict Theorem [15.0.7. Therefore, this list is a basis and this
proves the theorem.

It is useful to emphasize some of the ideas used in the above proof.

Lemma 15.0.12 Suppose v ¢ span (uy,--- ,ug) and {uy,--- ,ux} is linearly independent.
Then {uy,--- ,ug, v} is also linearly independent.

Proof: Suppose 25:1 c;u; + dv = 0. It is required to verify that each ¢; = 0 and that
d = 0. But if d # 0, then you can solve for v as a linear combination of the vectors,

{uh... 7uk}7 .
T )

i=1

contrary to assumption. Therefore, d = 0. But then Zle c;u; = 0 and the linear indepen-
dence of {uy,--- ,u;} implies each ¢; = 0 also. This proves the lemma.

Theorem 15.0.13 Let V be a nonzero subspace of a finite dimensional vector space, W of
dimension, n. Then V' has a basis with no more than n vectors.

Proof: Let vi € V where vi # 0. If span{v;} = V, stop. {vi} is a basis for V.
Otherwise, there exists vy € V which is not in span {vy}. By Lemma [15.0.12/ {v;,v2} is a
linearly independent set of vectors. If span{vy,va} = V stop, {vi,vs} is a basis for V. If
span {vy,va} # V, then there exists v3 ¢ span{vy,va} and {vi,vs,v3} is a larger linearly
independent set of vectors. Continuing this way, the process must stop before n + 1 steps
because if not, it would be possible to obtain n + 1 linearly independent vectors contrary to
the exchange theorem, Theorems [15.0.7. This proves the theorem.



Linear Transformations

16.1 Matrix Multiplication As A Linear Transforma-
tion

Definition 16.1.1 Let V and W be two finite dimensional vector spaces. A function, L
which maps V' to W is called a linear transformation and L € L (V,W) if for all scalars «

and (3, and vectors v, w,
L(av+pw) =aL(v)+ L (w).

An example of a linear transformation is familiar matrix multiplication. Let A = (a;;)
be an m X n matrix. Then an example of a linear transformation L : F* — F™ is given by

(LV)i = Z QijUj.
j=1

Here
U1

Un

16.2 L(V,W) As A Vector Space

Definition 16.2.1 Given L, M € L (V,W) define a new element of L(V,W), denoted by
L+ M according to the rule
(L+M)v=Lv+ Mv.

For « a scalar and L € L(V,W), define aL € L(V,W) by
al(v)=a(Lv).

You should verify that all the axioms of a vector space hold for £ (V,W) with the
above definitions of vector addition and scalar multiplication. What about the dimension
of L(V,W)?

Theorem 16.2.2 Let V and W be finite dimensional normed linear spaces of dimension n
and m respectively Then dim (£ (V,W)) = mn.

Proof: Let the two sets of bases be
{Vlv e ,Vn} and {W17 e 7Wm}
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for X and Y respectively. Let E;; € £(V, W) be the linear transformation defined on the

basis, {v1, -+ ,vp}, by
Eiij = Wiéjk

where 6;;, = 1ifi = k and 0if ¢ # k. Then let L € £ (V,W). Since {wy, -+ , Wy, } is a basis,
there exist constants, dj; such that

m
LVT: E derj
j=1

Also

It follows that

spans L (V,W).

If
Z dip Eir, = 0,
ik
then
m
0= dEi (vi)=>_ duw;
ik i=1
and so, since {wy,--+,W,,} is a basis, dy = 0 for each ¢ = 1,--- ,m. Since [ is arbitrary,

this shows d;; = 0 for all 4 and [. Thus these linear transformations form a basis and this
shows the dimension of £ (V, W) is mn as claimed.

16.3 Eigenvalues And Eigenvectors Of Linear Transfor-
mations

Let V be a finite dimensional vector space. For example, it could be a subspace of C". Also
suppose A € L(V,V). Does A have eigenvalues and eigenvectors just like the case where A
is a n X n matrix?

Theorem 16.3.1 Let V' be a nonzero finite dimensional complex vector space of dimension
n. Suppose also the field of scalars equals C** Suppose A € L(V,V). Then there exists
v #0 and X € C such that

Av = dw.

LAll that is really needed is that the minimal polynomial can be completely factored in the given field.
The complex numbers have this property from the fundamental theorem of algebra.
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Proof: Consider the linear transformations, I, A, A2, - -- ,A"Q. There are n?+ 1 of these
transformations and so by Theorem [16.2.2 the set is linearly dependent. Thus there exist

constants, ¢; € C such that

TL2

col + Z crAF = 0.
k=1

This implies there exists a polynomial, ¢ (A) which has the property that ¢ (A) = 0. In fact,

qg(\) =co+ Ek 1 cAF. D1v1d1ng by the leading term, it can be assumed this polynomial
is of the form A" 4+ ¢, 1 A" Ly c1A + ¢, a monic polynomial. Now consider all such
monic polynomials, ¢ such that q (A) = 0 and pick one which has the smallest degree. This
is called the minimal polynomial and will be denoted here by p(\). By the fundamental
theorem of algebra, p (A\) is of the form

P
== ).
k=1

Thus, since p has minimal degree,

p—1

r
HA M) =0, butHA MeI) # 0.
k=1 k=1

Therefore, there exists u # 0 such that
p—1
v= (H (A— A,J)) (u) # 0.
k=1
But then

k=1

p—1
(A=MND)v=(A—=\I) (H (A— A,J)) (u) = 0.
This proves the theorem.

Corollary 16.3.2 In the above theorem, each of the scalars, M\, has the property that there
exists a nonzero v such that (A — X\;I)v = 0. Furthermore the A; are the only scalars with
this property.

Proof: For the first claim, just factor out (A — A\;I) instead of (A — A\,I) . Next suppose
(A — pul)v =0 for some p and v # 0. Then

p—1

0 = ﬁA MeD) v H(A—)\;J)(Av—A v)

= (y)\p)< A )\kI) (Av — XAp_10)
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continuing this way yields
P
= H (/u' - Ak) v,
k=1

a contradiction unless p = Ay for some k.
Therefore, these are eigenvectors and eigenvalues with the usual meaning. This leads to
the following definition.

Definition 16.3.3 For A € L(V,V) where dim (V) = n, the scalars, Ay in the minimal

polynomial,
P

PN =TT A=)

k=1
are called the eigenvalues of A. The collection of eigenvalues of A is denoted by o (A). For
A an eigenvalue of A € L (V,V), the generalized eigenspace is defined as

Vw={zxeV:(A-X)"2=0 for some m € N}
and the eigenspace is defined as
{xeV:(A-X)z=0}=ker(A—A).

Also, for subspaces of V, Vi, Vo, V.., the symbol, V1 + Vo + --- + V. or the shortened
version, Y _._, V; will denote the set of all vectors of the form >._, v; where v; € V;.

Lemma 16.3.4 The generalized eigenspace for A € o (A) where A € L(V,V) for V ann
dimensional vector space is a subspace, V\ of V satisfying

AV =V,
and there exists a smallest integer, m with the property that
ker (A — \I)™ = {a: EV:(A=AD)*2=0 for some k € N} . (16.1)

Proof: The claim that the generalized eigenspace is a subspace is obvious. To establish
the second part, note that

{ker (A— )\I)k}

yields an increasing sequence of subspaces. Eventually
dim (ker (A — AI)™) = dim (ker (A— AI)’"“)
and so ker (A — A)™ = ker (A — A\I)"". Now if x € ker (A — AI)"*? | then
(A= M)x € ker (A— A" = ker (A — AI)™
and so there exists y € ker (A — AI)"™ such that (A — AI)x = y and consequently

(A=AD)"T'x=(A-X)"y=0

showing that x € ker (A — AT )m+1. Therefore, continuing this way, it follows that for all
keN,

ker (A — A)™ = ker (A — AI)"™ ¥,

Therefore, this shows [16.1.
The following theorem is of major importance and will be the basis for the very important
theorems concerning block diagonal matrices.



16.3. EIGENVALUES AND EIGENVECTORS OF LINEAR TRANSFORMATIONS 269

Theorem 16.3.5 Let V' be a complex vector space of dimension n and suppose o (A) =
{A1, -, A} where the \; are the distinct eigenvalues of A. Denote by V; the generalized
eigenspace for \; and let r; be the multiplicity of A;. By this is meant that

Vi =ker (A — \I)" (16.2)

and r; is the smallest integer with this property. Then

V=> V. (16.3)

Proof: This is proved by induction on k. First suppose there is only one eigenvalue, \;
of algebraic multiplicity m. Then by the definition of eigenvalues given in Definition 16.3.3)
A satisfies an equation of the form

(A=MI) =0

where r is as small as possible for this to take place. Thus ker (A — X\;I)" = V and the
theorem is proved in the case of one eigenvalue.
Now suppose the theorem is true for any ¢ < k — 1 where k¥ > 2 and suppose o (4) =

A Akt

Claim 1: Let u # \;, Then (A — uI)™ : V; — V; and is one to one and onto for every
m € N.

Proof: It is clear that (A — )™ maps V; to V; because if v € V; then (A — A1) v =0
for some k € N. Consequently,

(A=NDF(A—puD)™v=(A—puD)™ (A=X\D)fv=(A-pu)"0=0

which shows that (A — ul)™ v € V;.

It remains to verify that (A — ul)™ is one to one. This will be done by showing that
(A — ) is one to one. Let w € V; and suppose (A — uJ) w = 0 so that Aw = pw. Then for
some m € N, (A — X\;1)™ w = 0 and so by the binomial theorem,

(2" w=3" (7) xm st

=0

Em: (77) (=)™ Al = (A= X)) w = 0.

1=0
Therefore, since u # A;, it follows w = 0 and this verifies (A — I) is one to one. Thus
(A—puI)™ is also one to one on V; Letting {u},---,ul } be a basis for V;, it follows
{(A=pD)™ul, - (A= pI)™ul } is also a basis and so (A — puI)™ is also onto.
Let p be the smallest integer such that ker (A — A\xI)? =V}, and define

W= (A - \I)P (V).

Claim 2: A: W — W and ) is not an eigenvalue for A restricted to W.
Proof: Suppose to the contrary that

A(A - /\kI)pu = >\k (A— /\kI)pu
where (A — A\xI)? u # 0. Then subtracting A\ (4 — A\xI)?” u from both sides yields

(A= NI u=0
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and so u € ker (A — M\ I)?) from the definition of p. But this requires (A — A1)’ u = 0
contrary to (A — ApI)” u # 0. This has verified the claim.

It follows from this claim that the eigenvalues of A restricted to W are a subset of
{)\1, e 7)\k—1} . Letting

VZ-’E{wGW:(A—)\i)lwzoforsomeleN},

it follows from the induction hypothesis that

E

—1 —1
W=» V/C» V.

1 i=1

e

%

From Claim 1, (A — A1)’ maps V; one to one and onto V;. From the definition of W, if
x €V, then (A — X\ I)P z € W. It follows there exist x; € V; such that

k-1 €y
L —
(A= XDl 2z = (A= NI ;.
i=1
Consequently

eVy
——

k-1
(A= N\ I)P LL'—Z,TZ' =0
i=1

and so there exists x; € Vi such that

k—1
x — Z T; = T,
i=1
and this proves the theorem.

Definition 16.3.6 Let {V;}._, be subspaces of V which have the property that if v; € V;
and

T
> v =0, (16.4)
=1

then v; = 0 for each i. Under this condition, a special notation is used to denote 22:1 Vi.
This notation is

Vig---oV,

and it is called a direct sum of subspaces.

Theorem 16.3.7 Let {V}}ﬁl be subspaces of V' which have the property|16.4 and let B; =
{uzi, e 7uﬁ} be a basis for V;. Then {B1, -+, By} is a basis for Vi @&V, =3 Vi,

Proof: It is clear that span (By,--- ,B,,) = V1 ®--- @& V,,. It only remains to verify that
{Bi1, -, B} is linearly independent. Arbitrary elements of span (By,--- , B,,) are of the
form

m T

k. k
E g ciuy .

k=11i=1
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Suppose then that

m T
$S it o
k=1i=1
Since Y71, ckul € Vi it follows Y°'% ckuF = 0 for each k. But then cf = 0 for each
i=1,---,7;. This proves the theorem.

