Math 113 (Calculus II)
Final Exam Form A KEY

Multiple Choice. Fill in the answer to each problem on your scantron. Make sure your
name, section and instructor is on your scantron.
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1. Here is a series Z ( )

*/n(n?+1)

a) The series does not converge absolutely by the root test.

. Which of the following is true?

b) The series diverges by the integral test.

c) The series converges conditionally by the ratio test.

d) The series converges conditionally.

e) The series converges absolutely by a limit comparison test.

f) The series converges absolutely by the ratio test.

g) The series neither diverges nor converges.

Solution: e)

2. Compute the sum

k=0
5) 3
4 3
d - - f)y 2
) 3 o )

g) The series diverges by the
root test.



w/4
3. Find/ tan®(z) sec?(z) dz.
0

T 1 1
d) T e) mw—1 f) =
3
g) None of the above.
2
4. A parameterization of the part of the hyperbola z* — i 1 for x >0 is
a) x =cosh(t),y=-sinh(2t),t € R b) x =cosh(t),y =2sinh(t),t €R
c) x =cosh(t),y=2sinh(2t),t R d) x =sinh(t),y =sinh(2t),t € R
e) None of the above.
1
5. Find / 2% cos (352) dx
0
1 1 3 1 1 1 1
a) Esin(l)—ﬁcosl b) Zsin(l)—ﬁcos(l) c) §cosl+§sin1—§
1 1. 1 1
d) = ——=sin(1) e) ——=sin(l)+C f) None of the above.
6 6 6 6
6. Find the first four terms of the power series for (1 + 2z)"/*
4 1 1 1
a) 1—|—3:c—§:132+8—1x3 b) 1—|—x—§x2—|—§x3
1 1 ) 1 1 1
1—Zp—Z 2_ <3 d 1 T T2 3
R R TR A

e) None of the above.

7. Find the interval of convergence of the power series

o0

Zskz—z.

k=1



9 (-33) b (©0.5) Q) (~50
3 33 A [33) 0 (-39

g) The series converges for all
values of x.

8. Find the area between the graphs of y = sin (x) and y = cos (z) for x € [0,7/2] .

4 1
b) —2+2V2 ¢) 0

d) 2 e) None of the above.



Short Answer. Fill in the blank with the appropriate answer. 2 points each
. (20 points)

1
(a) What is the correct substitution to use in computing the integral, / V1 + 22dz? x = tan (u)
) el S

(b) Find lim nln (14 2n~")_2

n—oo

(¢) Find the first 3 nonzero terms of the power series of sin (2°) centered at 0.

1 1
2 1 R
T
(d) Let f(x) = cos(z). Find the first three terms of the power series of f centered at m/4.
T
—_—— —— —_—— _—— x —_——
2 2 4 4 4

=1, 1
(e) What number equals Z 37:? 8

1
(f) In the integral / (1+ :U5)1/2 dx the substitution, x = sin (u) is used. Write the integral
0

w/2
which results. Do not try to work the integral. / (1 + sin® u)"/% cos u du
0

(g) Find the antiderivative, / 3z” sec” (2°) dx. tan (%) 4+ C

(h) What is the formula for the arc length of the graph of the function y = f (z) for

€ la ] ? /ab\/lJr(f’(:c))Qd:c

1 1
What is i t 7T =
(i) at is lim n®tan <4n2> 1

n—oo

1
(j) Identify /sec (2x) dx. 5 In|sec 2z + tan2z| + C




Free response: Give your answer in the space provided. Answers not placed in
this space will be ignored. 6 points each

10. (6 points) A circular cone having side view shown below having radius 5 feet and height 10
feet is full of a fluid which weighs 1/7 pounds per cubic foot. Find the work needed to pump
this fluid out the top of the tank.

\/

Solution:
Version A:
10 1 h 10 1
/ —h-7(5—=)2dh = / (25h — 5h* + —h*) dh
0 T 2 0 4
or 10 10
1 h 5 1
~(10 = h) - 7(=)2dh = “h?2— b dh
| z0=m-mGran= [ Gre -
_ 02
3
Version B:
61 6 1
/ —h-m(3— E)Q dh = / (9h — 3h?% + —h3) dh
g T 2 0 4
or

61 o, 63, 1.,
= 27.



11. (6 points) Find the area enclosed by the curve r = 2 + cos 6 for § € [0, 27] .
Solution:

Version A:

1 27 1 2
5/ (2—|—cos€)2d9:§/ (4 + 4 cos + cos® 0) df
0 0

I 11 T 9 1
= - (4+4cos + - + —cos(20)) df = (= +2cosf + —cos(26)) df
2 J; 272 Y 4

9 1 o
= (1_19 + 2sinf + 3 sin(29))0

= =T

2

Note: Students can also use a reduction formula or integration by parts to integrate cos® 6.

