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The Action of DF(p) on the Unstable Cone

The first lemma shows that if the derivative of the map is applied to a point
in the unstable cone, the image is also in the unstable cone.

Lemma (Linear Invariance of the Unstable Cone) If p € B(r), then
DF(p)C*(a) € C*(a).

Proof. Let p € B(r) and v € C"(«). Then, if we let vy = 7,0 and v, = m,0,
we have ||v,|| > «allvg|, so

|mu DF(p)v]| = [|Aus(P)vs + Auu(P)Vull > | Avu(P)vull — || Aus(p)vs]|
> m(Auu(P) Joull = [[Aus() H[vs]] = Al[vall — ellvs]]
> (A —¢e/a)llvall,

and

H?TSDF(p)UH = HASS(p)US + Asu(p)UUH < HASS(p)USH + HAsu(p)UuH
< [[Ass(D)[[vs]| + [[Asu (@) vull < pel[vs] + €lJval]
< (u/a+e)llvall.

Since A —e/a > a(p/a+¢),
lmu DE(p)oll = al[mDF (p)ol],

so DF(p)v € C*(«). O

The Action of F' on Moving Unstable Cones

The main part of the second lemma is that moving unstable cones are posi-
tively invariant. More precisely, if two points are in B(r) and one of the two
points is in a translate of the unstable cone that is centered at the second
point, then their images under F' satisfy the same relationship. The lemma
also provides estimates on the rates at which the stable and unstable parts
of the difference between the two points contract or expand, respectively.
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In this lemma (and later) we use the convention that if X and ) are
subsets of a vector space, then

X+y::{x+y’xe?(andy€y}.

Lemma (Moving Unstable Cones) If p,q € B(r) and q € {p} + C*(«), then:

(@) lIms(F(q) — F(p)Il < (p/a+e)llmulq —p)I;
(b) [[mu(F(q) = F(p)I = (A —e/a—¢e)|mulq —p)l;
(c) F(q) e {F(p)}+C"(a).

Proof. We will write differences as integrals (using the Fundamental Theorem
of Calculus) and use our estimates on DF'(v), for v € B(r), to estimate these
integrals.

Since B(r) is convex,

I7s(F'(q) — F(p)|| =
:
.

< /O [ Ass(tg + (1 =t)p)|l[l7s(q — p)I| + [[Asu(tq + (1 = t)p) Il 7ulq — p)|I] dt
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/01 r.DF(tg+ (1 —)p)(q — p) dt”

[ Atta+ (0= 00 =)+ Aulia+ (0 - dpmla =) dtH

< / llmalg — )l + llmala — p) ] dt < (/e + )llmala — B

This gives (a).



Similarly,

H?ru(F(lfJ) — F(p))|
[ Vratia+ (1= tp)m.(a =)+ Awslta+ (0= Dp)mala ) dtH

[ AwtOmta =] - | [ tautia-+ 1=ttt

/Ol(Auu(tq + (1 = t)p) — Aw(0))mu(q — p) dt

>

> m(Auu(0))I7u(q — p)l — /O | Aus(tq + (1 = t)p)||l7s(q — p)|| dt

- / 1 Au(ta + (1 = )p) — Au(0)|[|7ulq — p)Il dt
> N|mu(q — p)|| — llms(q — p)|| — ellmulg — p)|| > (A — /e — &)||mulq — p)|-

This gives (b).
From (a), (b), and the choice of e, we have

Imu(E(q) = E(p))| = (A —¢/a=e)|mlq —p)|| = (1 + ea)|mulq = p)|
> a|ms(F(q) — F(p)ll,

so F'(q) — F(p) € C*(«), which means that (c) holds.



