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ABSTRACT. We define a group to be translation proper if it carries a left-
invariant metric in which the translation numbers of the non-torsion elements
are nonzero and translation discrete if they are bounded away from zero. The
main results of this paper are that a translation proper solvable group of finite
virtual cohomological dimension is metabelian-by-finite, and that a translation
discrete solvable group of finite virtual cohomological dimension, m, is a finite
extension of Z™.

1. INTRODUCTION

The notion of a translation number comes from Riemannian geometry. Suppo}s\e/
M is a compact Riemannian manifold of nonpositive sectional curvature and M
Is its universal cover, enjoying the metric induced from M. Then the covering
transformation group acts as isometries on M. Under these conditions any covering
transformation of M fixes a geodesic line. Since a geodesic line is isometric to
R, a covering transformation must translate each point of such a fixed geodesic
line by a constant amount which is called the translation number of the covering
transformation. This notion can be abstracted. Let G be a group which is equipped
with a metric, d, which is invariant under left multiplication by elements of G, i.e.,
d(zy,xz) = d(y,z) Va,y,z € G. We then say that d is a left-invariant group metric
(or a metric for brevity) on G. Let ||| : G — Z be defined by ||z|| = d(z,1¢g). To
fix ideas, one may consider a finitely generated group equipped with a word metric.
For z in G, let 7(z) = limsup,,_, w This quantity is called the translation
number of x. We define a group to be translation discrete if it carries a metric in
which the translation numbers of the non-torsion elements are bounded away from
zero. Similarly a group is called translation proper if it admits a metric so that
only torsion elements have zero translation number.

There are several interesting applications of translation numbers to geometric
and combinatorial group theory in the literature, Gersten and Short [GS] use trans-
lation numbers to prove results about subgroups of biautomatic groups, Gromoll
and Wolf [GW] use translation numbers in the proof of their celebrated theorem.
Gromov [Gr, BGS], Busemann [Bu] and others have used also translation num-
bers in their work. For instance, it is well-known that a group acting discretely
cocompactly on a CAT(0) space is translation discrete, see [C1l]. Putting this fact
together with the main result we can get a mild generalization of the Gromoll/Wolf
[GW] - Lawson/Yau theorem, namely that every solvable subgroup of a cocompact
group of isometries of a CAT(0) space of finite cohomological dimension is abelian-
by-finite. Recently Bestvina [B] has used the results in the current article to study
Artin groups.
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This goal of this paper is to discuss the following question : What kind algebraic
information can one determine from the translation numbers of a solvable group?
We will discuss the specific results of this paper. We prove a number of elementary
results on left-invariant group metrics. We show that a translation proper solvable
group of finite virtual cohomological dimension is metabelian-by-finite. An exam-
ple is given of a polycyclic group which is translation proper, but not translation
discrete. We prove that a translation discrete solvable group of finite virtual coho-
mological dimension, m, is a finite extension of Z™. To prove the necessity of the
cohomological dimension hypothesis in the preceding result an example is given of
a nonabelian solvable group which is translation discrete.

2. PRELIMINARIES

Definition 2.1 (Metric, Norm). If G is a group, we say that a non-negative real-
valued function, d, on G x G is a semimetric on G if it is symmetric, left-invariant
under the action of G on itself, satisfies the triangle inequality and d(1¢,1g) = 0.
We call d a metric on G if in addition it is definite (i.e. d(g,h) =0=g=h). A
(semi)metric on a group G induces a (semi)norm on G by defining ||g|| = d(g, 1)
for all g € G. Similarly, if one is given a (semi)norm on a group G one can define
a (semi)metric on G by defining d(g, h) = ||~ g||.

If G is a group with a given (semi)metric and H is a subgroup of G, then re-
stricting the (semi)metric of G to H gives a (semi)metric of H. We call a metric, d,
on a group G discrete if it induces the discrete topology on G.

Given a finitely generated group G and a finite generating set v one can define a
norm on G by assigning to every element of G the length of the shortest word in the
generators and their inverses which represents it. We shall call this the word norm
on G corresponding to . The associated metric is called the word metric on G
corresponding to . A word norm on G has the property that it is, by construction,
maximal among all nonnegative real-valued functions on G satisfying the triangle
inequality and taking values of at most 1 on the generating set.

Definition 2.2 (Translation number). Let 2 be an element of a group G with semi-
norm || ||. We define the translation number of x as follows:

n
Ta(z) = hnniiorolf w

Clearly, any element of finite order has translation number zero in any seminorm.

