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Section 3.4 Exercises

∑n
k=−n ake

ikx. ShowSnf(x) =
∫ π
−π f(y)Dn(x− y)dy where

Dn(t) =
sin((n+ 1

2 )t)
2π sin( t2 )

.

This is called the Dirichlet kernel.

9. ↑ Let Y = {f such thatf is continuous, defined onR, and2π periodic}. Define||f ||Y =
sup{|f(x)| : x ∈ [−π, π]}. Show that(Y, || ||Y ) is a Banach space. Letx ∈ R and define
Ln(f) = Snf(x). ShowLn ∈ Y ′ but limn→∞ ||Ln|| =∞. Hint: Let f(y) approximate
sign(Dn(x− y)).

10.↑ Show there exists a denseGδ subset ofY such that forf in this set,|Snf(x)| is un-
bounded. Show there is a denseGδ subset ofY having the property that|Snf(x)| is
unbounded on a denseGδ subset ofR. This shows Fourier series can fail to converge
pointwise to continuous periodic functions in a fairly spectacular way.

11. LetX be a normed linear space and letM be a convex open set containing0. Define

ρ(x) = inf{t > 0 :
x

t
∈M}.

Showρ is a gauge function defined onX. This particular example is called a Minkowski
functional. Recall a set,M , is convex ifλx + (1 − λ)y ∈ M wheneverλ ∈ [0, 1] and
x, y ∈M .

12.↑ This problem explores the use of the Hahn Banach theorem in establishing separation
theorems. LetM be an open convex set containing0. Let x /∈ M . Show there exists
x∗ ∈ X ′ such thatRex∗(x) ≥ 1 > Rex∗(y) for all y ∈ M . Hint: If y ∈ M,ρ(y) < 1.
Show this. Ifx /∈ M, ρ(x) ≥ 1. Try f(αx) = αρ(x) for α ∈ R. Then extendf to F ,
showF is continuous, then fix it soF is the real part ofx∗ ∈ X ′.

13. A Banach space is said to be strictly convex if whenever||x|| = ||y|| andx 6= y, then∣∣∣∣∣∣∣∣x+ y

2

∣∣∣∣∣∣∣∣ < ||x||.
F : X → X ′ is said to be a duality map if it satisfies the following: a.)||F (x)|| =
||x||. b.) F (x)(x) = ||x||2. Show that ifX ′ is strictly convex, then such a duality map
exists.Hint: Let f(αx) = α||x||2 and use Hahn Banach theorem, then strict convexity.
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Chapter 6 Locally Convex Topological Vector Space

vertex,x, pickAεx ∈Ax and defineAε on all ofCn by the following rule. If

x ∈ [x0, · · ·,x2n],

sox =
∑2n
i=0 tixi, then

Aεx ≡
2n∑
k=0

tkAεxk.

ThusAε is a continuous map defined onCn thanks to the local finiteness of the collection of
simplicies. LetPK denote the projection on the convex setK. By the Brouwer fixed point
theorem, there exists a fixed point,xε ∈ K such that

PK (y−Aεxε + xε) = xε.

By Corollary 4.8 this requires

Re (y−Aεxε, z− xε) ≤ 0

for all z ∈K.
Supposexε ∈ [xε0, · · ·,xε2n] soxε =

∑2n
k=0 t

ε
kx

ε
k. Then sincexε is contained inK, a

compact set, and the diameter of each simplex is less than 1, it follows thatAεxεk is contained
in A(K +B (0,1)), which is contained in a compact set thanks to Lemma 6.29. Taking a
subsequence, we may obtain from the Heine Borel theorem that for some sequence,ε→ 0

tεk → tk,xε → x,Aεxεk → yk

for k = 0, · · ·, 2n. Since the diameter of the simplex containingxε converges to 0, it follows

xεk → x, Aεxεk → yk.

Since the graph ofA is closed andAεxεk ∈ Axεk, this impliesyk ∈ Ax. SinceAx is convex,

2n∑
k=1

tkyk ∈ Ax.

Hence for allz ∈K,

Re

(
y−

2n∑
k=1

tkyk, z− x

)
= lim
ε→0

Re

(
y−

2n∑
k=1

tεkAεx
ε
k, z− xε

)
= lim
ε→0

Re (y−Aεxε, z− xε) ≤ 0.

Let w =
∑2n
k=1 tkyk. This proves the lemma.
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Section 7.2 Monotone classes and algebras

Corollary 7.8 Let (Z1,R1, E1) and(Z2,R2, E2) be as just described in Lemma 7.6. Then
(Z1 × Z2,R, E) also satisfies the conditions of Lemma 7.6 ifR is defined as

R ≡{R1 ×R2 : Ri ∈ Ri}

and
E ≡{ finite disjoint unions of sets ofR}.

Consequently,E is an algebra of sets.

Proof: It is clear∅, Z1 × Z2 ∈ R. LetR1
1 ×R1

2 andR2
1 ×R2

2 be two elements ofR.

R1
1 ×R1

2 ∩R2
1 ×R2

2 = R1
1 ∩R2

1 ×R1
2 ∩R2

2 ∈ R

by assumption.
R1

1 ×R1
2 \
(
R2

1 ×R2
2

)
=

R1
1 ×

(
R1

2 \R2
2

)
∪
(
R1

1 \R2
1

)
×
(
R1

2 ∩R2
2

)
= R1

1 ×A2 ∪A1 ×R2

whereA2 ∈ E2, A1 ∈ E1, andR2 ∈ R2. Since the two sets in the above expression on the
right do not intersect, and eachAi is a finite union of disjoint elements ofRi, it follows the
above expression is inE . This proves the corollary. The following example will be referred
to frequently.

