Ph.D. Qualifying Exam

Work at least 7 problems from Real analysis and 3
from complex analysis. Clear explanation is required
at all stages of each answer. You may quote standard
theorems other than the one you may be trying to
prove.

Real Analysis Questions

1. Let f,,f be measurable functions with values in C. We
say that f,, converges in measure if

Jim (e € Q@) = @) 2 2) = 0

for each fixed € > 0. Prove the theorem of F. Riesz. If
fn converges to f in measure, then there exists a subse-
quence {f,,} which converges to f a.e. Hint: Choose
ny such that

p(e = [ f (@) = fo, ()] 2 1) < 1/2.

Choose ny > nq such that

pla |f(2) = fuo (@) > 1/2) <1/2%

ng > no such that

pla s |f(@) = faq(2)] = 1/3) < 1/2°,

etc. Now consider what it means for f,, (z) to fail to
converge to f(z). Use appropriate theorems to prove
this.

2. Let (Q,F, 1) be a measure space and suppose f,g:  —
[—00, 00] are measurable. Prove the sets

{w: flw) <gw)} and {w: f(w) = g(w)}
are measurable.

3. Let m(W) > 0, W is measurable, W C [a,b]. Show,
using the axiom of choice, there exists a nonmeasurable
subset of W. Hint: Let x ~ y if  — y € Q. Observe
that ~ is an equivalence relation on R. Let C be the set
of equivalence classes. Let D = {CNW : C € C and
CNW #£0}. It CNW € D, pick exactly one element of
C NW. Denote by A the collection of these points.

4. If S is an uncountable set of irrational numbers, is it
necessary that S has a rational number as a limit point?
Hint: Consider the proof that a countable set of numbers
has measure zero when applied to the rational numbers.

5. Show that (X, 7) is locally compact if and only if it has
the property that whenever K C V for V open and
K compact, it follows there exists a continuous map, f
which equals one on K, has compact support in V and
maps every point of X into the interval, [0,1]. You may
use Urysohn’s lemma and the one point compactification
if you want.

6.

10.

Suppose X C R" is a measurable set such that m (X) > 0
where here m is Lebesgue measure. Also let D be a count-
able dense set in R” and let @Q =[]}, [a;, b;). Establish

the result of Smital, which says that under these condi-
tions, m ((X + D) N Q) = m (Q) . Hint: Let

M ={FE Borel such that if m (E) >0

then m ((E+D)NQ)=m(Q)}

and show M is a monotone class containing the sets of
& where £ consists of finite disjoint unions of half open
boxes.

Let E be a Lebesgue measurable set in R. Suppose
m(E) > 0. Consider the set

E-E={x—y:z€E,yeE}

Show that ¥ — F contains an interval. Hint: Let
f(l') = /XE(t)XE(.’E + t)dt.

Note f is continuous at 0 and f(0) > 0. Remember
continuity of translation in LP.

Suppose that f : [0,7] x R™ — R" is continuous and
bounded. Show there exists a solution on [0,T] to the
initial value problem

y/:f(t>y)’y(0) =Yo.

This is a version of the Peano existence theorem. Hint:
Let h > 0 and consider the functions y; defined
by yn(t) = yo if t € [-h,0] and yi(t) = yo +
f(f f(s,yn(s—h))ds for t > 0. Argue the functions yy,
are equicontinuous and uniformly bounded. Then apply
the Ascoli Arzela theorem.

Suppose f:[0,7] x R" — R™ is continuous and satisfies
the Lipschitz condition,

£ (ty) —f(t2)| < Kl|z—yl.

Show there exists a unique solution on [0, T] to the initial
value problem,

y/:f(t7y)7Y(O) =Yo-

Hint: Define a norm on C([0,7]) by |[f||, =
max {e* [f (¢)| : ¢ € [0,T]}, where X is chosen in such a
way that the mapping, T': C ([0,T]) — C ([0,T]) given
by Ty (t) = yo + fgf(s,y(s)) ds is a contraction map
with respect to this norm. Then use the contraction map-
ping fixed point theorem.

Suppose T': X — X where X is a complete metric space.
Suppose that for all n large enough, T™ is a strict con-
traction,

d(T"z,T"y) < rd(z,y)

where r € (0,1). Show that T has a unique fixed point.

