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Math 113 — Winter 2005 — Key

Departmental Final Exam

Instructions:

The time limit is 3 hours.
Problem 1 consists of 13 short answer questions.
Problems 2 through 9 are multiple choice questions.

For problems 10 through 18 give the best answer and justify it with suitable reasons and/or
relevant work.

Work on scratch paper will not be graded.
Do not show your work for problem 1.

Please write neatly.

Notes, books, and calculators are not allowed.

Expressions such as In(1), €°; sin(7/2), etc. must be simplified for full credit.
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Math 113 — Winter 2005

Departmental Final Exam

PART I: SHORT ANSWER AND MULTIPLE CHOICE QUESTIONS
Do not show your work for problem 1.

1. Fill in the blanks with the correct answer.

()

/2
The integral / cos(2z) dz equals 1 sin 22:}3/2 =0
0

1
The integral / sin x cos® x dx equals —3 cos®z 4+ C

> d
The integral / ’
14+ 22
0

T
equals tan ' z|> = =
+x d |0 2

(o]
The radius of convergence of E 2"x" is
n=0

[po| —

The first three lowest order terms of the power series of (1 + 2)'/? may be written as

1 G E) 11,
1+§$+TI +"':1+§£B—§{E + -
For what values of p does the following improper integral converge?
< d
/ = —p+1<0=p>1
T

Indicate which convergence test one could use in determining the convergence/ divergence
of

oo
1
i. Z limit comparison with 1/n, integral test, comparison test with 1/n
—~n-— vn
N N o tost/ Lot . .
11. Z SCR comparison test/ limit comparison wi /n
n=1
Lo (D . . . .
1. Z - ratio test, alternating series test, comparison test with 1/n!
n!
n=1

State the nth term of the MacLaurin series for

1

r —zx
n!

1. e

.
1—=x

Express in terms of a quotient of integrals the y coordinate of the centroid of the region
below y = f(x) with f(x) > 0 for all x over [-2,2].
_ 2 2
Y= f_2 %[f(x)P dI/ f_z f(l’) dx
2 (y—1)?

A focus of the hyperbola (= _1 —c = 11is [0,1] or [4,1]




Problems 2 through 9 are multiple choice. Each multiple choice problem is worth 3 points. In
the grid below fill in the square corresponding to each correct answer.

2 [a] [8] [c] [o] ® [r] [¢] [u] [1]
s [a] [8] [c] o [e] [¢] [c] [n] [1]
« [a] [B] [¢] [p] & [F] [c] [H] [1]
5 [a] [B] [c] [o] [¢] * [o] [u] [1]
o 4 [8] [c] [o] [e] [¢] [c] [u] [1]
v [a] e [c] [] [e] [¥] [c] [H] [1]
s [a] [B] [¢] p [E] [r] [c] [H] [1]
o [a] B [c] [p] [e] [¢] [c] [u] [1]

6+ 2%+

2
2. Find d
. / Q+z)@d+a2) "

(a)
(b)

2In2 + arctan3 — In3 + %arctan?— %71’

1 1 1
In2+ g™ — 3 arctan 5

2In2 + %7?—1113— %arctan%

0

(¢) 3In2+ gm —In3 — Jarctan 5 (g) =

(d) 2In2+arctan2 —In3 — {7 (h) None of the above

Answer: 2In2 + %ﬂ' —In3 — % arctan%

1 1
3. The base of a solid is an elliptical region bounded by =z + —y* = 1, and cross sections

perpendicular to the y axis are squares. Find the volume of the solid.

(a) 20 (e) 30 (i) Nome of the above
(b) 64 (f) 48

(c) 12 (g) 18

(d) 96 (h) 72

Answer: 96



. Find the length of the graph of y = 2'/? —

(a) \/7+2\/6—%
) VE+IvT-3
(c) V6+IvT—3

(d) V6+Iv7—3
Answer: 3\/_—§

2 —x? —2cosx

. Find lim ~
(o) % ©
(b) —3 (f)
() —3 (8)
(d) 3§ (h)
Answer: —

- J5 e7tsin (4t) dt

(a) =€ 3(4cos12+ sin12)
(b) =e?(4cos12 —1+sinl2)
(¢) tme?(4cos12 —3+sinl2)

(d) ze?(4cos12 —2+sinl2)

Answer: s=¢ 3 (4cos12 4 sin 12)

$3/2
T for x € [1,6]

(e) 3v6—3
() V7T+4¥v2—3
(8) V6+7

(h) None of the above

(i)

None of the above

(e) g3 (4cos12+ sin12)

(f) =73 (4cos12 + sin 12)

(g) The integral does not converge.

(h) None of the above

. Find the power series expansion for the function sin™' x (or arcsin x) expanded about 0.

= (=D e
(&) ;2k+1$

- _1/2 (_1)k 2k+1
(b) ;( I )—2k+1xk
© Sl

e
Il
)

a
WE

B
Il

()

(e) Z (_1) xk—kl

2 (kv 1)!
0 Gy
© Y0
(b) g(_) (in)!