The following corollary is the main result.

Corollary 16.3.8 Let V be a complex vector space of dimension, n and let A € L(V,V).
Also suppose o (A) = {A1, -+, s} where the \; are distinct. Then letting V), denote the
generalized eigenspace for \;,

V=Vy&--dV,,

and if B; is a basis for Vy,, then {B1, Ba, -+, Bs} is a basis for V.
Proof: It is necessary to verify that the V), satisfy condition [16.4. Let
Vi, = ker (A — X\ I)"

and suppose v; € Vy, and Zfil v; = 0 where k < s. It is desired to show this implies each
v; = 0. It is clearly true if £ = 1. Suppose then that the condition holds for £ — 1 and

k
Z'Ui =0
i=1

and not all the v; = 0. By Claim 1 in the proof of Theorem 16.3.5, multiplying by (A — A\x1)"™*
yields

k—1 k—1
A=) v = 0] =0
i=1 =1

where v, € V),. Now by induction, each v, = 0 and so each v; = 0 for i < k — 1. Therefore,

the sum, Zle v; reduces to vg and so vy = 0 also.
By Theorem [16.3.5, Y7 Vi, = Vi, @ --- @&V, = V and by Theorem 16.3.7

{B17327 U aBs}

is a basis for V. This proves the corollary.

16.4 Block Diagonal Matrices

In this section the vector space will be C™ and the linear transformations will be n x n
matrices.

Definition 16.4.1 Let A and B be two n x n matrices. Then A is similar to B, written as
A ~ B when there exists an invertible matriz, S such that A = S~'BS.

Theorem 16.4.2 Let A be an nxn matriz. Letting A1, Ao, - -+ , A\ be the distinct eigenvalues
of A,arranged in any order, there exist square matrices, Py,--- , P, such that A is similar

to the block diagonal matrix,
P - 0

0 - P



272 LINEAR TRANSFORMATIONS

in which Py has the single eigenvalue \i. Denoting by ry the size of Py it follows that ry,
equals the dimension of the generalized eigenspace for \i,

ri =dim{x: (A = \.I)" x = 0 for some m} = dim (V)
Furthermore, if S is the matriz satisfying S~'AS = P, then S is of the form
( B, --- B, )

where B, = ((uf .-+l ) in which the columns, {u},--- ,uf } = Dy, constitute a basis
for Vy,.

Proof: By Corollary [16.3.8 C* = V), @ --- & V), and a basis for C" is {Dy,---,D,}
where Dy, is a basis for Vj, .

Let

S = ( B, - B, )

where the B; are the matrices described in the statement of the theorem. Then S~! must
be of the form
C1
S~ = :
Cr
where C;B; = I xr,. Also, if ¢ # j, then C;AB; = 0 the last claim holding because
A :V; — Vj so the columns of AB; are linear combinations of the columns of B; and each
of these columns is orthogonal to the rows of C;. Therefore,

Cy
STtAS = : |A(B1 - B)
Cy
C1
Cy
ChAB; 0 0
0 CyABs 0
a 0 0
0 0 C,AB,

and Cy, AB,, is an rj X r; matrix.
What about the eigenvalues of C,, AB,,? The only eigenvalue of A restricted to V, is
Ar because if Ax = px for some x € V,, and p # Mg, then as in Claim 1 of Theorem [16.3.5,

(A= M\D)*x %0

contrary to the assumption that x € V,,. Suppose then that C,, AB,, x = Ax where x # 0.
Why is A= A;? Let y = B,,xsoy € Vj,. Then

0 0 0

SlAy=87145| x | =| ¢, 4B, x |=x]| x
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and so

Ay =AS| x | =Xy.

0
Therefore, A = A\, because, as noted above, A\ is the only eigenvalue of A restricted to Vj, .
Now letting Py, = C,, AB,, , this proves the theorem.

The above theorem contains a result which is of sufficient importance to state as a
corollary.

Corollary 16.4.3 Let A be an n X n matriz and let Dy, denote a basis for the generalized
eigenspace for \,,. Then {Dy,---,D;,} is a basis for C™.

More can be said. Recall Theorem [12.2.10 on Page 217. From this theorem, there exist
unitary matrices, Uy, such that U} P,Uj = T}, where T}, is an upper triangular matrix of the
form

A e %
.. : ETk
0 - M
Now let U be the block diagonal matrix defined by
Uy -+ 0
U= .
0o --- U,
By Theorem [16.4.2! there exists S such that
P -0
S71AS = :
0 P,
Therefore,
us - 0 P o 0 U - 0
UtsASU = | o Do S
0 - Ur 0o --- P 0 - U,
UrP U, - 0 T, - 0
0 .. U*PU, 0 - T

This proves most of the following corollary of Theorem [16.4.2.

Corollary 16.4.4 Let A be an n x n matriz. Then A is similar to an upper triangular,
block diagonal matrixz of the form

T, - 0
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where Ty, is an upper triangular matriz having only Ax on the main diagonal. The diagonal
blocks can be arranged in any order desired. If Ty is an my X my matriz, then

my = dim{x : (A - )" x =0 for some m € N}.
Furthermore, my, is the multiplicity of A\p as a zero of the characteristic polynomial of A.

Proof: The only thing which remains is the assertion that mj equals the multiplicity
of \; as a zero of the characteristic polynomial. However, this is clear from the observation
that since T' is similar to A they have the same characteristic polynomial because

det (A— ) = det(S(T—X)S™)
= det (S)det (S7") det (T — AI)
= det (SS7") det (T — AI)
= det (T — \I)

and the observation that since T is upper triangular, the characteristic polynomial of T is

of the form .

IT e =™

k=1
The above corollary has tremendous significance especially if it is pushed even further
resulting in the Jordan Canonical form. This form involves still more similarity transforma-
tions resulting in an especially revealing and simple form for each of the T}, but the result
of the above corollary is sufficient for most applications.
It is significant because it enables one to obtain great understanding of powers of A by
using the matrix 7. From Corollary [16.4.4] there exists an n x n matrix, S? such that

A=871TS.
Therefore, A? = S71TSS™'TS = S7'T2S and continuing this way, it follows
AF = 51Tk,
where T is given in the above corollary. Consider T*. By block multiplication,
Tk 0
T = :
0o T

The matrix, Ty is an mg X mg matrix which is of the form

o .. %

T.=| : - (16.5)

which can be written in the form
Ts=D+ N

for D a multiple of the identity and N an upper triangular matrix with zeros down the main
diagonal. Therefore, by the Cayley Hamilton theorem, N = 0 because the characteristic

2The S here is written as S~! in the corollary.
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equation for N is just A" = 0. Such a transformation is called nilpotent. You can see
N™s = 0 directly also, without having to use the Cayley Hamilton theorem. Now since D
is just a multiple of the identity, it follows that DN = ND. Therefore, the usual binomial
theorem may be applied and this yields the following equations for k > m.

T* (D+N)F = Xk: (k) D*iN7

i=0 M
> (5 prei i
— Z | DFTINT, (16.6)
i=o N

the third equation holding because N™s = 0. Thus T is of the form

S

le% N *
E=| :

0 ... aoF
Lemma 16.4.5 Suppose T is of the form Ts described above in!16.5 where the constant, a,
on the main diagonal is less than one in absolute value. Then

lim (T%). =0.

k—oo ij
Proof: From [16.6, it follows that for large k, and j < my,

(k) k=) (b=t 1)

j mg!

Therefore, letting C' be the largest value of ‘(Nj)pq‘ for 0 < j < myg,

‘(Tk)pq‘ < m.C (k(k — 1) (k—mg+ 1)) \a|k_ms

- mg!

which converges to zero as k — oco. This is most easily seen by applying the ratio test to

the series
> E(k—=1)---(k—ms+1) k—m.
> , |cv|
mg!

k=mg

and then noting that if a series converges, then the £** term converges to zero.

16.5 The Matrix Of A Linear Transformation

If V is an n dimensional vector space and {vy,---,v,} is a basis for V, there exists a linear
map

q:F"—>V
defined as

n
q(a)= Z a;v;
i=1
where

n
a= E a;€;,
i=1



276 LINEAR TRANSFORMATIONS

for e; the standard basis vectors for F™ consisting of

0

where the one is in the i*" slot. It is clear that ¢ defined in this way, is one to one, onto,
and linear. For v € V, ¢~ (v) is a list of scalars called the components of v with respect to
the basis {vy,---,vp}.

Definition 16.5.1 Given a linear transformation L, mapping V' to W, where {vy,--- ,v,}
is a basis of V and {w1,--- ,w,,} is a basis for W, an m x n matric A = (a;;)is called the
matriz of the transformation L with respect to the given choice of bases for V. and W, if
whenever v € V, then multiplication of the components of v by (a;;) yields the components
of Lv.

The following diagram is descriptive of the definition. Here ¢y and qu are the maps

defined above with reference to the bases, {vq,---,v,} and {wy,--- , w,,} respectively.
L
vi, . va} Vo= W {wi, Wil
vl o Taw (16.7)
F* — F™
A

Letting b € F™, this requires
Z a,-jbjwi =L Z ijj = Z bjLVj.
4,J J J

Now
LVj = Z Cij Wi (168)

K2

for some choice of scalars ¢;; because {w1,---,w,,} is a basis for W. Hence
E CL,‘jbjW,‘ = E bj E Cij Wi = E cijbjwi.
,J J i 2]

It follows from the linear independence of {wy,--- , w,,} that

Z aijb]’ = Z Cijbj
J

J

for any choice of b € F™ and consequently
aij = Cij
where ¢;; is defined by [16.8. It may help to write [16.8 in the form
(Lvi -+ Lvy )=(wi + wp )CO=(wi - wp)A (16.9)
where C = (¢;5) , A = (as5) .
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Example 16.5.2 Let
V = { polynomials of degree 3 or less},

W = { polynomials of degree 2 or less},

and L = D where D is the differentiation operator. A basis for V is {1,x, 2%, 23} and a
basis for W is {1,x, z2}.

What is the matrix of this linear transformation with respect to this basis? Using [16.9]
(0 1 2z 33:2):(1 T CE2)C.
It follows from this that

C =

o O O
S O =
S N O
w o o

Now consider the important case where V = F", W = F™, and the basis chosen is the
standard basis of vectors e; described above. Let L be a linear transformation from F™ to
F™ and let A be the matrix of the transformation with respect to these bases. In this case
the coordinate maps ¢y and gy are simply the identity map and the requirement that A is
the matrix of the transformation amounts to

7 (Lb) = ; (Ab)

where 7; denotes the map which takes a vector in F™ and returns the i** entry in the vector,
the 3" component of the vector with respect to the standard basis vectors. Thus, if the
components of the vector in F” with respect to the standard basis are (by,--- ,by,),

b=(b - b ) = be,

then
mi (Lb) = (Lb), = > aj;b;.
J

What about the situation where different pairs of bases are chosen for V and W7 How
are the two matrices with respect to these choices related? Consider the following diagram
which illustrates the situation.

F* A, TF™
—5

g2l o p2l

V L w
=

@l o ;T

Fr A Fm
—

In this diagram ¢; and p; are coordinate maps as described above. From the diagram,
—1 A —1 _ A
Py P2A2q9; g1 = Az,
where g5 1g1 and pflpg are one to one, onto, and linear maps.

Definition 16.5.3 In the special case where V.= W and only one basis is used for V. =W,
this becomes

47 "q2Aaq; tqr = Ay



278 LINEAR TRANSFORMATIONS

Letting S be the matrixz of the linear transformation gy Lq1 with respect to the standard basis
vectors in F",

ST1A,8 = A (16.10)

When this occurs, Ay is said to be similar to Ay and A — S™'AS is called a similarity
transformation.