Example 7.9 Consider forR, sets of the formI = (a, b] ∩ (−∞,∞) wherea ∈ [−∞,∞]
andb ∈ [−∞,∞]. Then, clearly,∅, (−∞,∞) ∈ R and it is not hard to see that all conditions
for Corollary 7.7 are satisfied. Applying this corollary repeatedly, we find that for

R ≡

{
n∏
i=1

Ii : Ii = (ai, bi] ∩ (−∞,∞)

}
andE is defined as finite disjoint unions of sets ofR,

(Rn,R, E)

satisfies the conditions of Corollary 7.7 and in particularE is an algebra of sets ofRn. It is
clear that the same would hold ifI were of the form[a, b) ∩ (−∞,∞).
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Chapter 9 The Construction of Measures

But we know Formula (2) holds becauseA is measurable. Apply the Definition 9.1 toS ∩ T
instead ofS.

The next theorem is the main result on outer measures. It is a very general result which
applies whenever one has an outer measure on the power set of any set. This theorem will be
referred to as Caratheodory’s procedure in the rest of the book.

Theorem 9.4 The collection ofµ measurable sets,S, forms aσ algebra and

If Fi ∈ S, Fi ∩ Fj = ∅, thenµ(∪∞i=1Fi) =
∞∑
i=1

µ(Fi). (3)

If · · ·Fn ⊆ Fn+1 ⊆ · · ·, then ifF = ∪∞n=1Fn andFn ∈ S, it follows that

µ(F ) = lim
n→∞

µ(Fn). (4)

If · · ·Fn ⊇ Fn+1 ⊇ · · ·, and if F = ∩∞n=1Fn for Fn ∈ S then ifµ(F1) < ∞, we may
conclude that

µ(F ) = lim
n→∞

µ(Fn). (5)

Also,(S, µ) is complete. By this we mean that ifF ∈ S and ifE ⊆ Ω withµ(E \F )+µ(F \
E) = 0, thenE ∈ S.

Proof: First note that∅ andΩ are obviously inS. Now suppose thatA,B ∈ S. We show
A \B = A ∩BC is in S. Using the assumption thatB ∈ S in the second equation below, in
whichS ∩A plays the role ofS in the definition forB beingµ measurable,

µ(S ∩ (A ∩BC)) + µ(S \ (A ∩BC)) = µ(S ∩A ∩BC) + µ(S ∩ (AC ∪B))

= µ(S ∩ (AC ∪B)) + µ(S ∩A)− µ(S ∩A ∩B). (6)
The following picture ofS ∩ (AC ∪B) may be of use.

A

B

S

From the picture, and the measurablility ofA, we see that Formula (6) is no larger than

≤ µ(S ∩A ∩B) + µ(S \A) + µ(S ∩A)− µ(S ∩A ∩B) = µ (S) .

This has shown that ifA,B ∈ S, thenA \B ∈ S. SinceΩ ∈ S, this shows thatA ∈ S if and
only if AC ∈ S. Now if A,B ∈ S,A ∪B = (AC ∩BC)C = (AC \B)C ∈ S. By induction,
if A1, · · ·, An ∈ S, then so is∪ni=1Ai. If A,B ∈ S, withA ∩B = ∅,

µ(A ∪B) = µ((A ∪B) ∩A) + µ((A ∪B) \A) = µ(A) + µ(B).
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Section 9.1 Outer measures

By induction, ifAi ∩Aj = ∅ andAi ∈ S, µ(∪ni=1Ai) =
∑n
i=1 µ(Ai).

Now letA = ∪∞i=1Ai whereAi ∩Aj = ∅ for i 6= j.

∞∑
i=1

µ(Ai) ≥ µ(A) ≥ µ(∪ni=1Ai) =
n∑
i=1

µ(Ai).

Since this holds for alln, we conclude, sinceµ is assumed to be an outer measure, that
µ(A) =

∑∞
i=1 µ(Ai) which establishes Formula (3). Part (4) follows from part (3) just as in

the proof of Theorem 7.12.
In order to establish (5), let theFn be as given there. Then, since(F1 \ Fn) increases to

(F1 \ F ) , we may use part (4) to conclude

lim
n→∞

(µ (F1)− µ (Fn)) = µ (F1 \ F ) .

Now µ (F1 \ F ) + µ (F ) ≥ µ (F1) and soµ (F1 \ F ) ≥ µ (F1)− µ (F ) . Hence

lim
n→∞

(µ (F1)− µ (Fn)) ≥ µ (F1)− µ (F )

which implies that, sinceF ⊆ Fn for all n,

µ (F ) ≤ lim
n→∞

µ (Fn) ≤ µ (F ) .

It remains to showS is closed under countable unions. We already know that ifA ∈ S,
thenAC ∈ S andS is closed under finite unions. LetAi ∈ S, A = ∪∞i=1Ai, Bn = ∪ni=1Ai.
Then

µ(S) = µ(S ∩Bn) + µ(S \Bn) (7)

= (µbS)(Bn) + (µbS)(BCn ).

