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Parameter Plane

Some of the information from the preceding phase portraits can be summa-
rized in a parameter diagram. In particular, let 7 = trace A and let § = det A,
so the characteristic polynomial is A2 — 7\ + 6. Then the behavior of the
trivial solution x(¢) = 0 is given by locating the corresponding point in the
(7,9)-plane:
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Growth and Decay Rates
Given A € L(R",R"), let
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From our previous study of the real canonical form, we know that
R'=&8"®E &

We call £ the unstable space of A, £° the stable space of A, and £¢ the center

space of A.
Each of these subspaces of R” is invariant under the differential equation

T = Ax. (1)

In other words, if z : R — R" is a solution of (1) and z(0) is in &%, £*, or
E° then x(t) is in &%, €%, or £° respectively, for all £ € R. We shall see
that each of these spaces is characterized by the growth or decay rates of the
solutions it contains. Before doing so, we state and prove a basic fact about
finite-dimensional normed vector spaces.
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Theorem All norms on R" are equivalent.

Proof. Since equivalence of norms is transitive, it suffices to prove that every
norm N : R* — R is equivalent to the standard Euclidean norm | - |.

Given an arbitrary norm N, and letting x; be the projection of x € R”
onto the ith standard basis vector e;, note that

N(z) =N (Z Iz‘ez‘) < Z || N(ei) < Z || N (e:)
< <Z N(ei)> ||

This shows half of equivalence; it also shows that N is continuous, since, by
the triangle inequality,

IN(x) = N(y)| < N(z —y) < (ZM@)) |z —yl.

The set S := {x e R" } |z = 1} is clearly closed and bounded and, therefore,
compact, so by the extreme value theorem, N must achieve a minimum on
S. Since N is a norm (and is, therefore, positive definite), this minimum
must be positive; call it k. Then for any = # 0,

V(o) = & (Jol ) =1alv () 2t
] 2]
and the estimate N(x) > k|x| obviously holds if x = 0, as well. O

Theorem Given A € L(R",R") and the corresponding decomposition R" =
EVYBEDES, we have

E'={zeR"|3c>0s.t t}im le™et x| = 0}, (2)
& ={zeR"|Ic>0s.t liTm leet x| = 0}, (3)
tToo

and

& ={zeR"|Ve> O,th lete x| = 0 and gm etz =0}, (4)



Proof. By equivalence of norms, instead of using the standard Euclidean
norm on R"” we can use the norm

]| := sup{| Prl, ..., [Pol},

where P; : R — R represents projection onto the ith basis vector correspond-
ing to the real canonical form. Because of our knowledge of the structure of
the real canonical form, we know that P!z is either of the form

p(t)e™, (5)

where p(t) is a polynomial in ¢ and A € R is an eigenvalue of A, or of the
form

p(t)e™(avcos bt + Bsin bt), (6)

where p(t) is a polynomial in ¢, a + bi € C\ R is an eigenvalue of A, and «
and [ are real constants. Furthermore, we know that if P; corresponds to a
vector in £ then A\ and a are positive, if P, corresponds to a vector in £°
then A and a are negative, and if P; corresponds to a vector in £¢ then A\ and
a are zero.

Now, suppose € £°. Then each P!z is either identically zero or
has as a factor a negative exponential whose constant is the real part of an
eigenvalue of A that is to the left of the imaginary axis in the complex plane.
Let 0(A) be the set of eigenvalues of A, and set

B lmax{Re\ | A € 6(A) and ReX < 0}
- 5 :

C

Then e Pet4x is either identically zero or decays exponentially to zero as
t 1 oo.

Conversely, suppose = ¢ £°. Then Pz # 0 for some P; corresponding
to a real canonical basis vector in £ or in £°. In either case, Pe!z is not
identically zero and is of the form (5) where A > 0 or of the form (6) where
a > 0. Thus, if ¢ > 0 then

lim sup | Pe' 2| = oo,
tToo

SO

lim sup ||e” ez = oo.

tToo



The preceding two paragraphs showed that (3) is correct. By applying
this fact to the time-reversed problem & = — Az, we find that (2) is correct,
as well. We now consider (4).

If x € £°, then for each i, Pet4x is either a polynomial or the product
of a polynomial and a periodic function. If ¢ > 0 and we multiply such a
function of ¢ by e and let ¢t | —oo or we multiply it by e~ and let ¢ T oo,
then the result converges to zero.

If, on the other hand, x ¢ £° then for some i, P;e'Ax contains a nontrivial
exponential term. If ¢ > 0 is sufficiently small then either e P!z diverges
as t | —oo or e~ Petde diverges as t T co. This completes the verification

of (4). O