Definition 2.3 (Translation Discrete, Translation Proper). A semimetric (or the
corresponding seminorm) on a group is said to be to be translation discrete if the
translation numbers of the nontorsion elements of the group with respect to that
semimetric are bounded away from zero. We will say that a group is translation
discrete if it admits a semimetric which is translation discrete. A semimetric (semi-
norm) is said to be translation proper if the translation numbers of the nontorsion
elements of the group with respect to that semimetric are nonzero. A group is
translation proper if it admits a semimetric which is translation proper.

We will use the following lemma implicitly throughout this article.

Lemma 2.4 ([C2], Lemma 2.6.1). If G is a finitely generated group, the following
are equivalent:

1. G is translation discrete(proper).
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. G has a translation discrete(proper) subgroup of finite index.

. Bvery subgroup of G is translation discrete(proper).

There exists a word metric on G that is translation discrete(proper).
. Every generalized word metric on G is translation discrete(proper).

3. MAIN RESULTS

This section consists of a list of the principal results this the paper. The main
body of the proofs are contained in later sections.

Theorem 3.1. A translation proper solvable group which has finite virtual coho-
mological dimension is metabelian-by-finite.

In Example 7.1 we examine a polycyclic group which is translation proper, but
not translation discrete. This is the same group which we show in [C3] to have
irrational translation numbers in every word metric.

Corollary 3.2. A solvable subgroup of finite virtual cohomological dimension of a
biautomatic group is metabelian-by-finite.

Proof. It was proven (using slightly different notation) by Gersten and Short in
[GS] that torsion-free biautomatic groups are translation proper. [l

Theorem 3.3. A translation proper solvable linear group is metabelian-by-finite.

The following result is similar to a result which is claimed by Gromov ([Gr]).
Bruce Kleiner ([K]) has informed me that he has a proof of this result which uses
the methods described in [CS].

Theorem 3.4. Every solvable subgroup of finite virtual cohomological dimension,
m, in a translation discrete group is a finite extension of ™.

In Example 7.2 we investigate a finitely generated torsion-free solvable group of
infinite cohomological dimension that is translation discrete but is not abelian-by-
finite.

Question 3.5. The group in Example 7.2 is not finitely presentable. Is there an
example of a finitely presented solvable group which is translation-discrete, but not
abelian-by-finite ?

4. SOME TECHNICAL BACKGROUND

Definition 4.1. Suppose H and K are subgroups of G which together generate G,
and each is equipped with a semimetric. Then we can form the product semimetric
on G in the following way : for any string of the form

w = h1ki1hoks - hnkn, h; € H, ke K
where h; # 1,49 > 1 and k; # 1,5 < n, we define the length of w as

lw)e =Y hillzr + kil .
i=1
and we define the (semi)norm on G as

llgllc = inf{l(w)¢ | w represents g}.

By induction one can define the product semimetric on the subgroup generated by
any finite number of semimetrized subgroups.
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Definition 4.2 (Generalized word (semi)norm). Suppose v = {g1, - ,gn} is a fi-
nite generating set for the group G and f: vy — [0,00). We can define a seminorm
on (g;) by |lgi'll g,y = In| - f(g:). We can now define a seminorm on G by taking the
product seminorm induced by the subgroups (g;). One can think of this as giving
each generator a weight and then defining the seminorm of a group element to be
the minimum weighted length of words representing it. If f is a positive function
then the construction gives a norm. The generalized (semi)metric associated to this
data is the (semi)metric associated to the above (semi)norm. We call the metric a
generalized word metric if f is a positive function. A word metric is a special case
of a generalized word metric where f is taken to be the constant 1 function.

Definition 4.3 (Partial order on real-valued functions). If f and g are two non-
negative real-valued functions with equal domains, we say that g is smaller than f
(and write g = f) if 3 A\, e nonnegative reals, A # 0 such that g < Af + €. Suppose
A, € are nonnegative reals, A # 0. We say two nonnegative real-valued functions f
and g with equal domain are (A, €)-equivalent if (1/A)f —e < g < A\f + e If we
wish to omit the constants we may write f ~ g. Clearly f ~g< f <gand g =< f.

Clearly the properties of being translation discrete or translation proper are
preserved by semimetric equivalence.

Observation 4.4. A word norm on G has the property that it is, by construction,
maximal among all nonnegative real-valued functions on G satisfying the triangle
inequality and taking values of at most 1 on the generating set. Similarly a gener-
alized word metric on G has the property that it is maximal among all semimetrics
on G bounded by the prescribed values on the generating set. Thus, any two gen-
eralized word metrics on the same group are equivalent. If H is a subgroup of finite
index in the group G, then any generalized word norm on H is equivalent to any
generalized word norm on G restricted to H.

We will need the following result of Gersten and Short [GS].