Here is some terminology.

Definition 16.5.4 Let S be a set. The symbol, ~ is called an equivalence relation on S if
it satisfies the following axioms.

1. x~x forallz €S. (Reflexive)
2. If x ~y then y ~ x. (Symmetric)
3. Ifx~y and y ~ z, then © ~ z. (Transitive)

Definition 16.5.5 [z] denotes the set of all elements of S which are equivalent to x and
[x] is called the equivalence class determined by x or just the equivalence class of x.

With the above definition one can prove the following simple theorem which you should
do if you have not seen it.

Theorem 16.5.6 Let ~ be an equivalence class defined on a set, S and let H denote the
set of equivalence classes. Then if [x] and [y] are two of these equivalence classes, either
x ~y and [x] = [y] or it is not true that x ~y and [x] N [y] = 0.

Theorem 16.5.7 In the vector space of n X n matrices, define
A~B
if there exists an invertible matriz S such that
A=S"1Bs.

Then ~ is an equivalence relation and A ~ B if and only if whenever V is an n dimensional
vector space, there exists L € L(V,V) and bases {v1,--- ,v,} and {wy,---,w,} such that
A is the matriz of L with respect to {vi,--- ,vp} and B is the matriz of L with respect to

{W1, R ’Wn}.
Proof: A ~ A because S = I works in the definition. If A ~ B , then B ~ A, because
A=5"'BS
implies
B=SAS™.

If A~ B and B ~ C, then
A=S8"'BS, B=T"1CT

and so
A=S"'T7'cTS = (1S)"' CTS

which implies A ~ C. This verifies the first part of the conclusion.
Now let V' be an n dimensional vector space, A ~ B and pick a basis for V,

{V17 e 7Vn}~
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Define L € L (V,V) by

Lv; = E ajiVv;
J

where A = (a;;) . Then if B = (b;;), and S = (s;;) is the matrix which provides the similarity
transformation,

A=S"'BS,
between A and B, it follows that
Lvi =) sibrs (s7) vy (16.11)
r,8,J

Now define

Then from 16.11)

Do (T Ivi= 3 () siebrs (571, v

7 ©,7,7,8
and so
LWk: E bksws.
S

This proves the theorem because the if part of the conclusion was established earlier.

What if the linear transformation consists of multiplication by a matrix A and you want
to find the matrix of this linear transformation with respect to another basis? Is there an
easy way to do it? The answer is yes.

Proposition 16.5.8 Let A be an m X n matriz and let L be the linear transformation which
is defined by

n m n

L <i xkek> = Z (Aey) xy, = ZZAikxkei
k=1

k=1 i=1 k=1
In simple language, to find Lx, you multiply on the left of x by A. Then the matrix M of
this linear transformation with respect to the bases {uy,--- ,u,} for F* and {wq, - , Wy, }
for F™ is given by
-1
M:(Wl Wm) A(ul e un)

where ( Wi o Wiy ) is the m X m matriz which has w; as its j'" column.

Proof: Consider the following diagram.

L
{ula"' 7u’n} F* — ™ {Wla"' awm}
vl o Taw
" — [F™

M

Here the coordinate maps are defined in the usual way. Thus

n
QV($1 Tt T )TEinui.
i=1
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Therefore, gy can be considered the same as multiplication of a vector in F™ on the left by
the matrix
(w - uy, ).
Similar considerations apply to gy . Thus it is desired to have the following for an arbitrary
x € F".
A(ul un)XZ(Wl Wn)MX

Therefore, the conclusion of the proposition follows. This proves the proposition.
Definition 16.5.9 An n x n matriz, A, is diagonalizable if there exists an invertible n x n
matriz, S such that ST'AS = D, where D is a diagonal matriz. Thus D has zero entries

everywhere except on the main diagonal. Write diag (A1 -+, \,) to denote the diagonal
matriz having the \; down the main diagonal.

Which matrices are diagonalizable?

Theorem 16.5.10 Let A be an n x n matriz. Then A is diagonalizable if and only if F"
has a basis of eigenvectors of A. In this case, S of Definition [16.5.9 consists of the n x n

matriz whose columns are the eigenvectors of A and D = diag (A1, ,\n) -
Proof: Suppose first that F™ has a basis of eigenvectors, {vy,- -, v, } where Av; = \;v;.
uf
Then let S denote the matrix (vi---v,) and let S™1 = : where ul'v;, = §;; =
T
u

n

{ (1) i; ; i . S~ exists because S has rank n. Then from block multiplication,
uf

STLAS = (Avy--- Avy)

uf
= (>\1V1 e )\nvn)
u,
A0 0
0 X O
= . = D.
0 0 A\

Next suppose A is diagonalizable so S™'AS = D = diag (A1, -+, A\n) . Then the columns
of S form a basis because S~! is given to exist. It only remains to verify that these columns
of A are eigenvectors. But letting S = (vy---vy,), AS = SD and so (Avy---Av,) =
(A1v1 -+ Apvy) which shows that Av; = \;v;. This proves the theorem.

It makes sense to speak of the determinant of a linear transformation as described in the
following corollary.

Corollary 16.5.11 Let L € L(V,V) where V is an n dimensional vector space and let A
be the matrix of this linear transformation with respect to a basis on V. Then it is possible
to define

det (L) = det (4).
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Proof: Each choice of basis for V' determines a matrix for L with respect to the basis.
If A and B are two such matrices, it follows from Theorem [16.5.7 that

A=S"'BS
and so
det (A) = det (S™') det (B) det ().
But
1 =det (I) = det (S™'5) = det (S) det (S7')
and so

det (A) = det (B)

which proves the corollary.

Definition 16.5.12 Let A € L(X,Y) where X and Y are finite dimensional vector spaces.
Define rank (A) to equal the dimension of A (X).

The following theorem explains how the rank of A is related to the rank of the matrix
of A.

Theorem 16.5.13 Let A € L(X,Y). Then rank (A) = rank (M) where M is the matric
of A taken with respect to a pair of bases for the vector spaces X, and Y.

Proof: Recall the diagram which describes what is meant by the matrix of A. Here the
two bases are as indicated.

{Ula"'avn} X A} Y {w17"'>wm}
gx 1 o Tagvr
F M F™
-
Let {z1,--- , 2} be a basis for A (X). Then since the linear transformation, gy is one to one
and onto, {q;lzl, e ,q;lz,.} is a linearly independent set of vectors in F™. Let Au; = z;.

Then
Max'u = g3z

and so the dimension of M (F™) > r. Now if M (F™) < r then there exists
y € M (F") \ span {q;lzl, e ,q{,lzr} .
But then there exists x € F” with Mx =y. Hence
y =Mx = q{,lAqXX € span {q{,lzl, e ,q;lzr}

a contradiction. This proves the theorem.
The following result is a summary of many concepts.

Theorem 16.5.14 Let L € L(V,V) where V is a finite dimensional vector space. Then
the following are equivalent.

1. L is one to one.
2. L maps a basis to a basis.

3. L is onto.



282 LINEAR TRANSFORMATIONS

4. det (L) #0

5. If Lv =0 then v = 0.

Proof: Suppose first L is one to one and let {v;};_, be a basis. Then if > ;" ¢;Lv; =0
it follows L (3" | ¢;v;) = 0 which means that since L (0) = 0, and L is one to one, it must
be the case that Y., , c;v; = 0. Since {v;} is a basis, each ¢; = 0 which shows {Lv;} is a
linearly independent set. Since there are n of these, it must be that this is a basis.

Now suppose 2.). Then letting {v;} be a basis, and y € V, it follows from part 2.) that
there are constants, {¢;} such that y =Y | ¢;Lv; = L(Y> i, ¢;v;) . Thus L is onto. It has
been shown that 2.) implies 3.).

Now suppose 3.). Then the operation consisting of multiplication by the matrix of L, M,
must be onto. However, the vectors in F™ so obtained, consist of linear combinations of the
columns of My,. Therefore, the column rank of My, is n. By Theorem [7.5.7/ this equals the
determinant rank and so det (M) = det (L) # 0.

Now assume 4.) If Lv = 0 for some v # 0, it follows that My x = 0 for some x # 0.
Therefore, the columns of My, are linearly dependent and so by Theorem [7.5.7, det (M},) =
det (L) = 0 contrary to 4.). Therefore, 4.) implies 5.).

Now suppose 5.) and suppose Lv = Lw. Then L (v —w) = 0 and so by 5.), v —w =0
showing that L is one to one. This proves the theorem.

Also it is important to note that composition of linear transformation corresponds to
multiplication of the matrices. Consider the following diagram.

X A Y B A
= =
gxT o Tagr o Taqz
F* My F™ Mpg FP

where A and B are two linear transformations, A € £(X,Y) and B € L(Y,Z). Then
BoA e £(X,Z) and so it has a matrix with respect to bases given on X and Z, the
coordinate maps for these bases being qx and ¢z respectively. Then

BoA=qzMgqyqy' Magy' = qzMpMaqy'.

But this shows that Mg M 4 plays the role of Mp. 4, the matrix of B o A. Hence the matrix
of B o A equals the product of the two matrices M4 and Mp. Of course it is interesting
to note that although Mp,4 must be unique, the matrices, Mp and M4 are not unique,
depending on the basis chosen for Y.

Theorem 16.5.15 The matriz of the composition of linear transformations equals the prod-
uct of the matrices of these linear transformations.

16.5.1 Some Geometrically Defined Linear Transformations

If T is any linear transformation which maps F™ to F™, there is always an m X n matrix, A
with the property that
Ax =Tx (16.12)

for all x € F™. You simply take the matrix of the linear transformation with respect to the
standard basis. What is the form of A? Suppose T : F* — F™ is a linear transformation
and you want to find the matrix defined by this linear transformation as described in [16.12.
Then if x € F™ it follows
n
X = Z xTr;e;
i=1
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where e; is the vector which has zeros in every slot but the i** and a 1 in this slot. Then
since T'is linear,

n
Tx = Z JﬁlT (el)
i=1

| | e
= | T(e)) T (en)
| | .,
Ea 1
= A :
ZTn

and so you see that the matrix desired is obtained from letting the i*" column equal T (e;) .
This proves the following theorem.

Theorem 16.5.16 Let T be a linear transformation from F™ to F™. Then the matriz, A
satisfying [ 16.12 is given by

where Te; is the it" column of A.

Example 16.5.17 Determine the matriz for the transformation mapping R? to R? which
consists of rotating every vector counter clockwise through an angle of 6.

Let e; = ( (1) ) and ey = ( (1) > . These identify the geometric vectors which point

along the positive = axis and positive y axis as shown.

€24

From Theorem [16.5.16, you only need to find Te; and Te,, the first being the first
column of the desired matrix, A and the second being the second column. From drawing a
picture and doing a little geometry, you see that

cos —sin@
Te, = ( sin @ >,Te2—< cos @ )

Therefore, from Theorem [16.5.16),

cosf —sinf
Az(sinﬁ cos 6 >
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Example 16.5.18 Find the matriz of the linear transformation which is obtained by first
rotating all vectors through an angle of ¢ and then through an angle 6. Thus you want the
linear transformation which rotates all angles through an angle of 6 + ¢.

Let Ty, denote the linear transformation which rotates every vector through an angle
of 0 + ¢. Then to get Ty,4, you could first do Ty and then do Ty where Ty is the linear
transformation which rotates through an angle of ¢ and T}y is the linear transformation
which rotates through an angle of . Denoting the corresponding matrices by Agig, Ag,
and Ay, you must have for every x

A9+¢X = T9+¢X = T9T¢X = AQAd)X.

Consequently, you must have

_ cos(@+¢) —sin(@+¢) \
Aotro = ( sin (0 +¢)  cos (0 + o) ) = AoAs

_ cosf) —sind cos¢ —sing
a sinf  cosf sing cos¢p )
Therefore,

cos(0+¢) —sin(@+¢) \ [ cosfcos¢ —sinfsing —cosfsing —sinfcose
sin (0 +¢) cos(0+ ¢) "\ sinfcos¢ + cosfsing  cosb cosp — sin 6 sin ¢ ’

Don’t these look familiar? They are the usual trig. identities for the sum of two angles
derived here using linear algebra concepts.