(i) None of the above



00 k g2k+1
Answer: > 7, (—%) (—1) ST

k

8. Identify the equation that best goes with the following graph in rectangular coordinates.

(&) @4_%:1 (e) =4 —2? (i) None of the above
() 5= =g () ey
(€ w=y =2 () - -2
(d) @20 Wy () 20 st

Answer: —(x_f)2 + —(y_93)2 =1

9. Which of the following integrals represents the surface area of the surface generated by re-
volving the curve y = e**, 0 < z < 1, about the line y = —2.

(a) [ 2m(e* —2)V1 + 4et da (f) [} 2m(e* —2)da
(b) [l 2m(e? +2)v/I+ de™ da () [ 2m(e® +2)dx
(¢) [ 2m(e*)V1 + de™ da (h) [ 27(e*) dw

(d) [ 27(e*)VI + % da (i)  None of the above

(e) fol 27 (e?® — 2)V/1 + er dx
Answer: fol 27 (€*® + 2)V/1 + 4et* dx

The answers to the multiple choice MUST be entered on the grid on the previous page. Oth-
erwise, you will not receive credit.



PART II: WRITTEN SOLUTIONS

For problems 10 — 18, write your answers in the space provided. Neatly show your work for
full credit.

. Find a formula for [ v/b? — a?2? dz. Here a, b are positive constants.

Let ax = bsint, then adx = bcostdt, so

b
/\/bQ—CLQ]?Qd]? = /\/bQ—b2Sin2t—COSidt
a

b2

= — / cos® t dt
a
b2

1
= — —(1 2t) dt
” 2( + cos 2t)

b? 1

V(. Jar ax | a2

b2
a

. Find the area of the region bounded by the curve x = y — y? and the line y = —x.

The curve and the line intersect when r = —z — (—z)? orat z =0,y =0 and z = -2,y = 2.
Area of region A is given by
2

? 2 2 1 3 4
A= ly-y)—ydy=y -y’ =3
0 0

. Find the volume of the solid generated by revolving the region enclosed by y = 4 and y =
3(z — 3)? + 1 about the y-axis.

The two curves intersect at (2,4) and (4,4). Using the shell method, volume V' is given by

4

4 4
1
vz/ 27r:c(4—(3(m—3)2+1))dx:27r/ (—=37)(8—6x+2%) dr = —67 4x2+1x4—2x3
2 2 2
SO
V =24n

. Determine the values of p for which the integral / ﬂ dx converges. Justify your
5 z(lnzx

answer.



1
Let u = Inx, then du = — dx and so the integral may be written as

x
o0 1 o0
/ —dm:/ ialu
o x(Inx)” n2 WP

The above improper integral is convergent if p > 1, thus the integral / ﬁ dx converges
5 x(lnz

for p > 1.

x
when z > 0.

14. (a) Find a Maclaurin series which represents the function

(b) Hence calculate lim sin /@

z—0+ \/E .

(c¢) Find the interval of convergence of this power series.

1mn
Vv

From the Maclaurin series for the sine function,

1 1 -
nt=+t— — 4+ _—°4+...= 2ntl
sin 3l + 5l + . nt 1)

Hence

. 1 1
A T g g =l

Interval of convergence: from ratio test, the series is (absolutely) convergent if

(=Dt
CICESYESY
(=pn
(2n+1)!

<1

xn

as n — 0o0. So
T

(2n+ 3)(2n + 2)

so the radius of convergence is infinite.

<l=|z|<(@n+3)2n+2) — o0



15. Find the Taylor polynomial of degree 3 for f (x) = 423 + 32% + 22 + 1 which is centered at 1.

Applying Taylor series expansion at x = 1, and noting that the series terminates after the

cubic term,
f@) = 0+ F W -1+ D@ e E gy
now flz) =423+ 32> +2z+ 1] f(1) =10
f'(x) =122% + 62 + 2 f'(1) =20
f'(x) =242 46 (1) =30
fl//(x> — 24 f///(l) — 24
1) = f0+ e -0+ I @y By
= 10+20(x — 1)+ ?;?( — 1)+ ?;,1( —1)?

= 10+20(z—1)+15 (z—1)"+4 (z—1)°

16. Compute I} = [xInxdr and determine a reduction formula for

I, = /x(lnx)" dr, n>1

Integrating by parts, with v = Inx, dv = x dx,
1
I, = lnx——/——dx——x lnx—zx +C

For n > 1, with w = (Inz)", dv = x dx,

2 2 1 1
I =(n x)n% B / %n(ln x)" = dr = §$2(1D$)n - g/x(ln z)"

xz

and thus .
I, = Exz(lnx)” - g ne1-

17. Sketch the closed curve r = 7 cos (9 — g) and determine the area enclosed by the curve.

The equation represents a circle with radius= 7/2, passing the origin and center along y = x.



— 1
18. (a) For which values of = does Z z (1 —¢")" converge?
k=1
(b) What is the sum of this series?

The series obviously converges when x = 0.

Consider the series S(t) = = Now
k=1
St)y=Y tht=>"¢
k=1 k=0

1
For [t] <1, S'(t) = ] and so the series converges.

Hence the series (1-— ex)k converges when x = In2 or when

WE
| =

B
Il
—

lI—e"|<l=-1<e’—1<1l=z<In2

Also for |t| < 1,
St = —— sspy= [~ _wa—
T “Ji—e T