Theorem 4.5. Let G be a group with seminorm || ||. Let z, y € G. Then the
following are true:

1. 0 < 7(z) = limp 00

Cle N
ﬂ

Corollary 4.6. Let G be a group with seminorm || ||. Let z, y € G. The following
facts are immediate:

1. If x and y commute then |7(z) — 7(y)| < 7(zy) < 7(z) + 7(y).

2. If [:H is seminorm on G such that || || < ﬂ then 7¢ = 7T¢.

3. If || || is seminorm on G which is (X, €)-equivalent to || ||, then ¢ and T¢ are
(A, 0)-equivalent.

Definition 4.7 (Relative (semi)norms). Let v : G — K be a homomorphism.
Let || || be a (semi)norm on G. Then we can define a (semi)norm || ||, on im(y) by
k|, = infgey—1x){llgll}. Similarly, for any H < G we can define a (semi)norm on
G/H by defining ||[gH || g = infregm [|2].



SOLVABLE GROUPS 5

Evidently these constructions are equivalent, since in one direction we can take

v : G — G/H to be the natural map, and in the other direction we can take
H = ker (7).

Observation 4.8. If v : G — K is a homomorphism then ||g|| > ||7(9)|ly Vg € G.
Similarly, if H < G then 7¢(g) > 7¢/u(g9) Vg € G.

5. SEMIDIRECT PRODUCTS

If we have a group G equipped with a semimetric and an automorphism ¢ of G,
we may consider the product semimetric on G x4 Z since Z has a canonical word
metric. In our case, G will have the form Z™. If we choose a free basis for Z™ we
may consider any automorphism of Z™ as a matrix in GL(n, Z). We may also think
of it as a matrix in GL(n, F) where F is Q R or C. This allows us to consider
embeddings of Z" x4 Z into F™ xg Z. In these spaces we will use the standard
linear algebra techniques (eigenvalues, Jordan normal form, etc.) to understand
the metric on our original space.

Observation 5.1. If the group G is equipped with two equivalent semimetrics and
¢ € Aut(QG), then the two induced product semimetrics on G x4 Z are equivalent,
by Corollary A 4.

Definition 5.2 (Euclidean norm). Let F be either Z or a subfield of C. Let {v;}
be a basis for F*. Then each x € F™ can be written uniquely as x = a1 - v1 + as -
Vg + - - Ay - Uy Where each a; € F. We define the euclidean norm of F™ corresponding
to the basis {v;} in the following way, ||z||p» = \/a} + a3 +--- + a2.

Exercise: Show that any two euclidean norms on F'™ are equivalent.

Definition 5.3 (Subeuclidean norm). Let F' be either Z or a subfield of C. Let G
be a semidirect product of F™ by Z. We will call the product norm on G induced
by the canonical word norm on Z and by a euclidean norm on F a subeuclidean
norm on G.

Observation 5.4. By Corollary A4, if F is Z or a subfield of C and ¢ € GL(n, F)
then any two subeuclidean norms on F™ x4 Z are equivalent.

Lemma 5.5. Let F be either Z or a subfield of C. Let G be a semidirect product
of F™ by Z. Suppose G is equipped with a subeuclidean norm. Then :

1 If f € F" then |[(af)]| < max{]al,1} - ||f], Ya € F
2. If fe F" then 7(af) =|a| - 7(f), Va € F

Proof. Let f € F",a € F —{0}. Let w = t"™ fit" fo---t" f; represent f € G.
Then by Lemma A.6, w' = t"afit™afs---t"af; represents af € G. Now,

D i+ llafillen =Y Il + lalllfi]
i=1 i=1
max{|al, 1} - (Y |l + || fill =) = max{]al, 1} - {(w)c

i=1

l(w/)G Fn

IA
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Thus |laf||¢ < max{|a|,1} - ||f|lc. Choose m € N such that |ma| > 1, and apply
Theorem 4.5 to get
1V.
meraf)) — r(mofle— i Immefl _  max(mal 1} @)

n— o0 n n— o0 n

= max{|mal, 1} - 7(f)g = m-la| - 7(f)g-

Hence, canceling m’s, we get 7(af) < |a|-7(f). Since a was arbitrary, we finally
have 7(af) < lal| - 7(f) < la| - [1/a] - 7(af) = 7(af). O

Lemma 5.6. Let ¢ € GL(n,Z). Let G = Z" x4 Z. Let K = Q" x4 Z. By
choosing a free basis for Z™ and using this as a vector space basis for Q" , we may
consider G < K. Under these circumstances the subeuclidean norm on G and the
norm induced by restricting the subeuclidean norm on K to G induce translation
functions that are equal on Z™.