Example 16.5.19 Find the matriz of the linear transformation which rotates vectors in
R3 counterclockwise about the positive z axis.

Let T be the name of this linear transformation. In this case, Tes = e3,Te; =
(cosf,siné, O)T ,and Tes = (—sinf, cos b, O)T . Therefore, the matrix of this transformation
is just

cos) —sinf O
sinf cosf O (16.13)
0 0 1

In Physics it is important to consider the work done by a force field on an object. This
involves the concept of projection onto a vector. Suppose you want to find the projection
of a vector, v onto the given vector, u, denoted by proj, (v) This is done using the dot
product as follows.

pro (9= (2

Because of properties of the dot product, the map v — proj,, (v) is linear,
projy (av-+Gw) = <av+5w : “> u=a (—V : u) u+p (—W : u) u
u-u u-u u-u
= aproj, (v) + fproj, (w).

Example 16.5.20 Let the projection map be defined above and let u = (1,2,3)T. Find the
matriz of this linear transformation with respect to the usual basis.
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You can find this matrix in the same way as in earlier examples. proj,, (e;) gives the i‘"
column of the desired matrix. Therefore, it is only necessary to find

. €;-u
proj, (e;) = (u : u) u

For the given vector in the example, this implies the columns of the desired matrix are

1LY 2 ; 3 (1
14 3 14 3 14 3
Hence the matrix is
1 1 2 3
T 4 6
3 6 9

Example 16.5.21 Find the matriz of the linear transformation which reflects all vectors
in R® through the xz plane.

As illustrated above, you just need to find T'e; where T is the name of the transformation.

But T'e; = e;,Tes = e3, and Te; = —ey so the matrix is
1 0 O
0 -1 0
0 0 1

Example 16.5.22 Find the matriz of the linear transformation which first rotates counter
clockwise about the positive z axis and then reflects through the xz plane.

This linear transformation is just the composition of two linear transformations having
matrices

cos —sinf O 1 0 0
sinf cosf 0 |, 0 -1 O
0 0 1 0 0 1

respectively. Thus the matrix desired is

1 0 O cosf —sinf 0
0 -1 0 sinf cosf O
0 0 1 0 0 1
cosf —sinf 0
= —sinf —cosf 0
0 0 1

16.5.2 Rotations About A Given Vector

As an application, I will consider the problem of rotating counter clockwise about a given
unit vector which is possibly not one of the unit vectors in coordinate directions. First
consider a pair of perpendicular unit vectors, u; and us and the problem of rotating in the
counterclockwise direction about uz where us = u; X ug so that uy,us, ug forms a right
handed orthogonal coordinate system. Thus the vector us is coming out of the page.
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Let T denote the desired rotation. Then
T (au1 + bUQ + Cllg) = aTu1 + bTUQ + CTU3

= (acosf —bsinf)u; + (asind + bcos ) uz + cus.

Thus in terms of the basis {uj, us, usz}, the matrix of this transformation is

cosf) —sinf O
sinf cosf O
0 0 1

I want to write this transformation in terms of the usual basis vectors, {e1,es,e3}. From
Proposition [16.5.8, if A is this matrix,

cosf —sinf 0
sinf@ cosf O
0 0 1

= ( u; U Uus )71A( up Uz Uus )

and so you can solve for A if you know the u;.

Suppose the unit vector about which the counterclockwise rotation takes place is (a, b, ¢).
Then I obtain vectors, u; and uy such that {uy, us, usz} is a right handed orthogonal system
with ug = (a,b,¢) and then use the above result. It is of course somewhat arbitrary how
this is accomplished. I will assume, however that |c| # 1 since otherwise you are looking at
either clockwise or counter clockwise rotation about the positive z axis and this is a problem
which has been dealt with earlier. (If ¢ = —1, it amounts to clockwise rotation about the
positive z axis while if ¢ = 1, it is counterclockwise rotation about the positive z axis.) Then
let uz = (a,b,¢) and us = ﬁ (b, —a,0) . This one is perpendicular to us. If {u;, uz,uz}
is to be a right hand system it is necessary to have

1
V@ +52) (@ + 02 + )

u; = ug X ug =

(—ac, —be,a? + bQ)

Now recall that us is a unit vector and so the above equals

1

m (7(16, 7bC, (l2 —+ b2)

Then from the above, A is given by

—ac b a —ac b a -1
V(a2+b2)  Va?+b? cos) —sinf O V(a?+0?) a2 +b?

—bc —a : —be —a
Tt Vi b sinf cosf O Tt Ve b

Va2 + b2 0 c 0 0 1 Va2 + b2 0 c
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Of course the matrix is an orthogonal matrix so it is easy to take the inverse by simply
taking the transpose. Then doing the computation and then some simplification yields

a®+ (1 —a*)cos®  ab(l—cosb) —csind ac(l—cosf)+ bsinb
= | ab(l —cosf)+csind  b*+ (1—b*)cosf  be(l—cosb) —asind |. (16.14)
ac(l—cosf) —bsing be(l —cosd) +asind  c*+ (1 —c?)cosb

With this, it is clear how to rotate clockwise about the the unit vector, (a,b,c). Just
rotate counter clockwise through an angle of —f. Thus the matrix for this clockwise roation
is just

a?+ (1 —a*)cos  ab(l—cosf)+csinf ac(l—cosb) — bsind
= | ab(l—cosf) —csinf  b*+ (1 —b*)cosfd  be(l—cosb) + asinf
ac(l—cosf) +bsinf be(l—cosf) —asingd ¢+ (1—c?)cosf

In deriving 16.14 it was assumed that ¢ # £1 but even in this case, it gives the correct
answer. Suppose for example that ¢ = 1 so you are rotating in the counter clockwise
direction about the positive z axis. Then a,b are both equal to zero and [16.14] reduces to
16.13.

16.5.3 The Euler Angles

An important application of the above theory is to the Euler angles, important in the
mechanics of rotating bodies. Lagrange studied these things back in the 1700’s. To describe
the Euler angles consider the following picture in which x1, x5 and x3 are the usual coordinate
axes fixed in space and the axes labeled with a superscript denote other coordinate axes.
Here is the picture.

_ .1 1
Ir3 = 31‘3 9 3:3
T
3
0
1 2
) T2
T2 {L‘%
I L
i T =]
_ .3
T3 = T3
a3
a3
af
af

We obtain ¢ by rotating counter clockwise about the fixed x3 axis. Thus this rotation
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has the matrix

cos¢p —sing 0
sing cos¢p 0 | =M (¢)
0 0 1

Next rotate counter clockwise about the 2} axis which results from the first rotation through
an angle of §. Thus it is desired to rotate counter clockwise through an angle 6 about the
unit vector

cos¢p —sing 0 1 cos ¢
sin¢g cos¢p O 0 | = sin ¢
0 0 1 0 0

Therefore, in16.14, a = cos ¢, b = sin ¢, and ¢ = 0. It follows the matrix of this transforma-
tion with respect to the usual basis is

cos? ¢ +sin® pcosh  cospsing (1 —cosf)  sinpsinb
cosgsing (1 —cosf) sin® @ + cos® pcosf —cospsing | = My (¢,0)
—sin¢sin @ cos ¢ sin 6 cos 6

Finally, we rotate counter clockwise about the positive 2% axis by 1. The vector in the
positive x} axis is the same as the vector in the fixed x3 axis. Thus the unit vector in the
positive direction of the x3 axis is

cos? ¢ +sin? pcosf  cosgsing (1 —cosf)  singsind 1
cosgsing (1 —cos@) sin® ¢ + cos® pcos  — cos psin 0
—sin¢sinf cos ¢sin 6 cos 6 0
cos? ¢ + sin? ¢ cos 0 cos? ¢ + sin® ¢ cos 0
= cos¢psing (1 —cosf) | = | cosgsing (1 — cosh)
—sin¢sinf —sin¢sinf

and it is desired to rotate counter clockwise through an angle of ¥ about this vector. Thus,
in this case,

a = cos? ¢ +sin® pcosh,b = cospsing (1 — cosh),c = —sin¢sinb.

and you could substitute in to the formula of Theorem [16.14/ and obtain a matrix which
represents the linear transformation obtained by rotating counter clockwise about the pos-
itive % axis, M3 (¢, 0,1). Then what would be the matrix with respect to the usual basis
for the linear transformation which is obtained as a composition of the three just described?
By Theorem [16.5.15, this matrix equals the product of these three,

M; ((ba 9, ¢) M, (¢’ 9) M,y (¢) :

I leave the details to you. There are procedures due to Lagrange which will allow you to
write differential equations for the Euler angles in a rotating body. To give an idea how
these angles apply, consider the following picture.
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zs3

x3(t)

X2

T

line of nodes

This is as far as I will go on this topic. The point is, it is possible to give a systematic
description in terms of matrix multiplication of a very elaborate geometrical description of
a composition of linear transformations. You see from the picture it is possible to describe
the motion of the spinning top shown in terms of these Euler angles. I think you can also
see that the end result would be pretty horrendous but this is because it involves using the
basis corresponding to a fixed in space coordinate system. You wouldn’t do this for the
application to a spinning top.

Not surprisingly, this also has applications to computer graphics.
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The Jordan Canonical Form?*

Recall Corollary [16.4.4. For convenience, this corollary is stated below.

Corollary A.0.23 Let A be an n X n matriz. Then A is similar to an upper triangular,
block diagonal matrix of the form

T, - 0
T = .o
0o --- T.

where Ty, is an upper triangular matriz having only A, on the main diagonal. The diagonal
blocks can be arranged in any order desired. If Ty is an my X my matriz, then

my = dim{x : (A — A\I)" x =0 for some m € N}.

The Jordan Canonical form involves a further reduction in which the upper triangular
matrices, T} assume a particularly revealing and simple form.

Definition A.0.24 Ji («) is a Jordan block if it is a k x k matriz of the form

a 1 0
0

Ji (@) =
: . o1
0 -~ 0 a

In words, there is an unbroken string of ones down the super diagonal and the number, «
filling every space on the main diagonal with zeros everywhere else. A matrix is strictly
upper triangular if it is of the form

291
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where there are zeroes on the main diagonal and below the main diagonal.

The Jordan canonical form involves each of the upper triangular matrices in the conclu-
sion of Corollary [16.4.4 being a block diagonal matrix with the blocks being Jordan blocks
in which the size of the blocks decreases from the upper left to the lower right. The idea
is to show that every square matrix is similar to a unique such matrix which is in Jordan
canonical form.

Note that in the conclusion of Corollary [16.4.4 each of the triangular matrices is of the
form al + N where N is a strictly upper triangular matrix. The existence of the Jordan
canonical form follows quickly from the following lemma.

Lemma A.0.25 Let N be an n X n matriz which is strictly upper triangular. Then there
exists an invertible matriz, S such that

Jr, (0) 0
B Jr, (0)
STINS =

0 s (0)

where Ty > 19 > - >1g > 1 andz;lri:n.

Proof: First note the only eigenvalue of NV is 0. Let v; be an eigenvector. Then
{v1,va, -+ ,v,.}is called a chain if Nvi1 = v forall k =1,2,--- ,r and v; is an eigenvec-
tor. It will be called a maximal chain if there is no solution, v, to the equation, Nv = v,..

Claim 1: The vectors in any chain are linearly independent and for {vy, vy, -+ ,v,.} a
chain based on vy,

N :span (vy,vy, -+ ,Vv,) — span (vy, va, - ,V,). (1.1)

Also if {vi,va, -+ ,v,} is a chain, then r < n.
Proof: First note that 1.1/ is obvious because

T T
N E CiV; = E CiVi_1.
i=1 1=2

It only remains to verify the vectors of a chain are independent. Suppose then

T
E CyVE = 0.
k=1

Do N1 to it to conclude ¢, = 0. Next do N"~2 to it to conclude ¢,_; = 0 and continue
this way. Now it is obvious r < n because the chain is independent. This proves the claim.