Version B:

1 2T 1 2T
5/ (3+cos€)2d8:§/ (9 + 6cosf + cos? ) db
0 0

L[ 11 T 19 1
=— (94 6cosf + - + = cos(20)) db = (— + 3 cosf + — cos(20)) db
2, 273 . 4 4

1 1 27
= (299 + 3sinf + 3 sin(29)>o
19

= —T

2
12. (6 points) Find

4o + 11
(2) /(a:—|—4) (x — 1)d$

Solution:

4z 411 A n B
(x+4)(r—1) x+4 z-1
dr+11=A(x — 1) + B(x + 4).
If x = —4, then the above becomes —5 = —5A, so A = 1.
If x = 1, then the above becomes 15 = 5B, so B = 3.

/(xfz)tl_l):/(ﬁ%il) d

=ln|z+4|+3njz—1|+C.

Note:
T+ 4

In

is also acceptable.



(b) / V3 — 22dx
Solution:

Version A:
Let v/3sinf = z. Then, dz = V3 cos 6, and

/\/3—x2dx:/\/3—351n26\/§c036d9:3/cos20d9

1
_ ;/(1 1 cos(26)) d = ;(9+ 5 sin(20)) + C = ;9 +gSin9°‘039 +C

x
Since sinf = ﬁ’ we can populate a right triangle with x as the opposite side, and V3

as the hypotenuse. Thus, v3 — 22 will be the adjacent side, and

Vi 2
s

cosf =

Thus, the integral is

3 1
5 sin~! (%) + 5:1:\/3 — 24+ C.

Version B:
Let v/5sin@ = z. Then, dz = V5 cosf, and

/\/5—1’2(11':/\/5—5Sin29\/gCOS(9d9:5/C0829d9

1
= g/(l + cos(20)) df = §(9+ §sin(29)) +C = g@ +gsin90089 +C.

x
Since sinf = E’ we can populate a right triangle with z as the opposite side, and v/5
as the hypotenuse. Thus, v5 — 22 will be the adjacent side, and
Vb —2?

V5o

cosf =

Thus, the integral is

5. 4« 1 5
28111 (\/5>+2x\/5—x + C.

13. (6 points) The region between y = sin x which lies between x = 0, x = 7/2, and the x axis is
revolved about the line x = 0. Find the volume of the resulting solid of revolution.
Solution:

w/2
/ 2rx sin(x) dx = 27 (—x cos z + sin :E)g/2
0

=27



14. (6 points) The base of a solid is the inside of the circle, 2°4y* < 4. Cross sections perpendicular
to the x axis are squares the length of a side corresponding to x being equal to the width of
the base at that value of x. Find the volume of the resulting solid. A sketch of one such solid

is shown.

Solution:
Version A:
The vertical cross section of a circle of radius 2 is 2v/4 — x2. Thus, the volume is

2

/ (2V4 — 22)* dx = / (16 — 42%) do = (16x - %:ﬁ) 22

2
—2 -2

Version B:
The vertical cross section of a circle of radius 3 is 2v/9 — x2. Thus, the volume is

3

4 2
(36 — 42°) dx = <36x — —:c3>
3 -2

-3

/_Z(ZM)Zda: :/

=144



15.

16.

(6 points) Determine whether the following series converges and explain your answer.

Z\/_+5

Solution:
Version A:
Notice that
sin (n) ‘ 1 1
< < .
Vnd 45| 7 Vi3 45 T 0¥
Since
=1
> m
n=1

converges (p series, p > 1), the above series converges absolutely by use of the comparison
test.

This can be proven also by using the comparison test and then the limit comparison test.
Version B:
Notice that

sin (n) ‘< 1 < 1
vVn®4+5] Vn®+5 nd/2’
Since
=1
> =
n=1

converges (p series, p > 1), the above series converges absolutely by use of the comparison
test.

(6 points) Find the radius of convergence of the power series
Z 2"\/na".
n=0

Solution:

Version A: Using the Ratio test,

2/ £ 1 || _,Vnt 1
2ny/n |z|" ST Un

Setting 2 |z| < 1, we have |z| < 1/2. Thus, the radius of convergence is 1/2.

|z = 2]x].

Version B:

Similar, except the radius of convergence is 1/5.



17. (6 points) Find/ e dx
0

—T

Solution: Use integration by parts. v = 2°, du = 2z dz, dv = e *dz, v = —e

oo b
/ 22e %dr = lim r2e " dx.
0

b—oo 0

b b
/ e dr = —xPe |} + 2/ re " d.
0 0

For the second integral, we use parts again:
u=ux,du=dr, dv=e"dr,v=—e *. Thus,

b b
/ ze " dr = —ze ") + / e dr = (—ze " —e ) =1—be " —e"
0 0
and ,
/ 22e dr =2 — b2l — 2™t — 2¢7°.
0
Thus,
/ 22e  dr = blim (2 — bre b — 2het — Qe_b) = 9.
0 —00

Note: Students know very well by now that b%e~ and be ™ go to 0 as b — co. Most will not
try to prove it.

END OF EXAM