By Lemma 9.3 we knowBn is (µbS) measurable and so isBCn . We want to showµ(S) ≥
µ(S \ A) + µ(S ∩ A). If µ(S) = ∞, there is nothing to prove. Assumeµ(S) < ∞. Then
we apply Parts (5) and (4) to Formula (7) and letn→∞. Thus

Bn ↑ A, BCn ↓ AC

and this yieldsµ(S) = (µbS)(A) + (µbS)(AC) = µ(S ∩A) + µ(S \A).
ThusA ∈ S and this proves Parts (3), (4), and (5).
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Chapter 10 Lebesgue Measure

Proof: LetE be an open set inX and let

SE≡{F Borel inY such thatE × F is Borel inX × Y } .

ThenSE contains the open sets and is clearly closed with respect to countable unions. LetF
∈ SE . Then

E × FC ∪ E × F = E × Y = a Borel set.
Therefore, sinceE × F is Borel, it followsE × FC is Borel. Therefore,SE is aσ algebra.
It follows SE = Borel sets, and so, we have shown- open× Borel = Borel. Now letF be a
fixed Borel set inY and define

SF≡{E Borel inX such thatE × F is Borel inX × Y }.

The same argument which was just used showsSF is aσ algebra containing the open sets.
Therefore,SF = the Borel sets, and this proves the lemma sinceF was an arbitrary Borel
set.

Now we define the unit sphere inRn, Sn−1, by

Sn−1 ≡ {w ∈Rn : |w| = 1}.

ThenSn−1 is a compact metric space using the usual metric onR
n. We define a map

θ : Sn−1 × (0,∞)→ R
n \ {0}

by
θ (w,ρ) ≡ ρw.

It is clear thatθ is one to one and onto with a continuous inverse. Therefore, ifB1 is the set
of Borel sets inSn−1 × (0,∞), andB are the Borel sets inRn \ {0}, it follows

B = {θ (F ) : F ∈ B1}. (8)

Observe also that the Borel sets ofSn−1 satisfy the conditions of Lemma 7.6 withZ
defined asSn−1and the same is true of the sets(a, b] ∩ (0,∞) where0 ≤ a, b ≤ ∞ if Z is
defined as(0,∞). By Corollary 7.7, finite disjoint unions of sets of the form{

E × I : E is Borel inSn−1

andI = (a, b] ∩ (0,∞) where0 ≤ a, b ≤ ∞}
form an algebra of sets,A. It is also clear thatσ (A) contains the open sets and soσ (A) = B1

because every set inA is inB1 thanks to Lemma 10.18. LetAr ≡ Sn−1 × (0, r] and let

M≡
{
F ∈ B1 :

∫
Rn

Xθ(F∩Ar)dmn
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Chapter 11 Product Measure

LetKx ⊆ (P ∩Xn) andKy ⊆ (Q ∩ Yn) be such that

µ(Kx) + ε > µ(P ∩Xn)

and
λ(Ky) + ε > λ(Q ∩ Yn).

By Theorem 1.36Kx ×Ky is compact and from the definition of product measure,

(µ× λ)(Kx ×Ky) = µ(Kx)λ(Ky)

≥ µ(P ∩Xn)λ(Q ∩ Yn)− ε(λ(Q ∩ Yn) + µ(P ∩Xn)) + ε2.
Sinceε is arbitrary, this verifies that(µ × λ) is inner regular onS ∩ Rn wheneverS is an
elementary set. Similarly, (µ × λ) is outer regular onS ∩ Rn wheneverS is an elementary
set. ThusGn contains the elementary sets.

Next we show thatGn is a monotone class. IfSk ↓ S andSk ∈ Gn, letKk be a compact
subset ofSk ∩Rn with

(µ× λ)(Kk) + ε2−k > (µ× λ)(Sk ∩Rn).

LetK = ∩∞k=1Kk. Then

S ∩Rn \K ⊆ ∪∞k=1(Sk ∩Rn \Kk).

Therefore

(µ× λ)(S ∩Rn \K) ≤
∞∑
k=1

(µ× λ)(Sk ∩Rn \Kk)

≤
∞∑
k=1

ε2−k = ε.

Now letVk ⊇ Sk ∩Rn, Vk is open and

(µ× λ)(Sk ∩Rn) + ε > (µ× λ)(Vk).

Let k be large enough that

(µ× λ)(Sk ∩Rn)− ε < (µ× λ)(S ∩Rn).

Then(µ× λ)(S ∩ Rn) + 2ε > (µ× λ)(Vk). This showsGn is closed with respect to inter-
sections of decreasing sequences of its elements. The consideration of increasing sequences
is similar. By the monotone class theorem,Gn = S × F.

Now letS ∈ S × F and letl < (µ× λ)(S). Thenl < (µ× λ)(S ∩ Rn) for somen. It
follows from the first part of this proof that there exists a
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Chapter 19 Hausdorff Measures

l(x1)− g(x1) ≥ m(APix1) ≥ 2|y1|, (3)

l(x2)− g(x2) ≥ m(APix2) ≥ 2|y2|. (4)
Claim: |y1 − y2| ≤ |l(x1)− g(x2)| or |y1 − y2| ≤ |l(x2)− g(x1)|.

Proof of Claim: If not,

2|y1 − y2| > |l(x1)− g(x2)|+ |l(x2)− g(x1)|

≥ |l(x1)− g(x1) + l(x2)− g(x2)|
= l(x1)− g(x1) + l(x2)− g(x2).

≥ 2 |y1|+ 2 |y2|
by (3) and (4) contradicting the triangle inequality.