Consider the set of all chains based on eigenvectors. Since all have total length no
larger than n it follows there exists one which has maximal length, {v{,---,v} } = B;. If
span (Bj) contains all eigenvectors of N, then stop. Otherwise, consider all chains based on
eigenvectors not in span (B;) and pick one, By = {v{,---,v2 } which is as long as possible.
Thus ro < ry. If span (By, By) contains all eigenvectors of N, stop. Otherwise, consider all
chains based on eigenvectors not in span (B1, Bs) and pick one, By = {vil)’, e 7vf3} such
that r3 is as large as possible. Continue this way. Thus i > r541.

Claim 2: The above process terminates with a finite list of chains, { B, - - , By} because
for any k,{Bj,--- , By} is linearly independent.
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Proof of Claim 2: The claim is true if £ = 1. This follows from Claim 1. Suppose it
is true for k — 1,k > 2. Then {By, -, Br_1} is linearly independent. Suppose

P
Zcqwq =0,¢q#0
q=1

where the w, come from {Bi,---,Bg_1, By} . By induction, some of these w, must come
from Bj. Let vf be the one for which 7 is as large as possible. Then do N*~! to both sides
to obtain v¥, the eigenvector upon which the chain By, is based, is a linear combination of
{Bi, - ,Bg_1} contrary to the construction. Since {By,---, By} is linearly independent,
the process terminates. This proves the claim.

Claim 3: Suppose Nw = 0. (w is an eigenvector) Then there exists scalars, ¢; such

that
S
W= Z vy,
i=1

Recall that v} is the eigenvector in the i*” chain on which this chain is based.
Proof of Claim 3: From the construction, w € span (B, - - , Bs) since otherwise, it
could serve as a base for another chain. Therefore,

s ;i
woY S
i=1 k=1
Now apply N to both sides.
S T
0= Vi
1=1 k=2

and so by Claim 2, c¢¥ = 0 if k > 2. Therefore,

S
— 1.0
W—E ¢ Vi
i=1

and this proves the claim.
It remains to verify that span (By,---, Bs) = F". Suppose w ¢ span (Bj,---,Bs). By
Claim 3 this implies w is not an eigenvector since all the eigenvectors are in span (By, - - - , Bs) .
Since N™ = 0, there exists a smallest integer, k& > 2 such that N*w = 0 but N*~'w # 0.
Then k& < min (r1,--- ,rs) because there exists a chain of length k& based on the eigenvector,
N*=lw, namely
N*—lyw N2y NF=3w ...

, W

and this chain must be no longer than the preceding chains because of the construction in
which a longest possible chain was chosen at each step. Since N*~!'w is an eigenvector, it
follows from Claim 3 that

S S
NF-lw = E civ] = E i NF1vi,
i=1 i=1
Therefore,

S
Nk (w—chi) =0
i=1
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and so,
NNFk—2 (W—Zcivz) =0
i=1

which implies N*~2 (W— Dy CZ'VZ) is an eigenvector and so by Claim 3 there exist d;

such that
S S S
NF—2 (W— Z civf€> = Z d;vi = Z diNk72V2_1
i=1 i=1 i=1
and so
S S
NF—2 (w Z CivVE — Z div2_1> =0.
i=1 i=1

Continuing this way it follows that for each j < k, there exists a vector, z; € span (B, - - , By)
such that

Nkij (W — Zj) =0.
In particular, taking j = (k — 1) yields
N(w-—2,_1)=0

and now using Claim 3 again yields w € span (Bq,--- , Bs), a contradiction. Therefore,
span (By,- -, Bs) = F™ after all and so {By,---, Bs} is a basis for F".
Now consider the block matrix,

S=(B - B, )

where
Bk:( vh o vk )
Thus
— :
c,
where C;B; = I, xr, and C;NB; = 0 if ¢ # j. Let

u;
Cp = :
u,
Then
uf
CyNB, = (Nv’f Nvffk)
u;,
u;
= (O v’f ka_l)
T
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which equals an rg x r; matrix of the form

Jm(o):
1
0 -« - 0

That is, it has ones down the super diagonal and zeros everywhere else. It follows

Ch
STINS =  |N(B - By)
Cs
Jr, (0) 0
Jr, (0)
0 Jr, (0)

as claimed. This proves the lemma.
Now let the upper triangular matrices, Ty be given in the conclusion of Corollary [16.4.4.
Thus, as noted earlier,
Ty = My xry, + Ni

where N}, is a strictly upper triangular matrix of the sort just discussed in Lemma [A.0.25.
Therefore, there exists Sy such that S;lNkSk is of the form given in Lemma [A.0.25. Now
S N xri Sk = MLy sy, and so S TSy, is of the form

Jiy (Ak) 0
Ji2 (Ak)

0 i, (Ak)

where 117 > iy > -+ > ig and Z‘;:l 1; = 1. This proves the following corollary.

Corollary A.0.26 Suppose A is an upper triangular n xXn matriz having o in every position
on the main diagonal. Then there exists an invertible matriz, S such that

Jkl (Oé) 0

Ji, (0
G145 — ks (00)

0 Jkr (a)
where ky > ko > - >k, >1 andz;lk}i:n.
The next theorem is gives the existence of the Jordan canonical form.

Theorem A.0.27 Let A be an n X n matriz having eigenvalues Ay, - -+ , A, where the mul-
tiplicity of \; as a zero of the characteristic polynomial equals m;. Then there exists an
invertible matriz, S such that
J (A1) 0
STTAS = (1.2)
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where J (\) is an my X my, matriz of the form

iy (Ak) 0
Ty (Ak)

0 ' Ik, (Ak)
where ky > ko > -+ >k, > 1 and 22:1 ki = my.
Proof: From Corollary [16.4.4, there exists .S such that S™'AS is of the form
T, - 0
-
where T} is an upper triangular mj X mj matrix having only A; on the main diagonal.

By Corollary [A.0.26/ There exist matrices, Sy such that S,;lTkSk = J (M) where J (Ag) is
described in 1.3l Now let M be the block diagonal matrix given by

S1 0
0 Sy
It follows that M ~'S~'ASM = M~'TM and this is of the desired form. This proves the
theorem.
What about the uniqueness of the Jordan canonical form? Obviously if you change the
order of the eigenvalues, you get a different Jordan canonical form but it turns out that if

the order of the eigenvalues is the same, then the Jordan canonical form is unique. In fact,
it is the same for any two similar matrices.

Theorem A.0.28 Let A and B be two similar matrices. Let Ja and Jg be Jordan forms of
A and B respectively, made up of the blocks Ja (A;) and Jp (\;) respectively. Then Ja and
Jp are identical except possibly for the order of the J (\;) where the \; are defined above.

Proof: First note that for A; an eigenvalue, the matrices J4 (\;) and Jp ();) are both
of size m; X m; because the two matrices A and B, being similar, have exactly the same
characteristic equation and the size of a block equals the algebraic multiplicity of the eigen-
value as a zero of the characteristic equation. It is only necessary to worry about the
number and size of the Jordan blocks making up J4 (A;) and Jp (). Let the eigenvalues
of A and B be {\1,---,\.}. Consider the two sequences of numbers {rank (A — AI)™} and
{rank (B — A\I)"}. Since A and B are similar, these two sequences coincide. (Why?) Also,
for the same reason, {rank (J4 — AI)™} coincides with {rank (Jg — AI)™} . Now pick \j an
eigenvalue and consider {rank (J4 — A\xI)"} and {rank (Jg — AxI)™}. Then

Ja (A1 — k) 0
JA—AkIZ JA (O)

0 Ja (A = Ag)
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and a similar formula holds for Jg — A\iI. Here

sz (0)
Ja (0) =
0 Jr, (0)
and
Jl1 (O) 0
Jp (0) = SO .
0 Ji, (0)

and it suffices to verify that I; = k; for all i. As noted above, > k; = > ;. Now from the
above formulas,

rank (J4 — A\ 1)™ > m; + rank (J4 (0)™)

itk

= Zmi + rank (Jg (0)™)
itk

= rank (Jp — \eI)™,

which shows rank (J4 (0)™) = rank (Jg (0)™) for all m. However,

Jll (O)m 0
m Jl2 (O)m
Jp (0)" =

0 Ok

P

with a similar formula holding for J4 (0)™and rank (Jg (0)™) = Y_7_, rank (J;, (0)™), sim-
ilar for rank (J4 (0)™). In going from m to m + 1,

rank (J;, (0)™) — 1 = rank (Jli (0)m+1)

untill m = I; at which time there is no further change. Therefore, p = r since otherwise,
there would exist a discrepancy right away in going from m = 1 to m = 2. Now suppose the
sequence {l;} is not equal to the sequence, {k;}. Then l._;, # k_; for some b a nonnegative
integer taken to be a small as possible. Say l,._p > k,_;. Then, letting m = k,_p,

s T

> “rank (J;, (0)™) = rank (Ji, (0)™)

i=1 i=1

and in going to m+ 1 a discrepancy must occur because the sum on the right will contribute
less to the decrease in rank than the sum on the left. This proves the theorem.
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An Assortment Of Worked
Exercises And Examples

B.1 Worked Exercises Page 77

1. Here is an augmented matrix in which % denotes an arbitrary number and B denotes
a nonzero number. Determine whether the given augmented matrix is consistent. If
consistent, is the solution unique?

oo B+

O ¥ ¥ ¥
H x © %
* W * *

o B x ¥

0
0
0

In this case the system is consistent and there is an infinite set of solutions. To see
it is consistent, the bottom equation would yield a unique solution for zs. Then
letting x4 = t, and substituting in to the other equations, beginning with the equation
determined by the third row and then proceeding up to the next row followed by the
first row, you get a solution for each value of ¢t. There is a free variable which comes
from the fourth column which is why you can say x4 = t. Therefore, the solution is
infinite.

2. Here is an augmented matrix in which * denotes an arbitrary number and B denotes
a nonzero number. Determine whether the given augmented matrix is consistent. If
consistent, is the solution unique?

In this case there is no solution because you could use a row operation to place a 0 in
the third row and third column position, like this:

This would give a row of zeros equal to something nonzero.

1 h | 4
3.7 | 7

299

3. Find h such that
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is the augmented matrix of an inconsistent matrix.

Doing a row operation by taking —3 times the top row and adding to the bottom, this

gives
1 h | 4
0 7—=3h | 7—-12 )

The system will be inconsistent if 7 — 3h = 0 or in other words, h = 7/3.
Determine if the system is consistent.

r+2y+3z—w=2

r—y+2z+w=1
2x4+3y—z=1
dr+2y+2=5

The augmented matrix is

1 2 3 -1 | 2
1 -1 2 1 ] 1
2 3 -1 0 | 1
4 2 1 0 | 5
A reduced echelon form for this is

9 0 0 0 | 14
0900 ]| -6

0 0 9 0 | 1
000 9 | —-13

Therefore, there is a unique solution. In particular the system is consistent.

Find the point, (x1,y1) which lies on both lines, 5z + 3y = 1 and 4o — y = 3.

You solve the system of equations whose augmented matrix is
5 3 |1
4 -1 | 3

17 0 10
0 17 -11

and so the solution is x = 17/10 and y = —11/17.

A reduced echelon form is

Do the three lines, 3z + 2y = 1,2z — y = 1, and 4z + 3y = 3 have a common point of
intersection? If so, find the point and if not, tell why they don’t have such a common
point of intersection.