Hint: Consider the sequence, {(T")k .I‘}k .
=1
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A set of functions, ® C L!, is uniformly integrable
if for all € > 0 there exists a ¢ > 0 such that
| [ [ dp| < e whenever u(E) < o. Prove Vitali’s Con-
vergence theorem: Let {f,} be uniformly integrable,
w(Q) < oo, fulx) — f(x) ae, and |f(z)] < oo ae.
Then f € L' and lim, .o [q, | fn — fldp = 0. Hint: Use
Eggorov’s theorem.

Suppose f € L>® N LY. Show limpy_.o || f]|ze = ||f]]oo-

Suppose A (E) = [ p fdp where A and 1 are two measures
and f € L'(u). Show X\ << p.

Suppose f is continuous on (0, 00), and for some v > 0,
|f(@)e | <C

for all x € (0,00), and suppose also that for all ¢ large
enough,

/OO f(z)e ™ dr =0.
0

Show f(z) = 0 for all x € (0,00). Can it be con-
cluded that f(x) = 0 for all 2? Hint: Using the
Stone Weierstrass theorem argue that the functions, z —
Sh_oarxe "kt for t > 0 are dense in C (X) where X is
the space [0, oo] with a subbasis for the topology given by
sets of the form [0,a) and (b, 00]. Then note that C' (X)
is dense in L? (e“sxdx) .

Let (2,8, 1) be any o finite measure space, f > 0, f
real-valued, and measurable. Let ¢ be an increasing C*
function with ¢(0) = 0. Show

/¢omM:/wdmmwuﬁwmw
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Argue ¢'(t)Xjo,(x))(t) is product measurable and use Fu-
bini’s theorem. The function ¢ — u ([f (z) > t]) is called
the distribution function.

The result of this Problem is sometimes called the Vitali
Covering Theorem. Let £ C R™ be Lebesgue measurable,
m(E) < oo, and let F be a collection of balls that cover
FE in the sense of Vitali. This means that if x € F and
€ > 0, then there exists B € F, diameter of B < ¢ and
x € B. Show there exists a countable sequence of disjoint
balls of F, {B;}, such that m(E \ U2, B;) = 0. Hint:
Let £ C U, U open and

m(E) > (1 -107")m(U).
Let {B;} be disjoint,

EC U2, B;, B; CU.

17.

18.

Thus
m(E) < 5"m(U52, B;).
Then

m(E) > (1-10"")m(U)
> (1= 107")[m(E\ U2, Bj) + m(UjZ, Bj)]

> (1=107")[m(E\ U;?olej) + 5" m(E)].
Hence

m(E\UjZ,B;j) <

(1—-10"")"'1 - (1 —107™)5 " )m(E).
Let
1-10"")'1-(1-100")5") <f<1
and pick N7 large enough that
Om(E) > m(E\ U, B)).

Let i ={Be F:BNnB=40, j=1,---,N}. If
E\ U;y:llgj # 0, then F; # 0 and covers E \ U;V:llgj in
the sense of Vitali. Repeat the same argument, letting
E\ U;V:llBj play the role of E.

For Lebesgue measure on R™ show translation is continu-
ous on LP (R™). That is, show that if T,.f (¢) =T (¢t — r)
then

tim |17, f — f]], = 0.

Suppose A is a Radon measure on R”, and A(S) < oo
where m,(S) = 0 and A(E) = AM(ENS). (If M(E) =
AENS) where m,, (S) = 0 we say ALm,.) Show that
for m, a.e. x the following holds. If B; | {x}, then

n;\(?é)_) = 0. Hint: You might try this. Set ¢, r >

0, and let E. = {x € S¢ : there exists {BX}, BX | {x}
with n;\SI(BB;)‘) > ¢}. Let K be compact, A(S\ K) < re.
Let F consist of those balls just described that do not
intersect K and which have radius < 1. This is a Vitali
cover of E.. Let By, -, B be disjoint balls from F and

lim; oo

i, (E. \US_, B;) <7

Then
k k
Mn(B) <r+Y mn(Bi) <r+e 'Y ANBj) =
i=1 i=1
k
r+e 'Y ABiNS) <r4e 'AS\K) <2
i=1
Since r is arbitrary, m,(E:) = 0. Consider E =

UR Ex-1and let x ¢ SUE.
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Suppose f R — R be Lipschitz continuous,
If () — f (y)] < K |z — y| show there exists h € L> (R)
such that

f(y)—f(x)=/yh(t)dt-

Hint: Let F(z) = Kz + f(x) and let A be the measure
representing [ fdF. Show A << m. What does this
imply about the differentiability of a Lipschitz continuous
function?

