Pages containing errors in Modern
Analysis

Kenneth Kuttler






Chapter 1
Set Theory and General Topology






Chapter 2
Compactness and Continuous Functions






Chapter 3 Banach Spaces

Chapter 3
Banach Spaces

3.1 Baire category theorem
3.2  Uniform boundedness closed graph and open mapping theorems
3.3  Hahn Banach theorem

34 Exercises

first problem
second

third

fourth

fifth

sixth

seventh
number eight

© No Ok wDNE

46



Section 3.4 Exercises

o are’®®. ShowsS,, f(z) = [ f(y)Dn(z — y)dy where

k=—n

sin((n + %)t)

27 sin(5)

D,(t)=

This is called the Dirichlet kernel.

9. 1 LetY = {f such thatf is continuous, defined dR, and2= periodic}. Define||f||y =
sup{|f(z)| : x € [-m,w]|}. Showtha(Y, || ||y ) is a Banach space. Lete R and define
L,(f) = Snf(x). ShowL,, € Y’ butlim,, ., ||L,|| = oo. Hint: Let f(y) approximate
sign(Dp(z — y)).

10.7 Show there exists a densg subset ofY” such that forf in this set,|S,, f(z)] is un-
bounded. Show there is a denSg subset ofY” having the property thats,, f(z)| is
unbounded on a denges subset ofR. This shows Fourier series can fail to converge
pointwise to continuous periodic functions in a fairly spectacular way.

11.LetX be a normed linear space and Mtbe a convex open set containigDefine

p(x) :inf{t>0:§6M}.

Showp is a gauge function defined oxi. This particular example is called a Minkowski
functional. Recall a set)/, is convex ifAz + (1 — \)y € M wheneverA € [0,1] and
z,y € M.

12.7 This problem explores the use of the Hahn Banach theorem in establishing separation
theorems. LetV/ be an open convex set containig Let z ¢ M. Show there exists
z* € X’ such thaRez*(z) > 1 > Rea*(y) forally € M. Hint: If y € M,p(y) < 1.
Show this. Ifz ¢ M, p(z) > 1. Try f(ax) = ap(z) for « € R. Then extendf to F,
showF' is continuous, then fix it sé’ is the real part ok* € X’.

13. A Banach space is said to be strictly convex if whendueér = ||y|| andx # y, then

Tty
2

F : X — X'is said to be a duality map if it satisfies the following: d|F(z)|| =
l|z||. b.) F(z)(z) = ||z||*. Show that ifX" is strictly convex, then such a duality map
exists.Hint: Let f(az) = al|z||? and use Hahn Banach theorem, then strict convexity.

H < lall.
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Chapter 6 Locally Convex Topological Vector Space

vertex,x, pick A.x € Ax and defined. on all of C™ by the following rule. If

X € [Xoa c '7X2n]7

sox = 7" t;x;, then
2n

AGX = Z tk,AEXk.

k=0
Thus A, is a continuous map defined @ thanks to the local finiteness of the collection of
simplicies. LetPy denote the projection on the convex $ét By the Brouwer fixed point
theorem, there exists a fixed poist, € K such that
Pr (y—Acxe + X¢) = Xe.
By Corollary 4.8 this requires

Re(y—Aexe,z— %) <0

forallz € K.
Supposex. € [x§, -+, X5,] SOX, = i’;o t¢x5. Then sincex. is contained ink, a
compact set, and the diameter of each simplex is less than 1, it followd this contained

in A(K + B (0,1)), which is contained in a compact set thanks to Lemma 6.29. Taking a
subsequence, we may obtain from the Heine Borel theorem that for some seguenge,

t, = th, Xe = X, AX), — Yk
for k=0, -, 2n. Since the diameter of the simplex contain#gconverges to 0, it follows
Xy, — X, AcX§, — Yk
Since the graph afl is closed andd.x§, € AxS,, this impliesy;, € Ax. SinceAx is convex,

2n

Z tkyr € Ax.
k=1

Hence for allz € K,

2n 2n
Re <y— Z kYK, 2 — X) = }E}% Re (y— Z 1 AXS, Z — Xe)
k=1 ) k=1
= liII(l) Re (y—Aexe,z — %) < 0.
€e—

Letw = Ei’;l tryr. This proves the lemma.
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Section 7.2 Monotone classes and algebras

Corollary 7.8 Let(Z;,R1,&1) and(Z3, Ro, &) be as just described in Lemma 7.6. Then
(Z1 x Z5, R, E) also satisfies the conditions of Lemma 7.Rifs defined as

RE{Rl x Ry 1 R; ERl}
and

& ={ finite disjoint unions of sets @ }.
Consequenthy¢ is an algebra of sets.