Proof. Let us call the respective norms || ||¢ and || || x and their translation functions
7¢ and 7x. It is clear from the definition of the norms that || ||¢ > || || x and thus
T¢ > Ti. Let z € Z™. Now, from the definition of the product metric, for each
i € N there is a string w; = t"'qy;---t"q;; representing Z* in K, where t is a
generator of Z, gm; € Q* and l(w;) < ||2%|x + 277 (where I(w;) is as defined
in the definition of product metric). Let r; be the least common multiple of the
entries of the gn;’s. By Lemma A.6, 2" = t™ (qq; - r;) -t (gj; - r;) (using
additive notation in the abelian group Q and multiplicative notation in K'), where
(qmi - i) is in Z™ Hence, |2"¢ < ri - lwi)k < i+ (||2%|x +27%). Thus,
T(2)a < ”Z;:_;”G < m~(|\z’lh+2*’) = HZLHKZ."_TI. Finally, letting 7 tend to infinity, we
see that 7(2)¢ < 7(2) k. O

Corollary 5.7. Let ¢ € GL(n,Z). A word norm on Z"™ x4 Z and a norm on
Z™ % Z induced by restricting any subeuclidean metric on C* x4 Z have translation
functions that are equivalent when restricted to Z™.

Proof. By Corollary A.4 the product norms on Z" x 47 induced by a word norm and
a subeuclidean norm on Z" are equivalent and thus induce equivalent translation
functions. The previous lemma tells us that the subeuclidean norms on Z" x Z
and Q" x Z induce equal translation functions on Z". lemma A.7 implies that the
subeuclidean norms on Q" x Z and R" x Z agree on Q". Similarly, Lemma A.8
implies that the subeuclidean norms on R* x Z and C* x Z agree on R". O

Definition 5.8 (Subspace of Z™). We say that a subgroup H of Z™ is a subspace
of Z™ of dimension d if there exists an embedding of Z" into Q™ so that H is the
intersection of Z™ with a d-dimension vector subspace of Q. Equivalently, H is a
subspace of dimension d if VH = H and H has rank d.

Observation 5.9. The following facts will be used throughout the arguments in this
section.

1. If T is a subspace of Z" of dimension d then Z"/T ~ 7",

2. The intersection of subspaces is a subspace.

3. The image of a subspace under an element of GL(n,Z) is a subspace.

Definition 5.10 (Invariant Subspace). Let ¢ € GL(n,Z),T a subspace of Z". We
say that T is invariant under ¢ or (T is ¢-invariant) if ¢(T) C T.
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Lemma 5.11. Let ¢ € GL(n,Z),T a subspace of Z™. Then T is invariant under
¢ if and only if §(T) =T.

Proof. ¢(T) CT =T C ¢~ 1(T), also T and ¢~ *(T) have the same rank. Since T
is a subspace, T = ¢~ }(T') and thus ¢(T) = T. O

Lemma 5.12. Let F be either Z or a the additive group of a subfield of C. Let G
be a semidirect product of the form F™ x4 Z, where ¢ € GL(n,F). If G is equipped
with a subeuclidean norm then I(G) is a ¢-invariant subspace of B™.

Proof. Now G/F" = Z and since G was equipped with a subeuclidean norm, the
induced metric on Z is the canonical one. Thus I(Z) = 1. Applying Observation
4.8 we see that if v : G — Z is the natural map, then 7¢(g) > mz(7(g9)) Vg € G.
Thus v(I(G)) = {1} and so I(G) < F". Let g,h € I(G), a,b € F. 7(ag + bh) <
7(ag) + 7(bh) since F™ is abelian. Thus applying Lemma 5.5 7(ag + bh) = |al -
7(g9) + |b] - 7(h) =0+ 0 = 0. Thus I(G) is a subgroup of F". It is also evident that

I(G) = I(G) and thus by the equivalent definition at the end of definition 5.8,
I(G) is a subspace of F". I(G) is ¢-invariant since

7(¢(a)) = 7(t " tat) = 7(a) = 0
for every a in I(G), where t is the generator for Z. O

Lemma 5.13. Let ¢ € GL(n,Z). Suppose T is a nontrivial subspace of Z™ invari-
ant under ¢ of dimension d, Then ¢|r acts as an element of GL(d, Z) with a monic
minimal polynomial of degree < d. Conversely, if f is a polynomial of degree k that
divides the minimal polynomial of ¢ then there is a ¢-invariant subspace Sy of Z™
of dimension > k such that f is the minimal polynomial of @|s; .

Proof. The first half is obvious. For the second half, embed Z" in Q® and let
Sf == kerQn (f(¢)) ﬁ Zn. I:‘

Definition 5.14 (Irreducible). We call an element of GL(n, Z) irreducible if it has
no proper nontrivial invariant subspaces in Z", or equivalently if its minimal poly-
nomial is irreducible over Z.

