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Math 113 — Fall 2004

Departmental Final Exam
PART I: SHORT ANSWER AND MULTIPLE CHOICE QUESTIONS

1. Fill in the blanks with the correct answer.

larbitrary constant of integration assumed in indefinite integrals below]

/2
(a) The integral / sinz dr equals — cos x|0 =
0

1
(b) The integral / cos xsin® z dr equals 3 sin®

w/2
1

(¢) The integral / sin?zdr equals = (z —coszsinz)| = %
0

7r/4_1

(d) The integral sec’ x dz equals tan z|]

0

(e) The integral /tanxda: equals —1In (cosz) = In(sec x)

(f) The integral dr equals [u=1—2°] = —V1 — 2?2

[

1
(g) The integral [u=—-]= —e
x

(h) The integral / equals tan™* ZL‘lgo = g
0
(i) The integral / equals sin™*! IE|(1) = g
0
2/V3 ) 1 V3
j) The integral equals —tan™" —— = —
v ol [ g Vi1, G
1
(k) The integral —f equals oo: divergent integral
0 T
(1) The integral — equals —x ‘0 =1
1 T —_
- 1
(m) The radius of convergence o Zm is {sum = x}

n=0

(n) The area between the z-axis and the parametric curve x =t + 2, y =t — 12, 0 <t <1

L U odx 1
is given by [ydx and has value y— dt = =
a3




2
0) The centroid of the region 0 < y < 2%, —1 <z < lislocatedat [M = =, M, = =] — (0, —
3

p) Indicate which convergence test one would use in determining the convergence/ diver-
& g g
gence of

1
i. Z s p-series test

1
ii. Z % p-series test

1
iii. Z i comparison test

1
iv. Z R limit comparison test

—1)"
V. Z ( \/ﬁ> alternating series test

1 n
Vi Z <—) ratio test/ root test
n

2 4 6 8 n.2n
-1
(q) The MacLaurin series for cosz is 1 — I (="

STRREVTRR IR el

(Write at least 5 nonzero terms.)



Problems 2 through 9 are multiple choice. Fach multiple choice problem is worth 3 points. In
the grid below fill in the square corresponding to each correct answer.

[note: there is a typo in 3c, so there are two “correct” answers]

> [»] Bl [@ B E [F [ 00 [0
s A Cl o EEIE DM
) B (C B EEEE DG
s [ B [ D E F [ O Q
o (& [ [ D] @ F € MO Q]
A B @ D EF QR DD
s [ B (C] B EF [ MDD
o [a] [ [ (D] [E [F [ [ 0 [0
2. Find flzx?’ln(f)m)dx
(a) 4ln2+LIn5- 2 () 4In3+4LIn5— 2
(b) 4ln2+LIn5— 32 (f) 22+ 25— 2
(¢c) 4In243In5— 2 (g) None of the above

(d) 4ln2+Ln5- 3
Answer:

(b): 4In2+2In5— 1

= 1
3. The sum E — converges if
n
n=1

(I) / x P dx converges (IV) p>1
1

(II) p>1 (V) p<1

(1) p<1

Which of the above are true?



(a) (I),(II) (e) (I) and (IV) (i) None of the above

(b) (II) only (f) (IV) only
(c) (I) and (IT) (g) () and (V)
(d) (III) only (h) (V) only

Ans: (a) [note: typo in (c)]

1
4. Find/ 2% sin(27x) dx.
0

(a) 2m () ;—; + 2%2 (i) %
(b) 2 (f) % () None of the above
© 5 (®) 53
(d) 0 (h) % — %
Anst (0) —5-

5. A ball of radius 5 has a hole of radius 2 drilled completely through it such that the axis of
the hole is a diameter of the ball. What is the volume of what is left?

(a) 7V21r (e) 1421w

(b) 21V21x (f) 28v217?

(c) H&\/207 (g) None of the above
(d) 28v21x

Answer: (d) 28v/21n

o0 1 n
6. Find the sum of the series Zn (—1)" <—> :

n=1 2
(a) —1 (e) 3
(0 -2 0 -3
(©) 3§ (8) %
(d) -2 (h) None of the above



7. Write the equation r = 2 cos# — sin 6 in rectangular coordinates and simplify your answer.

(a) 2?+y*=22-y
(b) ®+y* =2zy® —y
() 2*+2y*=2—2y

(d) 22 +y*=2z+y
Answer: (a) 2?2 +y?> =2x —y

() (z+y)’=2z—y

(f) None of the above

8. Identify the equation which goes with the polar graph,

-0.54

(a) r=2cosb, e [-2 ]
(b) r=3+sin(50), 0 € [0, 27]
(¢c) r=1+cosh,0€|0,2n]

(d) r i 0el0,2r]

= 2+cos @’
Answer: (c) 8

r=1+sin6, 0 € [0, 27|
r=sin(36), 0 € [0,7]
r=1+cos(20), 0 € [0, 2]

None of the above

9. Which of the following integrals represents the surface area of the surface generated by re-
volving the arc y = sinz, 0 <z < 7w about the line y = 2.