Now suppose|y1 − y2| ≤ |l(x1)− g(x2)|. From the claim,

|x1 − x2| = (|Pix1 − Pix2|2 + |y1 − y2|2)1/2

≤ (|Pix1 − Pix2|2 + |l(x1)− g(x2)|2)1/2

≤ (|Pix1 − Pix2|2 + (|z1 − z2|+ 2ε)2)1/2

≤ diam(A) +O(
√
ε)

wherez1 andz2 are such thatPix1+z1ei ∈ A, Pix2+z2ei ∈ A, and

|z1 − l(x1)| < ε and|z2 − g(x2)| < ε.

If |y1 − y2| ≤ |l(x2)− g(x1)|, then we use the same argument but let

|z1 − g(x1)| < ε and|z2 − l(x2)| < ε,

Sincex1,x2 are arbitrary elements ofS(A, ei) andε is arbitrary, this proves Formula 2.
The next lemma says that ifA is already symmetric with respect to thejth direction,

then this symmetry is not destroyed by takingS (A, ei).

Lemma 19.5 SupposeA is a Borel set inRn such thatPjx + ejxj ∈ A if and only if
Pjx+(−xj)ej ∈ A. Then ifi 6= j, Pjx + ejxj ∈ S(A, ei) if and only ifPjx+(−xj)ej ∈
S(A, ei).
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Section 24.4 Subgradients

for all z ∈ X. Therefore,

φ∗ (y∗) ≤ y∗ (x)− φ (x) ≤ φ∗ (y∗).

Hence
y∗ (x) = φ∗ (y∗) + φ (x). (7)

Now if z∗ ∈ X ′ is arbitrary, Formula 7 shows

(z∗ − y∗) (x) = z∗ (x)− φ∗ (y∗)− φ (x) ≤ φ∗ (z∗)− φ∗ (y∗)

and this showsx ∈ δφ∗ (y∗).
Now supposex ∈ δφ∗ (y∗). Then forz∗ ∈ X ′,

(z∗ − y∗) (x) ≤ φ∗ (z∗)− φ∗ (y∗)

and so, takingsup over allz∗, and using Theorem 24.17,

φ∗∗ (x) = φ (x) ≤ y∗ (x)− φ∗ (y∗) ≤ φ∗∗ (x) .

Thus

y∗ (x) = φ∗ (y∗) + φ∗∗ (x) = φ∗ (y∗) + φ (x) ≥ y∗ (z)− φ (z) + φ (x)

for all z ∈ X and this implies for allz ∈ X,

φ (z)− φ (x) ≥ y∗ (z − x)

soy∗ ∈ δφ (x) and this proves the theorem.

Definition 24.22 If X is a Banach space,u ∈ H1 (0, T ;X) if there existsg ∈ L2 (0, T ;X)
such that

u (t) = u (0) +
∫ t

0

g (s) ds

and we defineu′ (·) ≡ g (·) .

The next Lemma is quite interesting for its own sake but it is also used in the next theo-
rem. We leave its proof as an interesting exercise for the reader.

Lemma 24.23 Supposeg ∈ L2 (0, T ;X) . Then∫ (·)+h

(·)
g (s) dsX[0,T−h] (·)→ g

in L2 (0, T ;X) .

The following theorem is a form of the chain rule in which the derivative is replaced by
the subgradient.
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Chapter 24 Convex Functions

Theorem 24.24 Supposeu ∈ H1 (0, T ;X) , z ∈ L2 (0, T ;X ′), andz (t) ∈ δφ (u (t)) a.e
t ∈ [0, T ] . Then the function,t → φ (u (t)) is in L1 (0, T ) and its weak derivative equals
z (u′) .

Proof: Modify u on a set of measure zero such thatδφ (u (t)) 6= ∅ for all t. Next modify
z on a set of measure zero such that forũ andz̃ the modified functions,̃z (t) ∈ δφ (ũ (t)) for
all t. First we showt→ φ (ũ (t)) is inL1 (0, T ). Pickt0 ∈ [0, T ] and letz̃ (t0) ∈ δφ (ũ (t0)).
Then fort ∈ [0, T ],

z̃ (t0) (ũ (t)− ũ (t0)) + φ (ũ (t0)) ≤ φ (ũ (t)) ≤ z̃ (t) (ũ (t)− ũ (t0)) + φ (ũ (t0))

sincez̃ (t) (ũ (t0)− ũ (t)) ≤ φ (ũ (t0))−φ (ũ (t)). This inequality showst→ φ (ũ (t)) is in
L1 (0, T ) sincez̃ ∈ L2 (0, T ;X ′) andũ ∈ L2 (0, T ;X). Also, for t ∈ [0, T − h],

X[0,T−h] (t) z̃ (t)
(
ũ (t+ h)− ũ (t)

h

)
≤ X[0,T−h] (t)

φ (ũ (t+ h))− φ (ũ (t))
h

≤ X[0,T−h] (t) z̃ (t+ h)
(
ũ (t+ h)− ũ (t)

h

)
NowX[0,T−h] (·) z̃ (·+ h)→ z (·) in L2 (0, T ;X ′) by continuity of translation. Also,

X[0,T−h] (·) ũ (·+ h)− ũ (·)
h

= X[0,T−h] (·) u (·+ h)− u (·)
h

= X[0,T−h] (·) 1
h

∫ (·)+h

(·)
u′ (s) ds

in L2 (0, T ;X) and so by Lemma 24.23,

X[0,T−h] (·) φ (ũ (·+ h))− φ (ũ (·))
h

→ z (u′)

in L1 (0, T ).
It follows from the definition of weak derivatives that in the sense of weak derivatives,

d

dt
(φ (u (·))) = z (u′) ∈ L1 (0, T ).