Lemma 5.15. Let ¢ € GL(n,Z). Let f be the characteristic polynomial of ¢.
Write f = f1 - fo - -+ ft where each f; is a power of a different monic prime
polynomial over Z. Then there exists {T1,--- ,T;}, a set of ¢-invariant subspaces
of Z™, such that the characteristic polynomial of ¢|r, is fi, T;NT; =0 if i # j, and
the direct sum of the {T;} has finite index in Z".

Proof. Embed Z™ in Q. Now Q" can be written as Q" = @E:l V; where the
characteristic polynomial of ¢|y, is f;. Let T; = V; N Z™. So, the direct sum of the
{T;} is a free abelian subgroup of Z™ of rank n, and thus has finite index in Z".

O

Lemma 5.16. Let ¢ € GL(n,Z) be irreducible. Equip G = C" x4 Z with a subeu-
clidean norm induced by a basis of eigenvectors of ¢. Let v € C* be an eigenvector
of ¢. Then 7¢(v) is nonzero if and only if the eigenvalue of v has complex norm 1,
in which case 7¢(v) = ||v]ler = ||v]|6-

Proof. Let A be the eigenvalue corresponding to v. If ||A]] # 1, choose ¢ a generator
of Z and 3 € {\,1/\} such that ||3|| < 1and t~!vt = Bv. Then 7(v) = 7(t"vt") <
[lt="vt™]| < |I6™|l|lvll — 0 as n — oo. Suppose ||A]] = 1. Since f the minimal
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polynomial of ¢ is irreducible over Z, it has no repeated roots. Hence, not only is
(v), the subspace of C* spanned by v, invariant under ¢, but also its complementary
space, (v)L, is invariant under ¢ (one may see this by noting that, in this basis,
¢ is in Jordan normal form and has 1-by-1 Jordan blocks and so is diagonal).
Thus, by Lemma A.8, while calculating the norms of elements of {nv | n € N}
we need consider only strings of the form w, = t"'yvt"2yv---t"vyv,v; € C
which represent nv. Replacing w, by a product of elements in (v) conjugated
by powers of ¢t as in the proof of Lemma A.5 and recalling that ¢t ~‘vt! = \v we
see that we have w), = t" v vt~ "1™ T "2y9p . .- y;0 which we can write as w]| =
Ay uA™t 250 - yiv and [(w”)e < I(w)e since [A| = 1. So, while calculating
the norms of elements of {nv} we need consider only the metric on C*. Hence,
76(v) = 100 (V) = [[v]len = [Jo]lG. O

Lemma 5.17. Let (A, A2, -+, A\y) be an n-tuple of elements in C* such that |\;| =
1 for each i. Then for any € > 0 there exist M, N € N,M # N such that |\M —
AN| <€ for all i.

Proof. Tdentify S with the set {z € C | |z[ = 1}. Then each n-tuple of the form
(N, AL, -+, AL), 4 € N lies on the n-dimensional torus, 7". The result follows from
the compactness of T". [l

Lemma 5.18. Let ¢ € GL(n,Z) be irreducible. Let G = Z™ x4 Z. Then G s
translation discrete implies that ¢ has finite order and thus G is abelian-by-finite.

Proof. Choose a basis {a;} for Z" and t a generator for Z. By Lemma 2.4, we may
assume that G is equipped with the associated word metric. In light of Corollary 5.7
we may consider G as a subgroup of K = C” x4Z (K is equipped, as usual, with the
subeuclidean norm) and calculate translation numbers there. Since ¢ is irreducible,
f, the minimal polynomial of ¢, is irreducible over Z. Since f is irreducible, each
root has multiplicity 1. This, in turn, implies that ¢ is diagonalizable (since when
¢ is written in Jordan normal form the Jordan blocks will be 1-by-1). Thus, we
may choose as a basis for C"” a set of eigenvectors of ¢. By Corollary 5.7, we may
assume that K is equipped with subeuclidean norm induced by the subeuclidean
norm on C" induced by this basis. Let {\;}, (i = 1...7) be the set of eigenvalues
of ¢ with |A\;| # 1, and v; be the basis vector corresponding to ;. Similarly, let
{7j},(j =1...5) be the set of eigenvalues of ¢ with |y;| = 1, and w; be the basis
vector corresponding to v;. Let g € C* be an element of the image of Z". In the new
basis, g can be written as g = a1v1 +agva+- - -+ a,vr +bywi + - - -+ bsws, a;,b; € C.
Choose € > 0 such that 7(h) < e implies that h = 1g, for all h € G . Let
B = max{b;}. Apply the previous lemma to find n,m € N,m # n such that
Vi =] < 55 for j = 1---s. Consider g’ = t~"gt"t~mg=1t™. Then ¢ =
(AT = AMaror + -+ (AT = A)arvy + (0 = 9")brwr + -+ + (78 — 78")bsws.
Applying, Lemma 5.16, Lemma 5.12, and Corollary 4.6 we have that