This is asking for the solution to the three equations shown. The augmented matrix
is

3 2 |1
2 -1 | 1
4 3 | 3
A reduced echelon form is
10| 0
01 ] 0
00 | 1

and this would require Oz + Oy = 1 which is impossible so there is no solution to this
system of equations and hence no point on each of the three lines.
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11.
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Find the general solution of the system whose augmented matrix is

1 2 0 | 2

11 4] 2

2 3 4 | 4
A reduced echelon form for the matrix is

1 0 &8 2

01 —4 0

00 0 O

Therefore, y = 4z and © = 2 — 8z. Apparently z can equal anything so we let z = ¢
and then the solution is

r=2-8,y=4t,z =1t.
Find the point, (21,y1) which lies on both lines,  + 2y = 1 and 3z —y = 3.

The solution is y = 0 and =z = 1.

Find the point of intersection of the two lines x +y = 3 and = + 2y = 1.
The solution is (5, —2).
Do the three lines, z + 2y = 1,22 — y = 1, and 4z + 3y = 3 have a common point of

intersection? If so, find the point and if not, tell why they don’t have such a common
point of intersection.

To solve this set up the augmented matrix and go to work on it. The augmented
matrix is

1 2 |1
2 -1 | 1
4 3 | 3

A reduced echelon matrix for this is

O O =
o = O
O gl w

Therefore, there is a point in the intersection of these and it is y = 1/5 and « = 3/5.
Thus the point is (3/5,1/5).

Do the three planes,  +2y — 3z = 2, z +y + 2z = 1, and 3z + 2y + 2z = 0 have
a common point of intersection? If so, find one and if not, tell why there is no such
point.

You need to find (x,y, z) which solves each equation. The augmented matrix is

12 -3 | 2

11 1 |1

32 2 |0
A reduced echelon form for the matrix is

10 0 | -2

0 1 0 | 13—3

0 0 1 | £

and so you should let (z,y,2) = (—2,13/5,2/5).
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13.
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Here is an augmented matrix in which * denotes an arbitrary number and B denotes
a nonzero number. Determine whether the given augmented matrix is consistent. If
consistent, is the solution unique?

cocoo R

*
]
0
0

O ¥ ¥ ¥
B x © *
* % ¥ ¥

o Bl ¥ *

cocoo R

*
|
0
0

It follows there exists a solution but the solution is not unique because x4 is a free
variable. You can pick it to be anything you like and the system will yield values for
the other variables.

Here is an augmented matrix in which * denotes an arbitrary number and B denotes
a nonzero number. Determine whether the given augmented matrix is consistent. If
consistent, is the solution unique?

|
0
0

=3
B x *
*

In this case there is a unique solution to the system. To see this, you could do more
row operations and reduce this to something of the form

| =
| =
| =

|
0
0

(=N  Ne)
Hoo

Here is an augmented matrix in which * denotes an arbitrary number and B denotes
a nonzero number. Determine whether the given augmented matrix is consistent. If
consistent, is the solution unique?

H o«
[ ]
0
0

o o o

OO O *
o Wl *x x
B x © *
* ¥ % ¥

coo Bl
oo o

0
0
0
]

oo o %
=N Nl

Now you can determine the answer.
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2 h | 4
3.6 | 7

is the augmented matrix of an inconsistent matrix.

Take —3 times the top row and add to 2 times the bottom. This yields

2 h | 4

0 12—-3h | 2
Now if h = 4 the system is inconsistent because it would have the bottom row equal
to ( 0 0 | 2 )

Find h such that

Choose h and k such that the augmented matrix shown has one solution. Then choose
h and k such that the system has no solutions. Finally, choose h and k such that the
system has infinitely many solutions.

1 h | 2
2 4 | k)
If h # 2 then k can be anything and the system represented by the augmented matrix

will have a unique solution. Suppose then that h = 2. Then taking —2 times the top
row and adding to the bottom row gives

1 2 | 2
0 0 | k-4
If k& # 4 there is no solution. However, if k = 4 you are left with the single equation,

x4+ 2y = 2 and there are infinitely many solutions to this. In fact anything of the form
(2 — 2y,y) will work just fine.

Determine if the system is consistent.

c+2y+z—w=2

r—y+z+w=1
20 +y—2z=1

dr4+2y+2=5

This system is inconsistent. To see this, write the augmented matrix and do row
operations. The augmented matrix is

1 2 1 -1 1] 2
1 -1 1 1 ] 1
2 1 -1 0 | 1
4 2 1 0 | 5
A reduced echelon form for this matrix is
100 3 [0
010 =210
001 0 | O
000 0 | 1

and the bottom row shows there is no solution.
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18.

19.

20.
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Find the general solution of the system whose augmented matrix is

12 0 | 2
1 3 4 | 2
10 2 | 1
A reduced echelon form for this matrix is
1 0 0 | g
01 0 | =
0 0 1 | —%

and so the solution is unique and is z = —1/10,y = 2/5, and = = 6/5.

Find the general solution of the system whose augmented matrix is

110 | 5
10 3 | 2)°
A reduced echelon form for this matrix is

10 3 | 2
01 -3 | 3

and so the general solution is of the form y = 34 3z, = 2 — 3z with z arbitrary.

Find the general solution of the system whose augmented matrix is
102113
0104 2 |1
22001 | 3
1010 2 | 2

You do the usual thing, row operations on the matrix to obtain a reduced echelon
form. A reduced echelon form is

9 7
1000§\§
0100—4\§
0010—g\§

3
0001 2 | ¢

Therefore, the general solution is z4 = 1/6 —3/2x5, 23 = 5/6 +5/2x5, 22 = 1/3 + 4xs,
and 21 = 7/6 — 9/2x5 with x5 arbitrary.

Worked Exercises Page 77
1. Here are some matrices:

1 2 3

A = 2 3 7 ,B(_BS _21f>
1 01
1 2

C = 31 ,D_<_21 _23>E_(§)
11
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Find if possible —3A4,3B — A, AC,CB, EA, DCT If it is not possible explain why.

1 2 3 -3 -6 -9
-3A=-312 3 7 |= -6 -9 -21
1 01 -3 0 =3

3B — A is nonsense because the matrices B and A are not of the same size.

1 2 3 1 2 10 7
AC=1 2 3 7 3 1 |=| 18 14
1 01 11 2 3

There is no problem here because you are doing (3 x 3) (3 x 2).

12 -3 3 4
CB=| 3 1 (_33 —21?)_ 6 —1 7
11 0 1 3

There is no problem here because you are doing (3 x 2) (2 x 3) and the inside numbers
match. FEA is nonsense because it is of the form (2 x 1) (3 x 3) so since the inside
numbers do not match the matrices are not conformable.

r (-1 2 131\ (3 -1 1
DC_(Q —3)(2 1 1)‘(-4 3 —1)'
2
k

0 2 1
2. Let A = 3 4>,B— 1

If so, what should k equal?

) . Is it possible to choose k such that AB = BA?

We just multiply and see if it can happen.

0 2 12 2 2k
AB:(s 4)(1 k):<7 6+4k>'

On the other hand,

1 2 0 2 6 10
BA_<1 k:)(S 4>_<3k 2+4k:)'
If these were equal you would need to have 6 = 2 which is not the case. Therefore,

there is no way to choose k such that these two matrices will commute.

3. Let x =(-1,0,3) and y = (3,1,2) . Find xTy.

-1 -3 -1 =2
x'y=( 0 |(3 1 2)=| 0 0 0
3 9 3 6
4x1 — x9 + 223 Z1
. 2x3 + Txq . X9 . . .
4. Write 2 in the form A . where A is an appropriate matrix.
3 3
3x3 + 322 + 21 Ty
4 -1 2 0 I
7 0 20 To
0O 0 2 0 T3
1 3 3 0 Ty
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5. Let
1 2 5
A= 2 1 4
1 0 2
Find A~! if possible. If A~! does not exist, determine why.
12 5\ " -2 £
2 1 4 = 0 1 -2
10 2 i -2 1
6. Let
12 0 2
15 2 0
A= 2 1 =3 2
1 2 1 2

Find A~! if possible. If A~! does not exist, determine why.

-1

i 5 13

15 2 o P
— 6§ 6 6

2 1 -3 2 -1 0 0 1
1 1 1
1 2 1 2 I R

7. Show that if A~! exists for an n x n matrix, then it is unique. That is, if BA = I and
AB =1, then B= A"
From AB = I, multiply both sides by A=!. Thus A=! (AB) = A~!. Then from the
associative property of matrix multiplication, A=t = A™' (AB) = (A™*A) B=1B =
B.

B.3 Worked Exercises Page 77

1. Find the following determinant by expanding along the second column.

1 3 1
2 1 5
2 11

This is

11

3(—1)*! ? 5 1 = 20.

’ + 1 (_1)1+1

‘ + 1 (_1)3+2

11

2 5

2. Compute the determinant by cofactor expansion. Pick the easiest row or column to
use.

2 0 01
2110
0 0 0 3
2 3 31

You ought to use the third row. This yields the above equals

w
NN DN
w = o
w = o

-~ §]-o
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3. Find the determinant using row and column operations.

5 4 3 2
3 2 4 3
-1 2 3 3
2 1 2 =2

Replace the first row by 5 times the third added to it and then replace the second by
3 times the third added to it and then the last by 2 times the third added to it. This

yields
0 14 18 17
0 8 13 12
-1 2 3 3
0 5 8 4
Now lets replace the third column by —1 times the last column added to it.
0 14 1 17
0 8 1 12
-1 2 0 3
0 5 4 4

Now replace the top row by —1 times the second added to it and the bottom row by
—4 times the second added to it. This yields

0 6 0 5

0 8§ 1 12

-1 2 0 3 (2.1)
0 —-27 0 —44

This looks pretty good because it has a lot of zeros. Expand along the first column
and next along the second,

6 0 5 6 s
(- 8 1 12 :(—1)(1)‘ ot ’:129.
—27 0 —44

Alternatively, you could continue doing row and column operations. Switch the third
and first row in 2.1/ to obtain

-1 2 0 3
0 8 1 12
1o 6 0 5
0 —27 0 —44

Next take 9/2 times the third row and add to the bottom.

-1 2 0 3

0 8 1 12
10 6 0 5

0 0 0 —44+(9/2)5

Finally, take —6/8 times the second row and add to the third.

-1 2 0 3
0 8 1 12

| 0 0 —6/8 5+(—6/8)(12)
0 0 0 —44 +(9/2)5
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Therefore, since the matrix is now upper triangular, the determinant is
—((—=1)(8) (—6/8) (—44 4+ (9/2) 5)) = 129.

An operation is done to get from the first matrix to the second. Identify what was
done and tell how it will affect the value of the determinant.

a b a c
c d )\ b d
This involved taking the transpose so the determinant of the new matrix is the same

as the determinant of the first matrix.

Show that for A a 2 x 2 matrix det (aA) = a? det (A) where a is a scalar.

a®?det (A) = adet (A1) where the first row of A is replaced by a times it to get Aj.
Then adet (A1) = As where A, is obtained from A by multiplying both rows by a. In
other words, A = aA. Thus the conclusion is established.

Use Cramer’s rule to find y in

20 +2y+2=3

2t —y—z=2
r+2z=1
From Cramer’s rule,
2 3 1
2 2 -1
1 1 2 5
VST o 1 T
2 -1 -1
1 O 2
Here is a matrix,
et e tcost e tsint
el —e“tcost—e tsint —e lsint+ e fcost
et 2¢ tsint —2e~tcost

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

et e tcost e tsint
det | ¢ —etcost—etsint —e tsint+ e tcost
et 2¢ tsint —2etcost

= bete?(—1) cos? t + Hete?( sin? t = 5e~* which is never equal to zero for any value of
t and so there is no value of ¢t for which the matrix has no inverse.

Use the formula for the inverse in terms of the cofactor matrix to find if possible the
inverse of the matrix

1 2 3

0 6 1

4 1 1
First you need to take the determinant

det =-59

N R
— o N
== W
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and so the matrix has an inverse. Now you need to find the cofactor matrix.

6 1 101 0 6
1 1 4 1 4 1
|2 3 13 |12
1 1 4 1 4 1
2 3 . 1 3 1 2
6 1 0 1 0 6
5 4 —24
= 1 —11 7
-16 -1 6
Thus the inverse is
. 5 4 —24\"
59 1 —11 7
- -16 -1 6
1 5 1 —16
= 59 4 —-11 -1
- -24 7 6

If you check this, it does work.