Consider the construction employed to obtain the Cantor
set, but instead of removing the middle third interval,
remove only enough that the sum of the lengths of all
the open intervals which are removed is less than one.
That which remains is called a fat Cantor set. Show it is
a compact set which has measure greater than zero which
contains no interval and has the property that every point
is a limit point of the set. Let P be such a fat Cantor set
and consider

f(z) = /0 " Xpe (1) dt.

Show that f is a strictly increasing function which has
the property that its derivative equals zero on a set of
positive measure.

Let ¢ € C°(R™) and let ¢,,(x) = ¢(ma)m™. Suppose
¢ >0 and [y, #(y)dy = 1. Show, [p. ¢, (y)dy = 1, If
f € LP(R™), then lim,, o f * ¢, = f in LP(R™), and
f* ¢, is a function in C*(R™).

A set of functions, & C L' (Q), defined on a measure
space, (9,8, ) is said to be uniformly integrable if for
all € > 0 there exists a > 0 such that if u (F) < a, then

forall f €&
/ fd,u‘ <e.
E

Show that if (Q2, S, i) is a finite measure space then & is
uniformly integrable and there exists a constant,C' < oo
such that

(1)

/ fldu<C (2)

for all f € G if and only if for all € > 0 there exists a > 0
such that for all f € &,

[ lduse
[IfI=a]

Show that if 3. holds and if f, (w) — f(w) a.c., then it
is automatically the case that |f (w)| < oo a.e.

3)

If f:R"™ — [0,00] is Lebesgue measurable, show there
exists g : R™ — [0, oo] such that g = f a.e. and g is Borel
measurable.

Suppose that 8 € [0,1] and r, s,q > 0 with
1 6 1-—40

q_’f’ S
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show that

( / | Flad) V< (( / I d) VY / PP ) )e

If ¢, r,s > 1 this says that

1 1lg < AN

Hint:
/ flodp = / 191 F120-0 dy

Now note that 1 = 97—? + @ and use Holder’s inequal-
ity.

Let B be a Borel set in R” and let v be a nonzero vector
in R™. Suppose B has the following property. For each
x € R", m({t : x+tv € B}) = 0. Then show m,,(B) = 0.
Note the condition on B says roughly that B is thin in
one direction.

k
Let f:R"— R be defined by f(x) = (1+[x’) . Find

the values of k for which f is in L' (R™). Hint: Use
polar coordinates.

Suppose A is covered by a finite collection of Balls, F.
Show that then there exists a disjoint collection of these
balls, {B;}!_,, such that A C U?_ B, where 5 can be
replaced with 3 in the definition of B. Hint: Since the
collection of balls is finite, we can arrange them in order
of decreasing radius.

Let X,Y be normed linear spaces. Show that if Y is a
Banach space, then £ (X,Y) is also a Banach space with
respect to the operator norm.

The theorem of de la Vallee Poussin states that if & is a
family of measurable functions defined on a finite mea-
sure space, (€2, 1) and there exists a function, g, which is
positive and increasing on (0, 00) with lim¢_, g (t) = 0o
and

sup{/glfg(Ifl)du:f€6}<oo,

then & is a uniformly integrable subset of L! (€2) having

sup{/|f<w>du:fee}<oo. (0.1)

Prove this theorem.

Let E be a Lebesgue measurable set. We say x € F is a
point of density if

lim m(E N B(x,r)) _
r—0 m(B(x,r))

Show that a.e. point of E is a point of density.
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Show there exist functions defined on [0,1] which are
continuous but nowhere differentiable. Hint: If f'(z)
exists show there exists a constant, K, such that
If (x) = f(y)] < K|z —y| for all y € [0,1]. Now let U,
consist of the functions in C'([0,1]) with the property
that for all z € [0,1] there exists y with |f (z) — f (y)| >
n|z — y|. Argue that U, is open and dense in C ([0,1]).

Let ¢ : R — R be convex. This means

oAz + (1 = A)y) < Ad(z) + (1 = A)o(y)

whenever A € [0,1]. Show that if ¢ is convex, then ¢ is

continuous.

Let f € C:(0,00) and define F'(z t)dt. Show

_1j‘0

]| e o, ) < Hf”Lp(O o) Whenever p > 1.

Hint: Use zF’ = f — F and integrate [~ |F(z)|Pdz by
parts. Now suppose f € LP(0,00), p > 1, and f not
necessarily in C,(0,00). Note that F(z) = % fo

still makes sense for each x > 0. Is the 1nequahty stlll
valid? Why? This inequality is called Hardy’s inequality.