m(g) < T((OF —Hbrwr 4+ (Y = AT)bsws)
< O = Ar)brws + -+ (78 — 48)bswsla
< O = A)brwr + -+ 4 (78 — 78 bsws]|cn
< [ =l + e+ ()b
< s ¢ -B

|
o
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Thus, ¢’ = 1g. So, t™"gt"t~™g~ '™ = 1 and thus [t ", g] = 1. Hence, letting g
run through the images of a free basis for Z", we see that ¢ has finite order proving
that G is abelian-by-finite. O

Theorem 5.19. Let ¢ € GL(n,Z). Let G = Z™ x4 Z. Then G is translation
discrete if and only if G is abelian-by-finite.

Proof. If G is translation discrete, then any subgroup of G is translation discrete.
Applying the previous lemma we see that(in the notation of Lemma 5.15) T; x| 7, Z
is abelian-by-finite, forcing ¢|T; to have finite order. Since the direct sum of the
T;’s has finite index in Z™, this forces ¢ to have finite order, which implies that G
is abelian-by-finite. O

6. SOLVABLE GROUPS
We need a lemma from a previous article.
Corollary 6.1 ([C2], Cor. 3.6.1). Translation proper nilpotent groups are abelian.

Proof of Theorem 3.3. Let G be a translation definite solvable linear group. It has
been shown by Mal’cev [S, Corollary 4, Theorem 4 page 35] that a solvable linear
group is (nilpotent-by-abelian)-by-finite. Since the property of being translation
proper is inherited by subgroups we may apply Corollary 6.1 to get that G is
metabelian-by-finite. O

Lemma 6.2. Let G be a solvable group equipped with a metric so that 7~(0) = 1.
Let A be a mazimal abelian normal subgroup of G. Then Cg(A) = A where Cg(A)
is the centralizer of A in G, {g € G | [g9, 4] = 1g}.

Proof. Let B/A be a maximal abelian characteristic subgroup of the solvable group
Ca(A)/A. Since Cg(A)/A is normal in G/A, and B/A is characteristic in Cg(A)/A,
B/A is normal in G/A. Thus B is a normal subgroup of G. Since B/A is abelian,
B’ = [B, B] is generated by commutators in A and thus in the center of B. In proof
of [C2, Lemma 3.2.1] it is shown that central commutators have zero translation
number in any metric (in that lemma it is assumed that the group is nilpotent, but
this hypothesis is used only to force commutators to lie in the center).

Thus, 7(B’) = 0. So, B’ = 1. Therefore B is an abelian normal subgroup of G
which contains A. Thus B = A. Then, B/A =1¢ = Cg(A)/A = 1¢ = Cg(A) =
A. O

Definition 6.3 (Rank). If A is an abelian group, then the rank of A is defined as:
rank(A4) = dimg (A4 ®z Q).
This is also known as the torsion-free rank or Q-rank.

Lemma 6.4. Let G be a solvable group which is translation proper. Let A be a
maximal abelian normal subgroup of G. If A has finite Q-rank and is torsion-free
then G is metabelian-by-finite (i.e. G is abelian-by-abelian-by-finite).

Proof. Since A torsion-free, A embeds into A ® Q by a — a ® 1. Since A has finite
rank, A < A® Q < Q" for some n. By Lemma 6.2, G/A = G/Cg(A), so G/A
is a subgroup of Aut(Q") = GL(n,Q). Since G/A is linear, a theorem in ([S])
allows us to choose a torsion-free subgroup of finite index, K/A. Applying another
theorem in ([S]), there is a basis of C" in which K/A is a group of upper triangular
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matrices. Now any commutator ¢ in K/A is unipotent (since it is the commutator
of two upper triangular matrices), implying that (¢, A) = A x4 Z is nilpotent and
thus abelian by Corollary 6.1 which shows that ¢ is the identity. So K/A is abelian
implying that G is metabelian-by-finite. (|

Proof of Theorem 3.1. A solvable subgroup of a group with finite virtual cohomo-
logical dimension itself has finite ved. Thus it is torsion-free and does not contain
a free abelian group of infinite rank and consequently has finite Q-rank. We may
now apply Lemma 6.4 to complete the proof. O

Lemma 6.5. Let G be torsion-free solvable translation discrete group. Let A be a
mazimal abelian normal subgroup of G. If A has finite Q-rank m, then G is a finite
extension of A = 7Z™.