Note that by Theorem 18.2, this implies that for a.e.t ∈ [0, T ], φ (u (t)) is equal to a
continuous function,φ ◦ u, and that

(φ ◦ u) (t)− (φ ◦ u) (0) =
∫ t

0

z (u′) ds.

There are other rules of calculus which have a generalization to subgradients. The fol-
lowing theorem is on such a generalization. It generalizes the theorem which states that the
derivative of a sum equals the sum of the derivatives.
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Section 24.4 Subgradients

Theorem 24.25 Letφ1 andφ2 be convex,l.s.c. and proper. Then

δ (λφi) (x) = λδφi (x) , δ (φ1 + φ2) (x) ⊇ δφ1 (x) + δφ2 (x) (8)

if λ > 0. If there existsx ∈ dom (φ1) ∩ dom (φ2) andφ1 is continuous atx then for all
x ∈ X,

δ (φ1 + φ2) (x) = δφ1 (x) + δφ2 (x). (9)

Proof: Formula (8) is obvious so we only need to show Formula (9). Supposex is as
described. It is clear Formula (9) holds wheneverx /∈ dom (φ1) ∩ dom (φ2) since then both
sides equal∅. Therefore, we will assumex ∈ dom (φ1) ∩ dom (φ2) in what follows. Let
x∗ ∈ δ (φ1 + φ2) (x). We need to showx∗ is the sum of an element ofδφ1 (x) andδφ2 (x).
Define

C1 ≡ {(y, a) ∈ X × R : φ1 (y)− x∗ (y − x)− φ1 (x) ≤ a},
C2 ≡ {(y, a) ∈ X × R : a ≤ φ2 (x)− φ2 (y)}.

BothC1 andC2 are convex and nonempty. In addition to this,

(x, φ1 (x)− x∗ (x− x)− φ1 (x) + 1) ∈ int (C1)

due to the assumed continuity ofφ1 atx. If (y, a) ∈ int (C1) then

φ1 (y)− x∗ (y − x)− φ1 (x) ≤ a− ε

wheneverε is small enough. Therefore, if(y, a) is also inC2, the assumption thatx∗ ∈
δ (φ1 + φ2) (x) implies

a− ε ≥ φ1 (y)− x∗ (y − x)− φ1 (x) ≥ φ2 (x)− φ2 (y) ≥ a,

a contradiction. Thereforeint (C1) ∩ C2 = ∅ and so by Corollary 6.11 and Lemma 24.10,
there exists(w∗, β) ∈ X ′ × R with

(w∗, β) 6= (0, 0) , (10)

and
w∗ (y) + βa ≥ w∗ (y1) + βa1, (11)

whenever(y, a) ∈ C1 and(y1, a1) ∈ C2.
Claim: β > 0.
Proof of claim: If β < 0 let

a = φ1 (x)− x∗ (x− x)− φ1 (x) + 1,

a1 = φ2 (x)− φ2 (x) , andy = y1 = x.
Then

β (φ1 (x)− x∗ (x− x)− φ1 (x) + 1) ≥ β (φ2 (x)− φ2 (x)) .
Dividing by β yields

φ1 (x)− x∗ (x− x)− φ1 (x) + 1 ≤ φ2 (x)− φ2 (x)
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and so
φ1 (x) + φ2 (x)− (φ1 (x) + φ2 (x)) + 1 ≤ x∗ (x− x)

≤ φ1 (x) + φ2 (x)− (φ1 (x) + φ2 (x)),
a contradiction. Therefore,β ≥ 0.

Now supposeβ = 0. Letting

a = φ1 (x)− x∗ (x− x)− φ1 (x) + 1,

(x, a) ∈ int (C1) ,
and so there exists an open setU containing0 andη > 0 such that

x+ U × (a− η, a+ η) ⊆ C1.

Therefore, Formula (11) applied to(x+ z, a) ∈ C1 and(x, φ2 (x)− φ2 (x)) ∈ C2 for z ∈ U
yields

w∗ (x+ z) ≥ w∗ (x)
for all z ∈ U . Hencew∗ (z) = 0 onU which impliesw∗ = 0, contradicting Formula (10).
This proves the claim.

Now with the claim, it followsβ > 0 and so, lettingz∗ = w∗/β, Formula (11) implies

z∗ (y) + a ≥ z∗ (y1) + a1

whenever(y, a) ∈ C1 and(y1, a1) ∈ C2. In particular,

(y, φ1 (y)− x∗ (y − x)− φ1 (x)) ∈ C1 and

(y1, φ2 (x)− φ2 (y1)) ∈ C2. (12)
So lettingy = x,

z∗ (x) + (φ1 (x)− x∗ (x− x)− φ1 (x)) ≥ z∗ (y1) + φ2 (x)− φ2 (y1).