Proof: Itis clear), Z; x Z, € R. Let Ri x R} andR? x R2 be two elements oR.
RIXRINRIXxRS=R NR2XxRINRS€R

by assumption.

Ry x Ry \ (R} x R3) =

Ry % (Ry\ R3) U (R} \ RY) x (R3 N RY)

:R} XAQUA1><R2
whered, € &, A, € &, andRy € R,. Since the two sets in the above expression on the
right do not intersect, and each; is a finite union of disjoint elements &, it follows the

above expression is ifi. This proves the corollary. The following example will be referred
to frequently.

Example 7.9 Consider forR, sets of the fornd = (a, b] N (—o0, c0) wherea € [—o0, x]
andb € [—o0, o0]. Then, clearlyf), (—oo, 00) € R and itis not hard to see that all conditions
for Corollary 7.7 are satisfied. Applying this corollary repeatedly, we find that for

R = {ﬁIZ : Ii = (ai,bi] N (O0,00)}

and¢ is defined as finite disjoint unions of setsf

(R",R,E)

satisfies the conditions of Corollary 7.7 and in particufais an algebra of sets &”. Itis
clear that the same would holdffwere of the fornja, b) N (—oco, c0).
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Chapter 9 The Construction of Measures

But we know Formula (2) holds becaudds measurable. Apply the Definition 9.1.8N T
instead ofS.

The next theorem is the main result on outer measures. It is a very general result which
applies whenever one has an outer measure on the power set of any set. This theorem will be
referred to as Caratheodory’s procedure in the rest of the book.

Theorem 9.4 The collection of: measurable sets;, forms ac algebra and

If F; € S, F,NF; =0, thenu(U2, Fy) = > u(Fy). ©)
i=1

If---F, CF,y1 C--- thenifFF = U2, F,, and F,, € §, it follows that
p(F) = lim pu(F,). @)

If---F, 2 Fhy1 2 -, andifF = N2, F, for F,, € Sthen ifu(F) < oo, we may
conclude that

p(F) = lim p(Fy). 5)
Also, (S, i) is complete. By this we mean thafife S and if E C Q with u(E\ F) + u(F'\
E)=0,thenE € S.

Proof: First note thaf) and(2 are obviously inS. Now suppose that, B € S. We show
A\ B = AN BYisinS. Using the assumption th& < S in the second equation below, in
which S N A plays the role of5 in the definition forB beingu measurable,
w(SN(ANBY)) + u(S\ (AN BY)) = u(SNANBY) + u(SN(A° U B))

=u(SN(A°UB)) +u(SNA) —u(SNANB). (6)
The following picture ofS N (A€ U B) may be of use.

S

B

A

From the picture, and the measurablility 4f we see that Formula (6) is no larger than

<pu(SNANB)+ u(S\A) +pu(SNA) —pu(SNANDB) =u(S).
This has shown that ift, B € S, thenA \ B € S. Since2 € §, this shows thatl € S if and
only if A € S Nowif A,B€ S AUB = (A° N BY)° = (AY \ B) € S. By induction,
if Ay,---, A, €S thensoisJ? A;. If A, BeSwithANnB=40,
WAUB) = p((AUB) N A) + p((AU B) \ A) = u(A) + u(B).
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Section 9.1 Outer measures

By induction, if A, N A; = 0 and4; € S, u(Ul_, A;) = >0 p(4y).
Now let A = U2, A, whereA; N A; = () fori # j.