Proof. Since A is a subgroup of G it is itself translation discrete, and thus can
have no infinitely divisible elements by Theorem 4.5. Hence A is isomorphic to Z™.
Let € G. Then (z, A) is, by Theorem 5.19, abelian-by-finite. Thus, there is a
finite power, ¢, of x so that ' € Cg(A). By Lemma 6.2, we have Cg(A) = A.
This implies that G/A is a torsion group. Also, G/A = G/Cg(A) is a subgroup of
Aut(A) = GL(m,Z). By [S, Cor 1,page 26], Every solvable subgroup of GL(m,Z)
is polycyclic. Therefore, G/A is a polycyclic torsion group and thus is finite. O

Proof of Theorem 3.4. By descending to a subgroup of finite index and applying
Lemma 2.4 we may assume that we are considering a solvable translation discrete
group H of finite cohomological dimension n. Now, H is torsion-free and, by
Zorn’s Lemma, has a non-trivial maximal abelian normal subgroup A. Since the
cohomological dimension of A is no greater than that of H, m, the Q-rank of A, is
no greater than n. Applying Lemma 6.5 we see that H must be a finite extension
of Z™. But since A now has finite index in H, m = n. O

7. Two EXAMPLES

Example 7.1. Let ¢ be the matrix

0 0 0 -1
100 2
01 0 -1
0 0 1 2

Let G = Z* x4 Z. Choose a finite generating set for G and equip G with the
corresponding word metric. As we shall show below, 771(0) = {1g}, but the set
S = {7(9) | g € Z™} has the property that every point of S is an accumulation
point of S. Thus G is translation proper, but not translation discrete.

It is an easy calculation that f(z) = 2* — 223 + 22 — 22 + 1, the characteristic

2

polynomial of ¢, is irreducible over Z, and has a root, a = 5
of complex norm 1 which is not a root of unity. Since f is irreducible it is, in
fact, the minimal polynomial of ¢. Thus ¢ is irreducible. Also, T' = I(G) is an
invariant subspace of Z". Hence, either T' = Z™ or T = {0}. Suppose T = Z™.
Let K = C" x4 Z be equipped a subeuclidean metric. By Corollary 5.7, the image
of Z™ is contained inside I(K), but the image of Z™ contains a basis of C*. Since
I(K) is a vector subspace of C*, I(K) = C". On the other hand, let v be an
eigenvector of ¢ in C" corresponding to the eigenvalue a. Then, by Lemma 5.16,
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T (v) = ||v||k # 0, which gives us a contradiction. Thus I(G) =T = {0} = {1¢}.
However, since « is not a root of unity, ¢ does not have finite multiplicative order,
and thus G is not abelian-by-finite. It follows from Theorem 5.19 that G is not
translation discrete.

If x € G —Z"™ we can apply Observation 4.8 to show that 7(z) is bounded away
from 0. Thus 0 must be an accumulation point of S. Since Z™ is abelian, for any
elements z,y € Z"™ we have (by Theorem 4.5) |7(z) — 7(y)| < 7(zy) < 7(z) + 7(y).
For 7(y) # 0 and for sufficiently large n we have that 7(x) < |7(y™)—7(z)| < 7(zy™).
Choosing n € N minimal with this property one calculates that 7(x) < 7(xy™) <
7(zy" 1) 4+ 7(y) < 7(x) + 7(y). Choosing 7(y) increasingly small, we see that 7(z)
is an accumulation point of S for any element = of Z™.

Example 7.2. Let ¢ be the automorphism of the free abelian group of countably
infinite rank induced by shifting a free basis indexed by Z to the right. Let G be
the induced HNN extension (G is also known as a wreath product of two copies of
Z). Then G is generated by two elements (t, the extra generator from the HNN
extension, and x, one of the generators of one of the Z’s, will work) and G is
translation discrete.

Let ; = t~‘xt!. Then the set {x;} forms a free basis for H. By Observation 4.8,
we need consider only elements of H. So, each element,h # 0, of H can be written
uniquely in the form h = a1z, + asxi, + -+ + agzi,, a; € Z — 0. One shows that
in the word metric on G induced by the generating set {t,x}, |k|| > >_ |a;|. Then

_lnhll D Ina]
7(h) = lim > lim = Z la;| > 1.

n—oo M n—00
APPENDIX A. ELEMENTARY RESULTS ON GROUP METRICS

The following results are quite useful when working with metrics on abstract
groups. Proofs are given only for the those results which are not straightforward.

Lemma A.1. Suppose the finitely generated group G is a semidirect product of K
by the finitely generated group H. Suppose s is a finite generating set for H and
r 2 s is one for G. Suppose we equip G and H with the corresponding word metrics,
then 7qlg = TH.