B.4 Worked Exercises Page 77

1. Find the rank of the following matrices. If the rank is r, identify r columns in the
original matrix which have the property that every other column may be written
as a linear combination of these. Also find a basis for the row and column spaces of
the matrices.

9 2 0
3 71
@16 10
0 2 1
From using row operations we obtain the row reduced echelon form which is

1 00

010

0 0 1

0 0 0

Therefore, a basis for the column space of the original matrix is the first three
columns of the original matrix. A basis for the row space is just

(10 0),(0 1 0),and (0 0 1).

3 0 3
10 9 1
(b) 1 10
2 20
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In this case the row reduced echelon form is

1 0 1
01 -1
00 O
00 O

and so a basis for the column space of the original matrix consists of the first two
columns of the original matrix and a basis for the row space is ( 1 01 ) and

(01 —-1)
01 7 8 1 9 2
(6)0325168
0112 0 2 3
0 21 3 0 3 4
The row reduced echelon form of this matrix is
01 01 010
001 1 010
000 0 1 10
0000 O0O01

and so a basis for the column space of the original matrix consists of the second,
third, fifth, and seventh columns of the original matrix. A basis for the row space
consists of the rows of this last matrix in row reduced echelon form.

1 1 1 1
2. Let H denote span 11,4 71,1 3 ), 1 . Find the dimension of H
0 5 1 1

and determine a basis.

Make these the columns of a matrix and ask for the rank of this matrix.

1 1 1 1
1 4 3 1
0 5 1 1
The row reduced echelon form is
1 00 %
010 =
3
00 1 —3
A basis for H is
1 1 1
11,1 41|, 3
0 5 1

and so H has dimension 3.

3. Here are three vectors. Determine whether they are linearly independent or linearly
dependent.
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You need to consider the solutions to the equation

1 2 3 0
C1 0 +co 0 +c3 0 = 0
1 1 0 0

and determine whether there is a solution other than the obvious one, ¢c; = ¢co = ¢3 = 0.
The augmented matrix for the system of equations is

12 310
000 | O
110 ] 0
Taking —1 times the top row and adding to the bottom and then switching the two
bottom rows yields
1 2 3 |0
0 -1 -3 ] 0
0 0 0 | O

Next take 2 times the second row and add to the top. This yields

1 0 =310
0 -1 -3 | 0
00 0 |0

There are solutions other than the zero solution because c3 is a free variable. Therefore,
these vectors are not linearly independent.

4. Here are four vectors. Determine whether they span R3. Are these vectors linearly

independent?
1 4 3 2
2 1,1 01,1 2], 1
3 3 0 6

The vectors can’t possibly be linearly independent. If they were, they would constitute
a linearly independent set consisting of four vectors even though there exists a spanning
set of only three,

1 0 0
o, 1].[o
0 0 1

However, the four given vectors might still span R? even though they are not a basis.
What does it take to span R3? Given a vector (z,, z)T € R3, do there exist scalars
c1,Ca,c3, and ¢4 such that

1 4 3 2 x
al 2 |+l 0 ) +es| 2 |+l 1 =y |?
3 3 0 6 2
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Doing row operations till an echelon form is obtained leads to
1 00 g | Jy+iz—zz
0 1 0 ¢

and you see there is a solution to the desired system of equations. In fact there are

infinitely many because cy4 is a free variable. Therefore, the four vectors do span R3.

Consider the vectors of the form

2t 4+ 65
s—2t :s,teR
3t+s

Is this set of vectors a subspace of R3? If so, explain why, give a basis for the subspace
and find its dimension.

This is indeed a subspace. You only need to verify the set of vectors is closed with

2t1 + 651 2t + 6s
respect to the vector space operations. Let s1— 2t and s—2t be two
3t1 + S1 3t + s
vectors in the given set of vectors.
2t + 6s 2t1 + 681
« s— 2t + /B S1 — 2t1
3t+s 3t1 + 51

2at + 6as + 2(t1 + 631
as — 2at + Bs1 — 20t
3at + as + 30t + (s

2 (at + Bt1) + 6 (s + Bs1)

= as+ fBs; — 2 (at + Bty)

3(at+ ft1) + as + Bs;

If we let T = at + (Bt; and S = as + (3s1, this is seen to be of the form

2T 465
S—-2T
3r+ 95

which is the way the vectors in the given set are described. Another way to see this is
to notice that the vectors in the given set are of the form

2 6
tl —2 +s| 1
3 1

P 6
2|, 1]. (2.2)
3 1

Recall that the span of a set of vectors is always a subspace. You can also verify these
vectors in 2.2/ form a linearly independent set and so they are a basis.
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6. Let M = {u= (u1,u2,u3,us) € R* : ug > uy}. Is M a subspace? Explain.

This is not a subspace because if u € M, is such that ug > us, then consider (—1)u.
If this were in M you would need to have —ug > —us and so uz < ue which cannot
be true if uz > wuy. Thus M is not closed under scalar multiplication so it is not a
subspace.

7. Let w,w; be given vectors in R? and define
M = {u:(ul,uz) Estw-u:Oandw1~u:O}.

Is M a subspace? Explain.
Suppose u’ and u are both in M. What about au’ + Su?

w-(oau' + pu)=aw-u’' +pfw-u=a0+ 30 =0
Similarly,

wi- (au’ + fu) = aw;-u’ + fwi-u= a0 + 40 =0

and so au’ + Bu € M. This has verified that M is a subspace.

B.5 Worked Exercises Page 77

1. Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 57/12.

You note that 57/12 = 27/3 — w/4. Therefore, you can first rotate through —m/4
and then rotate through 27 /3 to get the rotation through 57/12. The matrix of the
transformation with respect to the usual coordinates which rotates through —m /4 is

(3 )

and the matrix of the transformation which rotates through 27/3 is

(G )

Multiplying these gives

(v k) (0 k)

_ ( —iV2+3VEV2 - 2—}1\/§\/§>
TV3V2H V2 —3vV2 4 3V3V2

and this is the matrix of the desired transformation. Note this shows that

1 1
cos (57/12) = —=v2 + =V3v2 ~ . 25881905
4 4

1 1
sin (57/12) = Z\/5\/§+ 1\6 ~ . 965925 83.
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2. Find the matrix for the linear transformation which rotates every vector in R? through

an angle of 27/3 and then reflects across the x axis.

What does it do to e;? First you rotate e; through the given angle to obtain
-1/2
V3/2

-1/2
_\/g /2 :
This is the first column of the desired matrix. Next ey first is rotated through the
given angle to give
—V/3/2
-1/2
and then it is reflected across the x axis to give
_\/g /2
1/2

and this gives the second column of the desired matrix. Thus the matrix is

( —1/2 —\/§/2>.

and then this becomes

—V/3/2  1/2
Find the matrix for proj, (v) where u = (1,-2,3)" .
Recall
. v-u
proj, (v) = ——u
|[ul]
Therefore,
. 1! . o (!
P1roJy (el) = 77 —2 , ProJy, (eg) = = —2 )
14 14
3 3
1
. 3
Projy (82) = ﬁ -2
3
Hence the desired matrix is
1 -2 3
1
T2 -2 4 -6
3 -6 9

Show that the function Ty, defined by Ty, (v) = v — proj, (v) is also a linear transfor-
mation.

Tu (v + pw) = av + fw—proj, (av + fw)
which from 3| equals
a (v = proj, (v)) + 8 (w — proj,, (w)) = aTyv + fT,w.

This is what it takes to be a linear transformation.
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5. If A, B, and C are each n x n matrices and ABC is invertible, why are each of A, B,
and C invertible.
0 # det (ABC) = det (A) det (B)det (C) and so none of det (A),det (B), or det (C)
can equal zero. Therefore, each is invertible. You should do this another way, showing
that each of A, B, and C is one to one and then using a theorem presented earlier.

6. Give an example of a 3 x 1 matrix with the property that the linear transformation
determined by this matrix is one to one but not onto.

1 1 0
Here is one. 0 |.If{ O Jz=1{ 0 |,then z =0 but this is certainly not onto
0 0 0
1
as a map from R! to R? because it does not ever yield | 1
0

7. Find the matrix of the linear transformation from R? to R? which first rotates every
vector through an angle of /4 about the z axis when viewed from the positive z axis
and then rotates every vector through an angle of /6 about the x axis when viewed
from the positive = axis.

The matrix of the linear transformation which accomplishes the first rotation is

V2/2 —V2/2 0
V2/2  V2/2 0
0 0 1
and the matrix which accomplishes the second rotation is
1 0 0
0 V3/2 —1/2
0 1/2 +/3/2
Therefore, the matrix of the desired linear transformation is
1 0 0 V2/2 —V2/2 0
0 V3/2 -1/2 V2/2  V2/2 0
0 1/2 3)2 0 0 1
13 L/ o

~ | vaE B -
e 'hE LB

This might not be the first thing you would think of.
B.6 Worked Exercises Page 77

1. Find an LU factorization of

— o =
o =N
w W

To find this we write

o O
O = O
— o O
=W
NI )
W W
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and put the one on the right into echelon form and keep track of the multipliers.
Updating the first column,

1 00 1 2 7
310 0 -5 -—18
1 0 1 0 0 -4

We now stop because the matrix on the right is upper triangular.

Find an LU factorization of

U= =

73
3 8
11

W = N

To find it we write

= o O
S
= W
= 00 W
W = N

1
0
0

5 oo

and update keeping track of the multipliers. First we update the first column.

1 00 17 3 2
1 1 0 0 —4 5 -1
5 0 1 0 —-34 —-14 -7

Next we update the second column.

1 0 0 17 3 2
1 1 0 0 —4 5 ~1
5 34/4 1 0 0 —14-34/4x5 —T7+34/4
1 0 0 17 3 2
=1 1 o0 0 -4 5 -1
5 34/4 1 0 0 -—113/2 3/2

At this point we stop because the matrix on the right is in upper triangular form.

Find the LU factorization of the coefficient matrix using Dolittle’s method and use it
to solve the system of equations.

T+2y+32=5
20 +3y+32=26
3z +5y+4z=11

The coefficient matrix is

1 2 3 100 1 2 3
23 3 |=121020 0 -1 -3
3 5 4 3 11 0 0 -2

Then we first solve

[\
—_
o

which yields
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Next we solve

=(u,v,w)
1 2 3 T 5
0o -1 -3 Y = —4
0o 0 -2 z 0
which yields

T -3

Y = 4

z 0

B.7 Worked Exercises Page 77

1. Let M be an n X n matrix. Then define the adjoint of M,denoted by M* to be the
transpose of the conjugate of M. For example,

2 i\ [ 2 1-i
1+i 3 ) "\ - 3 )

A matrix, M, is self adjoint if M* = M. Show the eigenvalues of a self adjoint matrix
are all real. If the self adjoint matrix has all real entries, it is called symmetric. Show
that the eigenvalues and eigenvectors of a symmetric matrix occur in conjugate pairs.

. 2 o .
First note that for x a vector, x*x = |x|”. This is because
T w P 2 _ o2
xx—g TpTp = g lzk]” = |x|”.
k k

Also note that (AB)* = B*A* because this holds for transposes.This implies that for
A an n X m matrix,
x*A*x = (Ax)" x
Then if Mx = Ax
Ax*x = (MAx)"'x=(Mx)"x=x"M*"x

x*Mx = x"Ax = \x*x
and so A = X showing that A must be real.

2. Suppose A is an n X n matrix consisting entirely of real entries but a + b is a complex
eigenvalue having the eigenvector, x + iy. Here x and y are real vectors. Show that
then a — b is also an eigenvalue with the eigenvector, x — iy. Hint: You should
remember that the conjugate of a product of complex numbers equals the product of
the conjugates. Here a + b is a complex number whose conjugate equals a — @b.

