Math 113 Exam 1 Practice

September 25, 2014

Exam 1 will cover sections 6.1-6.5 and 7.1-7.3 This sheet has three sections. The first section will
remind you about techniques and formulas that you should know. The second gives a number of
practice questions for you to work on. The third section give the answers of the questions in section

2.

6.1:

Areas between Curves

Here are the important steps to keep in mind:

Begin by sketching the curves together in one coordinate plane. This is the most important
step; be sure you can do it without using a calculator.

Choose which variable to integrate with respect to. If the curves give y as a function of x
(e.g., y = 2% — z + 1), you will want to integrate with respect to x, while if the curves give x
as a function of y (e.g., z = ¥ + y), you will want integrate with respect to y. In some cases
it may be possible to solve for either variable (e.g., 2z + 3y = 5).

Find the intersection points of the curves. These will determine the bounds of the integral(s).
If you are integrating with respect to x, then you are interested in the x coordinates of the
intersection points, while if you are integrating with respect to y, then you are interested in
the y coordinates of the intersection points.

Keep in mind that the area of the region is found by splitting it up into thin approximately
rectangular pieces; the width of these rectangles become the dx or dy in the integral, while
the height (or length) of the rectangles are found by subtracting the y-coordinate of the curve
on top from the y-coordinate of the curve on bottom (or, if you are integrating with respect
to y, by subtracting the z-coordinate of the curve on the right from the z-coordinate of the
curve on the left).

It may be necessary to split the region into two or more pieces. But this can sometimes be
avoided by integrating with respect to the other variable.

6.2 & 6.3: Volumes

Remember that there are two types of Volumes that you will calculate: Volumes of revolution and
other volumes with a regular cross section.

Volumes of Revolution There are two types of revolution.



Washer Method If the axis of rotation is parallel to the axis of integration (horizontal line,
integrating in x, or vertical line, integrating in y), then you want to use the washer
method. The formula is

b
V= / 7[(Large Radius)?® — (Small Radius)?] du,

where the large radius is the farthest distance from the area to the axis of rotation, and
the small radius is the closest distance.

For example, suppose we wish to find the volume created by rotating the area between
f(x) =2+ 1 and g(x) = 2 — 1, 0 < 2 < 2 about the axis y = 6. The two radii are
2— f(x) and 2—g(z). Since g(z) is below f(z), the second radius is larger than the first.
Thus, the volume is

V:/QW[<6—x+1>2—(6—x2—1>2} da.

Shell Method If the axis of rotation is perpendicular to the axis of integration, then you
want to use the shell method. The formula is

b
V:/ 27(Radius)(Height) dz,

where the radius is the distance to the axis of rotation and height is the difference between
the functions. If we rotate the area above about the axis x = —1, then we get

V = /227r(x— (—1))(3:2+ l—xz+1)dx.

Slicing If we don’t have a volume of revolution, but the cross sectional slice perpendicular to the
axis of integration is A(z), then the volume is

V:lu@Mm

The trick is to figure out a formula for A(x), which typically involves finding the length across
the base for different values of x.

Note Remember that the above formulas work for functions of y as well.

6.4: Work

The work done by a force on an object is given by W = Fd, where F' is the magnitude of the force
and d is the displacement of the object in the direction of the force. In each problem, it is important
to first establish a coordinate system: decide where to place the origin and in which direction
to point the positive axis.

e If a varying force F'(x) acts on an object, then the work is calculated by integrating the force
over the distance travelled:

W:[F@m.

Remember, we found this formula by dividing the axis of the object’s movement into small
intervals and calculate the work done by the force on the object as it moves over the length
of each small interval.



e If the object consists of parts, each of which is to be displaced by a different amount, divide
the object into small parts and calculate the work done by the force in moving each part of
the object to its final location. For example, in the case of the movement of a liquid out of a
tank, we take the cross sectional area of the tank at a specific height (or depth) and the work
done at that height is

Weight density times cross sectional area times Ah times distance travelled.

If D(h) represents the height travelled at depth h, and A(h) is the cross section area, the work
becomes

b
W = / wD(h)A(h) dh
where w is the weight density.

6.5: Average Value of a Function

Recall that the Mean Value Theorem for integrals states that for a continuous function on a closed
interval, there is a ¢ with

10 = 5= [ flayd.

The right hand side of the above is called the average value of f over [a,b]. You are expected to
do the following;:

a) Find the average value of the following functions over the specified interval

b) Find a ¢ in the interval on which the function achieves its average value.

/udv:uv—/vdu

e Integration by parts is most often useful when integrating a function of the form 2"e*, " sin x,
x"cosx, ™ Inz. If possible, you want to choose u to be a function that becomes simpler when
differentiated, and dv to be a function that can be readily integrated. This usually means you
should choose w = ™. (But in the case 2" Inx, choose u = In ).

7.1: Integration by Parts

e Integration by parts is also useful for integrating inverse functions such as sin™'z, tan=!z,

Inz or functions involving these as factors. In this case, you should choose u = sin™'z,
u = tan"'z, or u = Inx accordingly, even if there are no other factors in the integrand (i.e.,

you can set dv = dx).

7.2: Trigonometric Integrals

e For [sin™zcos"x du:
If n is odd, save one cosx and convert the rest to sin using cos
If m is odd, save one sinz and convert the rest to cos using sin?z = 1 — cos? x
If both m and n are even, use the identities sin? z = 1=5%22 and cos’z = %

2

2r=1-—sin*zx



For [tan™zsec"x du:

If n is even, save one sec? x and convert the rest to tan using sec?x = tan?x + 1

If m is odd, save a secx tan z, and convert the rest to sec using tan?z = sec? z — 1.