Lemma A.2. Suppose H and K are subgroups of G that together generate G, each
is equipped with a metric, and G is equipped with the product semimetric. If the
metric on H is discrete, then the product semimetric on G is a metric and there
exists € > 0 such that for all g € G, ||glla < e= g € K and ||gllc = ||gllx-

Lemma A.3. Suppose H and K are subgroups of G that together generate G. Sup-
pose K is equipped with a discrete metric, and H is equipped with two semimetrics
Ml = N le (in the terms of the previously defined partial order). Then the two
product semimetrics on G have the property that || ||, =< || |cs-

Corollary A.4. Suppose H and K are subgroups of G that together generate G.
Suppose K is equipped with a discrete metric, and H is equipped with two equivalent
semimetrics. Then the two product semimetrics on G are equivalent.

Lemma A.5. Let K be an abelian group, G a semidirect product of K by 7, and
t a generator of Z. If w = (t™ g1t™2ga - - -t g;) (t" hat"2ho - - -t hy)(gi, hi € K) s
an element of G that lies in K, then w = t™ g1hit"?gaha - -t" g;h;.
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Proof. Since w lies in K, >1_, n; = 0.
w = (tnlglt*nl tn1+nzg2t*n1*n2 .. 'tn1+n2+m+nj’1gjfltinlinzi'”inj’lgj)
(t"l hit™™ tnatne hot 172 .. gt hj,lt_m_m_'"_nj‘lhj).

Since K is abelian and normal any two conjugates of elements of K commute and we
have w = ¢" gy hyt ™" "M T2 gohot T2 L gt g T T gl
Canceling t's we get w = t" g1h1t"2gaho - - -t g;h;. O

emma A.6. Le e a subring of C, ¢ € n, F), G= Xy 7. Le enote
L A.6. Let F b bri C GL(n, F), G=F" x4 7. Lett denot

a generator of Z. If w = (t" ¢g1t"?g2---t"g;)(gi € G) is an element of G which
lies in F™, then aw = (™ agit™ags---t"ag;) Va € F

Proof. Using multiplicative notation in G and additive notation in F™,

aw = a- (" gt~ F Mg T2 g t”1+"'+”j‘1gj,lt_"l_"'_”j‘l +95)
=(a-t"Mgit M a- Mgt T p g M T g T T T g
Since ¢ is a linear map we have

aw = (" agit™™ + " T2 aget ™M T M T gL 3T T L )
Canceling t’s we get aw = t"'ag1t"?agz - - - t" ag;. O

Lemma A.7. Suppose G is an abelian group equipped with a semimetric and H
is a dense subgroup of G with the restricted metric. Let ¢ be an automorphism of
G which is continuous and fizes H. Give Z a word metric induced by a generator.
Let K =H x4 Z and L = G x4 Z. Then the product metric on K restricted to H
is equal to the product metric on L restricted to H.

Proof. Let h € H,t be a generator of Z. Suppose w = t"'¢g1t"2gy---t"g;, s € G
represents h € L.Let ¢ > 0. Rewriting w, we get w = t™ gyt ™ Mt n2 gy =1 —n2 4
---g;. Since ¢ is continuous and H is dense we can find a sequence (h,... ,h;) of
elements in H such that w’ = t" hyt"2hy---t" h; and d(h,w’) < €/2 (where w’ is
the element of H which w’ represents) and [(w')x < l(w) +¢/2. Let b’ = h —w'.
By construction ||h'||g < €/2. Hence, w"”" = t" h1t"?hy - - -t" h;h' has the property
that it represents h in K and l(w”)x < l(w)p + €. Now, Ve > 0

Il = inf{l(w)r | w represents h in L}
< inf{l(w")kx + €| w” represents h in K}
= [hllx +e

Thus, [[Allz = (Al -
O

Lemma A.8. Suppose G = H x K is an abelian group equipped with a semimetric.
Let ¢ be an automorphism of G leaving both H and K invariant. Give Z a word
metric induced by a generator. Let L = H Xy, Z and M = G x4 Z. Then the
product metric on M restricted to H is equal to the product metric on L restricted
to H.

Proof. Let |||z and ||||ar the respective norms. Clearly || |ar < || ||z from the
definitions. Let w € H Suppose u can be written as u = t"'c1t"2cy - - - 1" ¢; where
¢p € G and t a generator for Z. Let ¢, = a, + b, where a, € H,b, € K. By Lemma
A5, u =v+ s where v = t"ait"az---t™a; and s = t"1b1t"2by - - - t"b;. Since

¢ fixes both H and K, v lies in H and s lies in K. Thus s = 1g, and so we may
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assume that (by) = (1¢). Applying an infimum argument, as in the last result, we

are done.
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