Therefore,
z∗ (y1 − x) ≤ φ2 (y1)− φ2 (x)

for all y1 and soz∗ ∈ δφ2 (x). Now lety1 = x in Formula (12). Then

z∗ (y) + φ1 (y)− x∗ (y − x)− φ1 (x) ≥ z∗ (x)

and sox∗ − z∗ ∈ δφ1 (x) sox∗ = z∗ + (x∗ − z∗) ∈ δφ2 (x) + δφ1 (x) and this proves the
theorem.
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24.6 Exercises

1. ForA a maximal monotone operator defined on a Hilbert spaceH, let

G (A) ≡ {[x, y] : x ∈ D (A) andy ∈ Ax}.

Show that forλ > 0, λA is also maximal monotone. We defineJλ (A), written asJλ for
short, by

Jλ (A) (x) ≡ (I + λA)−1
x.

Show
|Jλx− Jλy| ≤ |x− y|.

Hint: For r ∈ (−1, 1) andf ∈ H, show there exists a solution,u, to the equation,

(1 + r)u+Au 3 (1 + r) f,

as follows. Let
J1 = (I +A)−1

and showJ1 is Lipschitz continuous with Lipschitz constant 1. This equation has a solu-
tion if and only if

u = J1 ((1 + r) f − ru) = Tu.
ShowT is a contraction map.

2. ↑ Define forA maximal monotone,

Aλx ≡
1
λ
x− 1

λ
Jλx.

ShowAλ is Lipschitz continuous with Lipschitz constant no more than2
λ . Also verify

that
Aλx ∈ AJλx,

and
|Aλx| ≤ |y|

for all y ∈ Ax if x ∈ D (A). This operator,Aλ, is called the Yosida approximation toA.

3. ↑ Suppose
(y1 − y, x1 − x) ≥ 0

for all [x, y] ∈ G (A) whereA is maximal monotone. Show that this impliesx1 ∈ D (A)
andy1 ∈ Ax1. Hint: Try to show

Jλ (x1 + λy1) = x1

because then it will followx1 ∈ D (A) andy1 ∈ Ax1. To verify this, use the assumption
and Problem 2 to conclude

0 ≤ (y1 −Aλ (x1 + λy1) , x1 − Jλ (x1 + λy1)).
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Then simplify to find

0 ≤ − 1
λ

(x1 − Jλ (x1 + λy1) , x1 − Jλ (x1 + λy1)).

The problem shows the graphs of these operators are maximal with respect to also being
monotone and this is the reason for the name, maximal monotone.

4. ↑ Suppose[xk, yk] ∈ G (A) and

xk → x, yk ⇀ y

where the half arrow denotes weak convergence. Show that then[x, y] ∈ G (A).
5. ↑ Let A be maximal monotone and letB be Lipschitz and monotone. ThenA + B is

maximal monotone.Hint: First supposeB has Lipschitz constant less than one. Then
consider

Tx ≡ (I +A)−1 (y −Bx).
ShowT is a contraction map and consequently has a fixed pointx which satisfies

y ∈ x+Ax+Bx.

Next letA + B play the role ofA to conclude thatA + B + B is maximal monotone.
Continuing in this way, show that any Lipschitz constant is all right.

6. ↑ LetA andB be maximal monotone, let

y ∈ xλ +Bλxλ +Axλ,

and supposeBλxλ is bounded independent ofλ. Show there exists

x1 ∈ D (A) ∩D (B)

such that
y ∈ x1 +Bx1 +Ax1.

Hint: y − xλ −Bλxλ ∈ Axλ and so

|xλ − xµ|2 ≤ (Bµxµ −Bλxλ, xλ − xµ)

= − (Bλxλ −Bµxµ, xλ − xµ)
= − (Bλxλ −Bµxµ, Jλ (B)xλ − Jµ (B)xµ)−

(Bλxλ −Bµxµ, λBλxλ − µBµxµ)
≤ |(Bλxλ −Bµxµ, λBλxλ − µBµxµ)|.

Conclude{xλ} is Cauchy asλ→ 0. Select a subsequence

xλ → x1, Bλxλ ⇀ z1, andy − xλ −Bλxλ ⇀ z2.

Use Problem 4 and the observation thatJλ (B)xλ − xλ → 0 to conclude

z1 ∈ Bx1, z2 ∈ Ax1,
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and
y = x+ z1 + z2.

7. ↑ LetA be maximal monotone and letB = ∂φ whereφ is proper, lower semicontinuous,
and convex. Suppose

φ (Jλ (A)x) ≤ φ (x) + Cλ
and there existsξ ∈ D (A) ∩ D (φ). ThenA + ∂φ is maximal monotone.Hint: Let
y ∈ H be arbitrary and letxλ be given by

y ∈ xλ + ∂φ (xλ) +Aλxλ

and showAλxλ is bounded. Using Problem 6 it will followA+∂φ is maximal monotone.
To do this, note

(y − xλ −Aλxλ, Jλ (xλ)− xλ) ≤ Cλ
becausey − xλ −Aλxλ ∈ ∂φ (xλ). Thus,

− (y − xλ −Aλxλ, Aλxλ) ≤ C. (7)

Also sinceAλξ is bounded independent ofλ, (Problem 2), andAλ is monotone,

φ (ξ)− φ (xλ) ≥ (y − xλ −Aλxλ, ξ − xλ)

≥ (y − xλ, ξ − xλ)− (Aλxλ, ξ − xλ)
≥ (y − xλ, ξ − xλ)− (Aλξ, ξ − xλ) ≥ |xλ|2 − C |xλ|

for someC independent ofλ. HenceC ≥ φ (xλ) + |xλ|2. By Theorem?? we can find
|xλ| is bounded and then Formula (7) showsAλxλ is bounded.