If A is real then the characteristic equation has all real coefficients. Therefore, letting
p (M) be the characteristic polynomial,

0=pN)=pN)=p())
showing that X is also an eigenvalue.

3. Find the eigenvalues and eigenvectors of the matrix

-10 -2 11
-18 6 -9
10 —-10 -2
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Determine whether the matrix is defective.

The matrix has eigenvalues —12 and 18. Of these, —12 is repeated with multiplicity
two. Therefore, you need to see whether the eigenspace has dimension two. If it does,
then the matrix is non defective. If it does not, then the matrix is defective. The row
reduced echelon form for the system you need to solve is

2 -2 11 | 0
~18 18 -9 | 0
10 —-10 10 | ©

and its row reduced echelon form is

1 -1 0 | 0
0 0 1 1] 0
0 0 0] O
Therefore, the eigenspace is of the form
t
t
0

This is only one dimensional and so the matrix is defective.

1 1 -6
Find the complex eigenvalues and eigenvectors of the matrix 7 -5 —6
-1 7 2

Determine whether the matrix is defective.

After wading through much affliction you find the eigenvalues are —6,2 + 67,2 — 61.
Since these are distinct, the matrix cannot be defective. We must find the eigenvectors
for these eigenvalues. The augmented matrix for the system of equations which must
be solved to find the eigenvectors associated with 2 — 6¢ is

~1+46i 1 —6 | 0
7 —T+6i —6 | 0
~1 7 6i | 0

The row reduced echelon form is

10 7 0
01 4 0
0 0 0O
and so the eigenvectors are of the form
—1i
t| —i
1
You can check this as follows
1 1 -6 —1i —6 — 2i
7 -5 —6 —i | =1 —-6-2i

-1 7 2 1 2 — 61
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and
—1 —6 — 21
@2-6i)| —i | = —6-2i
1 2 — 61

It follows that the eigenvectors for A = 2 + 67 are
i
tl i
1

This is because A is real. If Av = Av, then taking the conjugate,

AV = Av = AV,
It only remains to find the eigenvector for A = —6. The augmented matrix to row
reduce is
7 1 -6 | 0
7T 1 -6 | 0
-1 7 8 | 0
The row reduced echelon form is
10 -1 | 0
01 1 | o0
00 0 | O
Then an eigenvector is
-1
1
-1

5. You own a trailer rental company in a large city and you have four locations, one
in the South East, one in the North East, one in the North West, and one in the
South West. Denote these locations by SE,NE,NW  and SW respectively. Suppose
you observe that in a typical day, .7 of the trailers starting in SE stay in SE, .1 of the
trailers in NE go to SE, .1 of the trailers in NW end up in SE, .2 of the trailers in SW
end up in SE, .1 of the trailers in SE end up in NE,.7 of the trailers in NE end up in
NE,.2 of the trailers in NW end up in NE,.1 of the trailers in SW end up in NE, .2
of the trailers in SE end up in NW, .1 of the trailers in NE end up in NW, .6 of the
trailers in NW end up in NW, .2 of the trailers in SW end up in NW, 0 of the trailers
in SE end up in SW, .1 of the trailers in NE end up in SW, .1 of the trailers in NW
end up in SW, .5 of the trailers in SW end up in SW. You begin with 20 trailers in
each location. Approximately how many will you have in each location after a long
time? Will any location ever run out of trailers?

It sometimes helps to write down a table summarizing the given information.

SE | NE | NW | SW
SE 7o 1 2
NE | .1 | .7 2 1
NW |2 | 1 6 2
SW | 0 1 1 D
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Then the migration matrix is

7/10 1/10 1/10 1/5
1/10 7/10 1/5 1/10
1/5 1/10 3/5 1/5
0 1/10 1/10 1/2

All we have to do is find the eigenvector (In this case the eigenspace will be one
dimensional because some power of the matrix has all positive entries.) corresponding
to A = 1 which has all the entries add to 20. This will be the long time population.
Remember, these processes conserve the sum of the entries. We must row reduce

—3/10 1/10 1/10 1/5 |
1/10 =3/10 1/5 1/10 |
/5  1/10 -2/5 1/5 |

0 1/10  1/10 -1/2 |

o o oo

The row reduced echelon form is

100 -2 | o0
010—§|0
001—§|0
000 O | O

Therefore, the eigenvectors are of the form

W ~J 0o I

and we simply need to choose ¢ in such a way that the entries add to 20. Thus
Tt+8t+ 7t + 3t =20

so t = 4/5. Then the long time limit equals

7 5.6
8 6.4
4/5 71 | 56
3 2.4

Thus there will be about 5.6 trailers in SE, 6.4 in NE, 5.6 in NW, and 2.4 in SW. In
particular, it appears no location will run out of trailers.



The Fundamental Theorem Of
Algebra

The fundamental theorem of algebra states that every non constant polynomial having
coefficients in C has a zero in C. If C is replaced by R, this is not true because of the
example, £2 +1 = 0. This theorem is a very remarkable result and notwithstanding its title,
all the best proofs of it depend on either analysis or topology. It was first proved by Gauss
in 1797. The proof given here follows Rudin [I1]. See also Hardy [6] for a similar proof,
more discussion and references. The best proof is found in the theory of complex analysis.
Recall De Moivre’s theorem from trigonometry which is listed here for convenience.

Theorem C.0.1 Let r > 0 be given. Then if n is a positive integer,
[r (cost +isint)]" = r" (cosnt + isinnt).

Recall that this theorem is the basis for proving the following corollary from trigonom-
etry, also listed here for convenience.

Corollary C.0.2 Let z be a non zero complex number and let k be a positive integer. Then
there are always exactly k k" roots of z in C.

Lemma C.0.3 Letap € C fork=1,--- ,nandletp(z) =3 ,_, arz®. Then p is continu-
ous.

Proof:
laz™ — aw™| < |a| |z — w| ‘z”_l + 2" 2w w"_1| .

Then for |z — w| < 1, the triangle inequality implies |w| < 1 + |z| and so if |z — w| < 1,
laz" — aw™| < la||z —w|n (1 + |2])".
If € > 0 is given, let

€
6 < min <1, n> .
laln (1 +|2])

It follows from the above inequality that for |z — w| < §, |az™ — aw™| < . The function of
the lemma is just the sum of functions of this sort and so it follows that it is also continuous.

Theorem C.0.4 (Fundamental theorem of Algebra) Let p (z) be a nonconstant polynomial.
Then there exists z € C such that p (z) = 0.

321
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Proof: Suppose not. Then
p(z) = Z a2k
k=0

where a, # 0, n > 0. Then

n—1
p ()] = lan| 2" = > lax| |2]"
k=0

and so
lim |p(z)| = oo. (3.1)

|z|—o00
Now let
A=inf{|p(z)|:z € C}.
By 3.1}, there exists an R > 0 such that if |z| > R, it follows that |p (z)] > A + 1. Therefore,

A=inf{|p(2)]:z€ C} =inf{|p(2)|: |2| < R}.

The set {z: |z] < R} is a closed and bounded set and so this infimum is achieved at some
point w with |w| < R. A contradiction is obtained if |p (w)| = 0 so assume |p (w)| > 0. Then

consider
p(z+w)

p(w)

q(z) =
It follows ¢ (2) is of the form
q(2) =14 cpz +- F ez

where ¢ # 0, because ¢ (0) = 1. It is also true that |¢(z)| > 1 by the assumption that
|p (w)] is the smallest value of |p (z)|. Now let § € C be a complex number with |6] = 1 and

Oepw® = — |w|™ |kl .
If .
—|w”| e
w7£0’9:w
wrCy,

and if w = 0, § = 1 will work. Now let n* = 6 and let ¢ be a small positive number.
q(tnw) =1 —t*|w|" x| + -+ + eat™ ()"

which is of the form
1—t% w]" |eg| + ¥ (g (¢, w))

where lim;_q g (t,w) = 0. Letting ¢ be small enough,
k
lg (8, w)| < [w[” |ex] /2

and so for such ¢,
g (tnw)] < 1= % [w]* Jex| + ¥ [w]* |ex| /2 < 1,

a contradiction to |¢ (z)| > 1. This proves the theorem.
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angle between vectors, |61
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augmented matrix, 30
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volume, [74
bases, 123
basic feasible solution, 156
basic variables, 37, [156
basis, [123, 260
block matrix, 212
block multiplication, 212
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Cartesian coordinates, [10
Cauchy Schwarz inequality, 60, 66
Cayley Hamilton theorem, [102
characteristic equation, 177
characteristic polynomial, [102
characteristic value, [176
classical adjoint, 85

cofactor, [80), 199

cofactor matrix, |80
companion matrix, 253
complex eigenvalues, 186

shifted inverse power method, 252

component, 21} |68
component of a force, 64
components of a matrix, [42

composition of linear transformations, [282

conformable, |46

consistent, |39

Coordinates, 9

Cramer’s rule, 88, 102

cross product, (69
area of parallelogram, [70
coordinate description, [70

distributive law, [72
geometric description, |69

defective, 182
defective eigenvalue, [182
determinant, 95
product, 98
transpose, 97
diagonalizable, 210, 280
dimension of vector space, 263
direct sum, 270
distance formula, 14
Dolittle’s method, [147
dominant eigenvalue, 239
dot product, 59

echelon form, [32
eigenspace, 178, 268
eigenvalue, [176) 268
eigenvalues, [102
eigenvector, 176
elementary matrices, 105
entries of a matrix, [42
equivalence class, 278
equivalence relation, 278

force, 19
Fredholm alternative, (130} 223
free variables, [37

fundamental theorem of algebra, 321

Gauss Elimination, [39
Gauss elimination, [31

Gauss Jordan method for inverses, (54

Gauss Seidel, 234

Gauss Seidel method, 234
general solution, 143
generalized eigenspace, 268
geometric multiplicity, 182
Gerschgorin’s theorem, (192
Gram Schmidt process, 216

Hermitian, 218
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inconsistent, |36, 39

inner product, 59

inverses and determinants, 87, [100
invertible, (52

Jacobi, 232

Jacobi method, 232
Jordan block, 291
joule, (65

ker, (142
kernel, (142

Laplace expansion, 180, 99
leading entry, 31

linear combination, 98, 111
linear transformation, [136, 265
linearly independent, 119} 260

main diagonal, [81

matrix, 41
inverse, 2
left inverse, 101
lower triangular, 81} 102
right inverse, 101
self adjoint, 195, 317
symmetric, 195, 317
upper triangular, 81} [102

matrix of linear transformation, 276

migration matrix, 189
minimal polynomial, 267
minor, 80, 199

monic polynomial, 267

Newton, 22

nilpotent, 275

nondefective, 210
nondefective eigenvalue, 182
null space, 142

nullity, 129

one to one, 136

onto, 136

orthogonal matrix, 201
orthonormal, 202, 215

parallelepiped, [74
permutation matrices, [105
perp, 129

perpendicular, [62

pivot, 137

pivot column, (32}, 113

pivot position, (32
position vector, 12, 13, 19
power method, 239
principle directions, [187
projection of a vector, |64

QR factorization, 153

rank of a matrix, 115, 131
Rayleigh quotient, 254
regression line, 222

resultant, 21

right handed system, 69

right polar factorization, 223
row equivalent, (113

row operations, 82}, 105

row reduced echelon form, (112

scalar product, 59

scalars, 11} 41

scaling factor, 240

shifted inverse power method, 242
complex eigenvalues, 252

similar matrices, 278

similarity transformation, 278

simplex tableau, [158

simultaneous corrections, 232

singular value decomposition, 227

singular values, [227

skew lines, 27

skew symmetric, [51

slack variables, 156, [158

solution space, 142

span, 98, 112

spectrum, 176

speed, 22

standard position, [19

strictly upper triangular, 291

subspace, 259

symmetric, [51

symmetric matrix, 203

triangle inequality, [16, 60
unitary, 216

vector space, 259
vectors, 19, 119
velocity, 22
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