Show the Vitali Convergence theorem implies the Dom-
inated Convergence theorem for finite measure spaces.
Give an example of a situation in which the Vitali Con-
vergence theorem applies, but the Dominated Conver-
gence theorem does not.

Let (Q, F, i) be a measure space and let & C L'(Q). We
say that & is uniformly integrable if for every € > 0 there
exists § > 0 such that for all f € &

|/ fdu| < € whenever u(F) < 4.
E

Show that |&| = {|f] : f € &} is uniformly integrable if
G is. Also show that & is uniformly integrable if & is
finite.

Let (Q, F, i) be a measure space and suppose f € L'(£2)
has the property that whenever u(E) > 0,

1
m|/Efdﬂ| <C
Show |f(w)| < C a.e.

Let (Q,S,p) be an arbitrary measure space and define
b P(Q) — [0, 00] by

a(S) =inf{u(F): E D S and E € S}.
Show /i is an outer measure. If S is the set of - /L measur-
able sets in the sense of Caratheodory, show § 2 § and
i = pon S This shows how any measure space can be

completed and it also shows that the completion i1 comes
from an outer measure.
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Let {E;} be a sequence of measurable sets with the prop-
erty that

> HE

Let S = {w € Q such that w € F; for infinitely many
values of i}. Show p(S) =0 and S is measurable.

If felLP,1<p<oo,show Mf e LP and

1M fllp < Alps ) f]p-

Hint: Let
_ )if [f(x)] > a/2,
- f|f )| < af2.
Argue [M f(x) > o] C [M f1(x) > «/2]. Then

/(Mf)pdx:/O pa? *m(IMf > a))da

< /Ooopap_lm([Mfl > a/2])da

Let € be a Lebesgue measurable subset of R™, let p > 1,
and let

/ p

ST if p<ooandp =1if p=occ.

p

Let D be a dense countable set in LP (). Now suppose
{fn} is a bounded sequence in L? (€2). Show, using the
Cantor diagonal process that there exists a subsequence,
{fn,} such that the sequence of numbers,

!

converges for each g € D and that therefore, the above
sequence of numbers converges for every g € LP (), not
just for g € D. Define for each g € LP (Q),

Ag = hm/fmgdm

, /
Now verify that A € (Lp (Q))
f € LP (Q) such that

/fgdm:llim/fmgdm.

Note this gives a simple proof that each bounded se-
quence in LP (Q) for co > p > 1 has a weakly convergent
subsequence and that therefore, bounded sets are weakly
sequentially precompact. Also this shows that bounded
sequences in L™ () have weak+ convergent subsequences
implying that bounded sets in this space are weakx se-
quentially precompact.

and conclude there exists
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State and prove the Riesz representation theorem for
Hilbert space.

Show |f(x)| < M f(x) at every Lebesgue point of f when-
ever f € LY(R").

Let 2+ 2 =1,p>1, let f € L’(R), g € L” (R). Show
f * ¢ is uniformly continuous on R and |(f * ¢)(z)| <
[ fllzrllg]l.e - Be sure to consider all measurability ques-
tions relating to the convolution of the two functions.

Show that if g is Borel measurable and f is measur-
able, then g o f is also measurable. Give an example
of a Lebesgue measurable function, f and a continuous
function g such that f o g is not Lebesgue measurable.
Hint: The second part of this can be accomplished
through the use of that strange function based on the
Cantor set which is continuous, climbs from 0 to 1 and
yet has its derivative equal to zero on the complement
of the Cantor set. Call this function, A. Then consider
g1 (z) = h(z) + 2. Show g1 maps the Cantor set into a
set having positive measure and then use the theorem
which says there is a nonmesurable subset of this set.
Now consider g = g; ! a continuous function along with

f=Xsoq.

Give a proof of Gronwall’s inequality which states that if
for all ¢t € [0, 7], u(t) < uo+ [ f(s)u(s)ds where f is
an integrable function, then

u(t) < uget"®
where F (t) = fot f(s)ds.

Suppose A, i are two finite measures defined on a o al-
gebra §. Show A = Ag + A4 where Ag and )\ 4are finite
measures satisfying

As(E)=Xs(ENS), u(S)=0for some S CS,

Ag << .