8. Let φ be a proper convex function defined on a normed linear space. Showφ is lower
semicontinuous if and only if wheneverun → u, φ (u) ≤ lim infn→∞ φ (un).

9. LetL : D (L) ⊆ L2 (Ω)→ L2 (Ω;Rn) be given byLu ≡ ∇u whereD (L) is defined to
be the space of functions inL2 (Ω) whose weak
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Appendix A
The Hausdorff Maximal theorem
The purpose of this appendix is to prove the equivalence between the axiom of choice, the
Hausdorff maximal theorem, and the well-ordering principle. The Hausdorff maximal theo-
rem and the well-ordering principle are very useful but a little hard to believe; so, it may be
surprising that they are equivalent to the axiom of choice. First we give a proof that the ax-
iom of choice implies the Hausdorff maximal theorem, a remarkable theorem about partially
ordered sets.

We say that a nonempty set is partially ordered if there exists a partial order,≺, satisfying

x ≺ x

and
if x ≺ y andy ≺ z thenx ≺ z.

An example of a partially ordered set is the set of all subsets of a given set and≺≡⊆. Note
that we can not conclude that any two elements in a partially ordered set are related. In other
words, just becausex, y are in the partially ordered set, it does not follow that eitherx ≺ y
or y ≺ x. We call a subset of a partially ordered set,C, a chain ifx, y ∈ C implies that either
x ≺ y or y ≺ x. Sometimes this is called a totally ordered set. We sayC is a maximal chain
if wheneverC̃ is a chain containingC, it follows the two chains are equal. In other wordsC is
a maximal chain if there is no strictly larger chain.

Lemma 24.1 LetF be a nonempty partially ordered set with partial order≺. Then assum-
ing the axiom of choice, there exists a maximal chain inF .

Proof: LetX be the set of all chains fromF . ForC ∈ X , let

SC = {x ∈ F such thatC∪{x} is a chain strictly larger thanC}.

If SC = ∅ for anyC, thenC is maximal and we are done. Thus, assumeSC 6= ∅ for all C ∈ X .
Let f(C) ∈ SC . (This is where the axiom of choice is being used.) Let

g(C) = C ∪ {f(C)}.

Thusg(C) ) C andg(C) \ C ={f(C)} = {a single element ofF}. We call a subsetT of X
a tower if

∅ ∈ T ,
C ∈ T impliesg(C) ∈ T ,

and ifS ⊆ T is totally ordered with respect to set inclusion, then

∪S ∈ T .

Note thatX is a tower. LetT0 be the intersection of all towers. Thus,T0 is a tower, the
smallest tower. We wish to show that any two sets inT0 are comparable in the sense of set
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inclusion so thatT0 is actually a chain. This will proceed in two steps. First letC0 be a set of
T0 which is comparable to every set ofT0. Such sets exist,∅ being an example. Let

B ≡ {D ∈ T0 : D ) C0 andf (C0) /∈ D} .

The picture represents sets ofB.

C0 D
f(C0)·

We wish to showB = ∅. This will be accomplished by showing̃T0 ≡ T0 \ B is a tower.
SinceT0 is the smallest tower, this will require that̃T0 = T0 and soB = ∅. Note that for
D ∈ T̃0, to sayD ∈ T̃0 is the same as sayingD /∈ B.

Claim: T̃0 is a tower and soB = ∅.
Proof of the claim: It is clear that∅ ∈ T̃0. SupposeD ∈ T̃0. We need to verifyg (D) ∈

T̃0.
Case 1:f (D) ∈ C0. If D ⊆ C0, then if g (D) * C0, it would follow g (D) ) C0 due to

the assumption thatC0 is comparable. However, both{f (D)} andD are contained inC0 and
sog (D) ⊆ C0 which impliesg (D) /∈ B. On the other hand, ifD ) C0, then sinceD ∈ T̃0,
we knowf (C0) ∈ D and sog (D) also containsf (C0) implying g (D) /∈ B.

Case 2:f (D) /∈ C0. If D ( C0 then we can’t havef (D) /∈ C0 because if this were so,
g (D ) would not compare toC0.

D C0
f(C0)·
f(D)·

Hence iff (D) /∈ C0, thenD ⊇ C0. If D = C0, theng (D) = g (C0) so g (D) /∈ B.
Therefore, assumeD ) C0. Then, sinceD is in T̃0, f (C0) ∈ D and sof (C0) ∈ g (D) .
Therefore,g (D) ∈ T̃0.

Now supposeS is a totally ordered subset of̃T0. Then if every element ofS is contained
in C0, so is∪S and so∪S ∈ T̃0. If, on the other hand, some chain fromS, C, containsC0
properly, then sinceC /∈ B, f (C0) ∈ C ⊆ ∪S showing that∪S /∈ B also. This has proved̃T0

is a tower and sinceT0 is the smallest tower, it follows̃T0 = T0.
Now we defineT1 to be the set of all chains fromT0 which are comparable to every chain

from T0.
Claim: T1 is a tower.
Proof of the claim: It is clear that∅ ∈ T1. SupposeC0 ∈ T1. We need to verify that

g (C0) ∈ T1. LetD ∈ T0 and considerg (C0) ≡ C0 ∪ {f (C0)} . If D ⊆ C0, thenD ⊆ g (C0) .
If D ) C0, thenD ⊇ g (C0) by what was just shown

(
T̃0 = T0

)
. Henceg (C0) is comparable
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to every set ofT1. Now supposeS is a chain of elements ofT1 and letD be an element ofT0.
If every element ofS is contained inD, then∪S is also contained inD. On the other hand,
if some set,C, from S containsD properly, then∪S also containsD. Thus∪S ∈ T 1.