If m is even and n is odd, convert everything to sec and integrate by parts with dv = sec? z.
(This last case will require “solving” for the desired integral.)

For [tan"z dz, convert one tan®z to sec? z — 1 and split the problem into two integrals.

[secx dz =In|secz + tanz| + C.

A similar strategy applies for [ cot™z csc™ z da.

7.3: Trigonometric Substitution

e If the integrand involves a? — b%a2, use z = 7 sin 6.

o If the integrand involves b*z* 4 a?, use z = ¢ tan.

o If the integrand involves b*z* — a*, use x = ¢ secf.

e If the integrand involves az?+bx + ¢, complete the square to get it into the form a(x —h)?*+ k.
After factoring out the a and applying the substitution u = x — h, the integrand will then fit
one of the three forms above.

e Avoid using a trigonometric substitution when a regular u-substitution is possible.

Questions

Try to study the review notes and memorize any relevant equations before trying to work these
equations. If you cannot solve a problem without the book or notes, you will not be able to solve
that problem on the exam.

For questions 1 to 5, find the area of the region

enclosed by the given curves.

1.

2.

y=a*—r+1,y=12<z<3 9.

y=a>-1,y=2—a— 2?

10.
L+ (y-1)P=lLy=x

=22 y=32% 224+y=1,2>0

Ly=vVrl+1l,x=0,z=1,y=—1

In problems 6 to 10, find the volume of
the solid obtained by revolving the region
bounded by the given curves about the given
axis.

12.
.y =4— 2%y =0; about the x-axis

r=—-y—1lz=¢eY0<y <1; about the
X-axis

8.

11.

y=sinzr+ 1,y =—1,0=0,2 = 7; about
the line x = —1

y =secx,y = 0,2 = 0,z = Z; about the
line y =3

r=,Y+yxr=0y=0y=1; about the
line y = —1

In problems 11 to 12, find the volume of the
described solid.

The base of the solid is the unit disk z? +
y? < 1. Cross sections perpendicular to the
X-axis are squares.

The base of the solid is the region enclosed
by the curves v +y = 1, v +y = —1,
r—y=1,and x —y = —1. Cross sections
perpendicular to the x-axis are equilateral
triangles.



13.

14.

15.

16.

17.
18.
19.

A chain weighing 3 b /ft is used to lift a 500
Ib object a height of 20 ft, to the level of
the top of the chain. Find the work done.

A particle is moved along the z-axis from
the origin a distance of 5 meters by a force
which varies depending on the position of
the particle. When the particle is at x, the
force is (2z + 1)/(z + 1) newtons in the
positive direction. Find the work done by
the force on the particle. [Hint: Use long
division to simplify the integrand.|

A force of 20N is required to hold a spring
stretched 40cm, while a force of 30N is
required to hold it stretched 45cm. How
much work is required to stretch the spring
from 50cm to 60cm? [Hint: Find the natu-
ral length of the spring.]

The great pyramid of Giza consists of ap-
proximately 2 million stones, each weighing
1.5 tons (3000 1b). The pyramid is 450 ft
high with a square base measuring 750 ft.
Find the work required to lift the stones
into place from ground level. [Hint: To
simplify your calculations, work the prob-
lem symbolically; only plug in the given
numbers at the last step.|

For the questions 17 to 19, find the average
value of the function over the interval, and
find the value ¢ where f(c) is equal to the
average value (or show why no such value
erists).

flx)y=2*>-2+2,[-1,2]
f(z) =sin*z, [0, 7]

flz)=1/(x+1),]0,2]
For problems 20 to 33, evaluate the inte-
gral.

20.

21.

22.

23.
24.
25.

26.

27.

28.

29.

30.
31.
32.
33.

34.

35.

36.

37.

38.

39.

40.

[z cosx dx

E .
f02 rsinz dr

fol x2e® dx

1.
fo sin~!z dx

J2xtan'z dx

f Inz dax

Je* cosx

ffx sin(z?) dx

substltutlon]

l .
foG sin? z cos® = dx

fog costx

us
f04 tan z sec® x dx

[ tan? zsec® x dx

dx

J tan® x dx

[ tan? x secx dx

fﬁmdx
fOQ\/g\/l”édex
fﬁdw
fﬁdm

Iy gy do

v

1 2z—1
0 z2—x—2

dx

dx

[Hint:

First use a wu-



Answers

10.
11.
12.
13.
14.
15.
16.
17.

18.

1+3V2+3In(v2+1)

512
5

37'('
ﬂ-(ﬂ_z_\/TiW—i—ﬂ'—i—Q)

7(61n(2 +v3) — v/3)

V3

10600 ft-In

10 —In6

5J

675,000,000,000 ft-1b

f =35 o= 143
ave — 2 —2

fave:% :%

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

fave:%hl?),C:%_l
rsinx +cosx + C

1

e—2

5—1

. 2e"(sinz + cosz) + C

2(m—=1)

N[

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

3
'z 4 ¢

taré x+tan x-l—tanm {L‘—}—C

t(secxtanz — In|secx +
tanz|) + C

In|z|—In |22+ 1+1|+C

=YD 4

Va2 +2z|+ C

V31— (v +1)

2sin~!(5-1)—V4z — 22+
c