This is called the Lebesgue decomposition. Hint: This
is just a generalization of the Radon Nikodym theorem.
Let

S={x:h(x) =1} As(E)=AENS)

A(E) = A(E N S°).
We write pl g and A4 << p in this situation.
B(p,q) = fol 2P~1(1 — )97 dx, T (p) = fooo e tP=1dt for

p,q > 0. The first of these is called the beta function,
while the second is the gamma function. Show a.) I'(p +

1) =pl(p); b.) L(p)(g) = Blp,)T'(p + q)-
Let f be in L} (R™). Show M f is Borel measurable.

loc

Let {fn} be a sequence of real or complex valued mea-
surable functions. Let

S ={w: {fn(w)} converges}.

Show S is measurable.

Complex Analysis Questions

Iy (t) = z(t) + iy (t) is a C! curve having values in

U, an open set of C, and if f : U — C is analytic, we
can consider f oy, another C' curve having values in
C. Also, 7/ (t) and (f o~)'(t) are complex numbers so
these can be considered as vectors in R? as follows. The
complex number, x + iy corresponds to the vector, (z,y).
Suppose that « and 7 are two such C'* curves having val-
ues in U and that v (t9) = 1 (so) = z and suppose that
f U — C is analytic. Show that the angle between
(f o) (to) and (f on) (so) is the same as the angle be-
tween 4 (to) and 1’ (sp) assuming that f’(z) # 0. Thus
analytic mappings preserve angles at points where the
derivative is nonzero. Such mappings are called isogo-
nal. . Hint: To make this easy to show, first observe
that (z,y) - (a,b) = 3 (20 + Zw) where z = x + iy and
w = a+ ib.

. Suppose that for some constants a,b # 0, a,b € R,

f(z+1ib) = f(2) forall z € C and f(z+a) = f(2)
for all z € C. If f is analytic, show that f must be
constant. Can you generalize this? Hint: This uses Li-
ouville’s theorem.

. Suppose f is an entire function and that f has the prop-

erty that whenever we write f (z) as a power series ex-
panded about a point w, it follows that at least one of
the coefficients in the power series must equal zero. Show
that f must be a polynomial. Hint: Define a set, A, to
be the points, w such that if f(z) = > ar (z — w)”,
it follows a, = 0. Thus A,, consists of the points where
the power series of f centered at these points has the nth
coefficient equal to zero. Argue that some A,, is uncount-
able and therefore has a limit point.

. Consider the two polynomials 2° + 322 — 1 and 2° + 322.

Show that on |z| = 1, we have the conditions for Rouche’s
theorem holding. Now use Rouche’s theorem to verify
that 2° + 322 — 1 must have two zeros in |z| < 1.

. We say a real valued function, u is subharmonic if u,, +

Uyy > 0. Show that if u is subharmonic on a bounded
region, (open connected set) U, and continuous on U and
u < mon OU, then u < 0 on U. State and prove a theorem
about the uniqueness of the solutions to the equation,
Ugz +Uyy = 01in U and v = f on OU. Hint for the first
part: If not, u achieves its maximum at (xg,yo) € U. Let
u (20, yo) > m+ ¢ where § > 0. Now consider u. (x,y) =
ex?+u (z,y) where ¢ is small enough that 0 < ex? < 6 for
all (z,y) € U. Show that u. also achieves its maximum
at some point of U and that therefore, Uezq +Ueyy < 0 at
that point implying that u;, +uyy < —¢, a contradiction.

. Use Rouche’s theorem to prove the fundamental theorem

nil...

of algebra which says that if p(z) = 2" + ay,—12
~+ajz+agp, then p has n zeros in C. Hint: Let ¢ (z) = —2z"
and let v be a large circle, v (t) = re® for r sufficiently
large.
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It is desired to find an analytic function, L (z) defined
for all z € C\ {0} such that e(*) = 2. Is this possible?
Explain why or why not.

If f is analytic, show that z — f (Z) is also analytic.

Let f : U — C be analytic and f (z) = u (z,y)+iv (z,y) .
Show u, v and uv are all harmonic although it can happen
that u2 is not. Recall that a function, w is harmonic if
Wy + Wyy = 0.

Prove Liouville’s theorem from the Cauchy integral for-
mula.

Consider the polynomial, z'' + 72° 4+ 322 — 17. Use
Rouche’s theorem to find a bound on the zeros of this
polynomial. In other words, find r such that if z is a zero
of the polynomial, |z| < r. Try to make r fairly small if
possible.

Verify that fooo etdt = 4 Hint: Use polar coordi-
nates.