Zu ) > u(A) > p(Up, Ay) Zu

Since this holds for alh, we conclude, since is assumed to be an outer measure, that
pw(A) = >, n(A;) which establishes Formula (3). Part (4) follows from part (3) just as in
the proof of Theorem 7.12.

In order to establish (5), let th&, be as given there. Then, sin¢g, \ F,,) increases to
(F1 \ F), we may use part (4) to conclude

lim (4 (Fy) — o (F) = (Fy \ F).

n— o0

Now p (F1 \ F) + p(F) = p(Fr) and sou (F1 \ F)) > pu(F1) — p(F) . Hence

lim (p (F1) = p(Fn)) 2 p(F1) = p(F)

n—oo

which implies that, sincé’ C F;, for all n,
p(F) < lim p(F,) < p(F).

It remains to shows§ is closed under countable unions. We already know thdtdf S,
then A€ € S andS is closed under finite unions. Let; € S, A = UX,A;, By = UL A,
Then

n(S) = p(SNBy)+ u(S\ Bn) @)
= (uS)(Bn) + (ulS)(BY).

By Lemma 9.3 we knowB,, is (12|.S) measurable and so B8S. We want to show:(S) >
w(S\ A) + p(SNA). If u(S) = oo, there is nothing to prove. AssumgS) < oco. Then
we apply Parts (5) and (4) to Formula (7) andrlet> co. Thus

B, 1A, BS | A°

and this yieldsu(S) = (u[.S)(A) + (u|S)(AY) = u(S N A) + u(S\ A).
Thus A € S and this proves Parts (3), (4), and (5).
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Chapter 10 Lebesgue Measure

Proof: Let F be an open set iX and let

Sgp={F BorelinY such thatF x Fis BorelinX xY}.

ThenSg contains the open sets and is clearly closed with respect to countable uniofs. Let
€ Sg. Then

ExFCUExF=FExY = aBorel set.
Therefore, sincé x F is Borel, it follows E x F¢ is Borel. ThereforeSy is ac algebra.
It follows Sg = Borel sets, and so, we have shown- opeBorel = Borel. Now letF' be a
fixed Borel set inY” and define

Sp={FE Borelin X such thatt' x Fis BorelinX x Y}.

The same argument which was just used sh8wss ao algebra containing the open sets.
Therefore S = the Borel sets, and this proves the lemma sifceas an arbitrary Borel
set.

Now we define the unit sphere R*, S*~1, by

St ={w eR" : |w| = 1}.
ThenS™~! is a compact metric space using the usual metriRbnWe define a map
6:8" 1 x(0,00) — R™\ {0}

by

0 (w,p) = pw.
It is clear that) is one to one and onto with a continuous inverse. Therefot#, i§ the set
of Borel sets inS™~! x (0, c0), andB3 are the Borel sets iR™ \ {0}, it follows

B=1{0(F):F € Bi)}. 8)

Observe also that the Borel sets $ff~! satisfy the conditions of Lemma 7.6 with
defined asS™~'and the same is true of the sétsb] N (0, c0) where0 < a,b < o if Z is
defined ag0, co). By Corollary 7.7, finite disjoint unions of sets of the form

{E xI:EisBorelins™!

and] = (a,b] N (0,00) whered < a,b < oo}
form an algebra of sets]. Itis also clear that (.A) contains the open sets ands@A) = B;
because every set i is in B; thanks to Lemma 10.18. Let, = S"~! x (0,r] and let

M= {F € B / Xo(rna,)dmy,
R’V‘L
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Chapter 11 Product Measure

LetK, C (PN X,)andK, C (QNY,) be such that

WKz)+e>p(PNXy)

and
MEy) +e>MQNY,).
By Theorem 1.3@<, x K, is compact and from the definition of product measure,
(1% N (K x Ky) = p(Kp)AK,)

> pu(PNX)MQNY,) —e(MQNYy) +u(PNX,)) +e2.
Sincee is arbitrary, this verifies thatu x \) is inner regular or6 N R,, whenevers is an
elementary set. Similarlyu(x ) is outer regular ort N R,, wheneversS is an elementary
set. Thugj,, contains the elementary sets.
Next we show thag,, is a monotone class. By | S andSy € G, let K be a compact
subset ofS; N R,, with
(1 x N)(Kr) +27% > (1 x A)(Sk N Rn).

