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Problem 1. Assume that {vy,va,...,v,} spans the vector space V', and let v
be any other vector in V.. Show that {v,v1,va,...,v,} is linearly dependent.

Problem 2. Let x1,Xo,...,X; be linearly independent vectors in R™, and let
A be a nonsingular n X n matriz. Define y; = Ax; fori =1,...,k. Show
that y1,¥2, ..., Yk are linearly independent

Problem 3. Let X be a subspace of W and L : 'V — W be a linear
transformation. The preimage of X, denoted L='(X), is defined by

L' (X)={veV|Lkv) e X}
Prove that L™Y(X) is a subspace of V.
Problem 4. Prove that the (P norms satisfy the following inequalities:
(). [Ixll2 < lIxlly < vnllx|l2.
(b). [Ixlloe < lIxll2 < v/nllxlo-
Hint: Use the Cauchy-Schwarz inequality.

Problem 5. Let d(x,y) be a metric on a vector space V. Show that

d(x,y)
pXY) =T T dx.y)

18 also a metric.

Problem 6. Let V,W, X be vector spaces. Assume that L : V — W and
M W — X are linear transformations. Prove that M oL :V — X 1is a
linear transformation.

Problem 7. A set C' C R"™ s convex if for each x,y € C, we have that
AX + (1 =Ny € C, whenever 0 < XA < 1.

(a). Give the geometric interpretation of a convex set.

(b). Provide an example of a set that is convex and one that isn't.



Problem 8. The convex hull of S C R™, denoted co(S) is the set of all convex
combinations of elements of S, that is, the set of all linear combinations

a1X1 + - —|—(1an

such that ay +---+a, = 1, each a; > 0, and each x; € S, j =1,...,n,
n € N. Prove that a convex set C' contains every convex combination of its
elements, or in other words co(C) C C.

Problem 9. Let {Cy}tacs be a collection of convex sets for some indexing
set J. Prove that NaejCy is conver.

Problem 10. Let S C R"™. Prove that co(S) is equal to the intersection of
all convex sets containing S.