This showsT1 is a tower and proves therefore, thatT0 = T1. Thus every set ofT0

compares with every other set ofT0 showingT0 is a chain in addition to being a tower.
Now ∪T0, g (∪T0) ∈ T0. Hence, becauseg (∪T0) is a chain inT0, andT0 is a chain, it

follows g (∪T0) ⊆ ∪T0. Thus

∪T0 ⊇ g (∪T0) ) ∪T0,

a contradiction. Hence there must exist a maximal chain after all. This proves the lemma.
If X is a nonempty set, we say≤ is an order onX if

x ≤ x,

and ifx, y ∈ X, then
eitherx ≤ y or y ≤ x

and
if x ≤ y andy ≤ z thenx ≤ z.

We say that≤ is a well order and say that(X,≤) is a well-ordered set if every nonempty
subset ofX has a smallest element. More precisely, ifS 6= ∅ andS ⊆ X then there exists an
x ∈ S such thatx ≤ y for all y ∈ S. A familiar example of a well-ordered set is the natural
numbers.

Lemma 24.2 The Hausdorff maximal principle implies every nonempty set can be well-
ordered.

Proof: LetX be a nonempty set and leta ∈ X. Then {a} is a well-ordered subset ofX.
Let

F = {S ⊆ X : there exists a well order forS}.
ThusF 6= ∅. We will say that forS1, S2 ∈ F , S1 ≺ S2 if S1 ⊆ S2 and there exists a well
order forS2,≤2 such that

(S2,≤2) is well-ordered
and if

y ∈ S2 \ S1 thenx ≤2 y for all x ∈ S1,
and if≤1is the well order ofS1 then the two orders are consistent onS1. Then we observe
that≺ is a partial order onF . By the Hausdorff maximal principle, we letC be a maximal
chain inF and let

X∞ = ∪C.
We also define an order,≤, onX∞ as follows. Ifx, y are elements ofX∞, we pickS ∈ C
such thatx, y are both inS. Then if≤S is the order onS, we letx ≤ y if and only ifx ≤S y.
This definition is well defined because of the definition of the order,≺. Now letU be any
nonempty subset ofX∞. ThenS ∩ U 6= ∅ for someS ∈ C. Because of the definition of
≤, if y ∈ S2 \ S1, Si ∈ C, thenx ≤ y for all x ∈ S1. Thus, ify ∈ X∞ \ S thenx ≤ y
for all x ∈ S and so the smallest element ofS ∩ U exists and is the smallest element inU .
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ThereforeX∞ is well-ordered. Now suppose there existsz ∈ X \X∞. Define the following
order,≤1, onX∞ ∪ {z}.

x ≤1 y if and only if x ≤ y wheneverx, y ∈ X∞
x ≤1 z wheneverx ∈ X∞.

Then let
C̃ = {S ∈ C orX∞ ∪ {z}}.

ThenC̃ is a strictly larger chain thanC contradicting maximality ofC. ThusX \X∞ = ∅ and
this showsX is well-ordered by≤. This proves the lemma.

With these two lemmas we can now state the main result.

Theorem 24.3 The following are equivalent.

The axiom of choice

The Hausdorff maximal principle
The well-ordering principle.

Proof: It only remains to prove that the well-ordering principle implies the axiom of
choice. LetI be a nonempty set and letXi be a nonempty set for eachi ∈ I. Let X =
∪{Xi : i ∈ I} and well orderX. Let f (i) be the smallest element ofXi. Then

f ∈
∏
i∈I

Xi.

A.1 Exercises

1. Zorn’s lemma states that in a nonempty partially ordered set, if every chain has an upper
bound, there exists a maximal element,x in the partially ordered set. When we sayx is
maximal, we mean that ifx ≺ y, it follows y = x. Show Zorn’s lemma is equivalent to
the Hausdorff maximal theorem.

2. LetX be a vector space. We sayY ⊆ X is a Hamel basis if every element ofX can be
written in a unique way as a finite linear combination of elements inY . Show that every
vector space has a Hamel basis and that ifY, Y1 are two Hamel bases ofX, then there
exists a one to one and onto map fromY to Y1.

3. ↑ Using the Baire category theorem of Chapter 3 show that any Hamel basis of a Banach
space is either finite or uncountable.
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Stone’s Theorem and Partitions of Unity
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Appendix C
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The Brouwer fixed point theorem
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Proof: Suppose there is no fixed point forf . Then defineh (x) as shown in the following
picture.

h(x)•• •
f(x) x

Thenh : B → ∂B is a continuous retraction contradicting Lemma 24.63. This proves
the theorem.

Corollary 24.65 Let K be any compact convex subset ofRn and let f : K → K be
continuous. Thenf has a fixed point.

Proof: LetK ⊆ B (0, r) and defineg : B (0, r)→ B (0, r) by

g (x) ≡ f ◦ projK (x).

Theng is continuous sog (x) = x for somex ∈ B (0, r). Thus

f (projK (x)) = x.

Sincef (K) ⊆ K, it follows thatx ∈ K and soprojK (x) = x. Hencef (x) = x. This
proves the corollary.
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