(a) [, 2m(1 —cosz)V1+sin®zde
(b) [y 27(1 —sinz)v/1+ cos? z du
(¢) [y 2m(2—cosz)V1+sin®zde

(d) [y 27(2 —sinz)v/1+ cos? z du
Ans: (d)

(e) Jfo2m(1—cosa)V1+ cos®wda
() fy 2m(1—sin z)V/1 + cos? z dx
(8) [, 2m(2—cos )1 + cos? z dx
(h) [T 2m(2 —sinz)V1 +sina dr

(i)
()



PART II: WRITTEN SOLUTIONS

1
10. Evaluate the definite integral / 23v1 — a2 d.
0

Ans:
2 ! 3 0 1/2 du 2
u=1-—z :>/$\/1—:E2d:r:/(1—u) R ==
0 1

11. (a) Evaluate the indefinite integral / < 5 jsz + 5 f x) dx

3x2 —x—2
EESyEEaTY

(b) Derive the partial fraction expansion for

Ans:
With u = 2 + 322, 3zvdr = du/2,

3z ldu 1
= [ 2 C 2+ 3
/2+&ﬁ¢v /u2 5 (2 +327)

/ i da::/x_3+3dx: & —ldr=—2—3n|3 — x|

3—x 3—x 3—x
3xt—x—2 A +B:c+C
(z+1D(22+1) 24+1 2241
A+ 1)+ Bz +CO)x+1) =32 — 2 — 2

Setting x = —1:
A2)=2=A=1
Setting x =0 :
A+C=-2=C=-3
Setting x = 1:
2A+(B+C)(2)=0=B=-C—-A=2
So

322 —x—2 1 2r — 3

(:v+1)(:1c2—|—1)_x+1+x2+1

12. Find the length of the curve f(x) = In(cosz) for 0 < x < /4.
Ans: arc length is given by

‘/ vf__77__dx_1/ v/ —sine am

COS T

/4
:/ secz dr = [In|secx + tan x| ]3/4:1n(1—|—\/§)
0

13. Use the specified method to find the volume of the of the solid of revolution formed when the
region bounded by y = 22 and y = z is revolved



14.

15.

16.

(a) about the z- axis (discs)

(b) about the y-axis (shells)

Ans:
Curves intersect at z = 0,1 with y = x lying above y = 22.
Disc about z-axis:

3 511

1
/ 7Tx2—7r(:v2)2dx:7rx——x—
; 3 5

s 3 5 15

Shell about y-axis:
! I
/ 2rx(r — %) do = 27 | — — =
0 3 41, 6
A solid of uniform density has as its base the unit circle in the plane, and cross sections of
the solid perpendicular to the z-axis are equilateral triangles. Find the mass of the solid.

Ans:

For fixed = € [—1, 1], area of corresponding equilateral triangle has base 2y = 2v/1 — 22 and
height v/3y.

Assume density is k£ then mass is

"1 ! o, Ak
/_15(2y)(\/§y)kdx:2\/§k/o (1—=z )dx—ﬁ.

Suppose Achilles can run 40 times as fast as the tortoise and that the tortoise has a lead of 100
paces at the beginning of a race. How far will Achilles run before he overtakes the tortoise?

1
Ans: Notice that when Achilles has travelled 100 paces, the tortoise will have travelled 0 of

100 100
that amount, or 0 paces. When Achilles has travelled 0 paces, the tortoise has travelled

100
107 paces. Thus, the total number of paces that Achilles has travelled to catch up with the
toroise is
1004_@4_@4_ ~ 100 4000
40 402 C1-L 39

40

paces.

Note: This answer can also be calculated without any knowledge of geometric series. Do you
see how?

1
Write down the Taylor series for f(z) = 7 Rk about x = 0. You should include the nth term
—x
in the Taylor series. Hence find the fifth derivative of f(z) at 2 = 0:

d_5 1+
de® \1 —=z

=0



Ans: Repeated differentiation of the function yields

neon 2-n!
i) = (1—a)+1

Thus, f"(0) =2 -n! for n > 0. Since f(0) = 1, the series is given by
L4+2)
n=1

Note: I can think of 3 different ways to find this series without finding the Taylor series
directly. Can you find them?

17. Consider the ellipse 2% + 4y* = 1.

(a) Give the foci of the ellipse.
Ans: Notice that we can write the above as

3 3
Thus, a =1land b=1/2,s0 c=+/1—-1/4 = \/7— Hence the foci are at (—%,0) and

V3
—,0
( 2 ? )
(b) Find the area of the ellipse.

Ans. Since

1 —
y:§ 1—332,

the area is given by
1 1 1
/ 5\/1—.213261513:/ V1 —a?dx
-1 0

This integral is easily solved using trigonometric integration with x = sin(#). With this
substitution, the integral becomes

w/2
/ cos?(0) df = T
0 4

(c) Write the equation of an ellipse in polar form .

Ans.
x = cos(t)
1
= —sin(?
y = 5sin(?)
(d) Write down (but do not evaluate) the integral that represents the perimeter of the above
ellipse in the parametric form x =t,y = y(t), —1 <t < 1.

R I =L



18. Find the area of the region that lies inside the circle r = 1 and outside the cardioid r =
2(1 + cos ).

4 /3 1 4m/3 1
/ —-1%df — ~4(1 4+ cos0)? =,df
2

/3 2 2m/3
B V3 B Y08
2 37