Let K = N2, K. Then

SNR,\K CUZ,(ScNR,\ Kg).

Therefore

oo

(e X NSNRA\K) <Y (1x A)(Sk N Ry \ K)
k=1

oo
< 2:52*’C =ec.
k=1

Now letV;, D Sy N R, Vi is open and

(X N)(SkNRy) +e> (e x A)(Vi).
Let k£ be large enough that

(LxN(SkNR,) —e < (px AN (SNRy,).

Then(p x A)(SN Ry) + 2¢ > (p x A)(V). This shows,, is closed with respect to inter-
sections of decreasing sequences of its elements. The consideration of increasing sequences
is similar. By the monotone class theorefy, = S x F.

Now letS € § x F and letl < (i x A)(S). Thenl < (1 x A)(S N R,) for somen. It
follows from the first part of this proof that there exists a
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Chapter 19 Hausdorff Measures

(1) = g(x1) = m(Apix,) = 2|y, @)

| [(x2) = g(x2) > m(Apx,) > 2lyol- (4)
Claim: [y1 — ya| < [l(x1) — g(x2)| OF [y1 — y2| < [I(x2) — g(x1)].
Proof of Claim: If not,

2lyr — ya| > [l(x1) = g(x2)| + [1(x2) — g(x1)]

> [l(x1) — g(x1) + U(x2) — g(x2)|
= l(x1) — g(x1) + I(x2) — g(x2).
> 2[y1] + 2y
by (3) and (4) contradicting the triangle inequality.
Now supposeéy; — y2| < |I(x1) — g(x2)|. From the claim,

Ix1 —x2| = (|Pix1— P¢X2|2 + |y — y2\2)1/2

(|1Pix1 = Pixal* + [1(x1) — g(x2)[*)"/*
(1P = Pixo? + (|21 — 20 + 26)%)1/2
diam(A) + O(\/e)

wherez; andz, are such thaP;x;+ze; € A, P;xy+29e; € A, and

INIACIA

|21 — I(x1)] < e and|zy — g(x2)| < €.

If |y1 — y2| < |l(x2) — g(x1)|, then we use the same argument but let

|21 — g(x1)] < e and|zy — l(x2)] < €,

Sincex;, x, are arbitrary elements of( A, e;) ande is arbitrary, this proves Formula 2.
The next lemma says that i is already symmetric with respect to thgh direction,
then this symmetry is not destroyed by takisigA, e;).

Lemma 19.5 Supposed is a Borel set inR™ such thatP;jx +e;x; € A if and only if

Pix+(—x;)e; € A. Thenifi # j, Pjx+ ejx; € S(A,e;) if and only if Pjx+(—x;)e; €
S(A,e;).
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Section 24.4  Subgradients

forall z € X. Therefore,

" () <y (z) — 9 (z) <" (¥7).
Hence

y*(x) = 0" (v*) + ¢ (2). (7

Now if z* € X' is arbitrary, Formula 7 shows

(2" —y") (@) =2"(2) = ¢" (y) — @ (x) <" (") = &" (y")
and this shows: € 6¢™ (y*).
Now supposer € §¢* (y*). Then forz* € X',

(2" =y") (2) <97 (z") — " (¥")
and so, takingup over allz*, and using Theorem 24.17,

¢ (z)=¢(z) <y* () —¢" (") < ™ (2).
Thus

Y (@) =" (Y )+ 67 (2) =" (y") + o (2) 2y (2) — & (2) + ¢ ()
for all z € X and this implies for alk € X,

¢(2) —¢(x) 2y" (2 — )

soy™* € d¢ (z) and this proves the theorem.

Definition 24.22 If X is a Banach space, € H*' (0, T; X) if there existy € L? (0,T; X)
such that

u(t):u(O)—i-/o g(s)ds

and we define/ () =g (-).

The next Lemma is quite interesting for its own sake but it is also used in the next theo-
rem. We leave its proof as an interesting exercise for the reader.

Lemma 24.23 Supposg € L?(0,T; X). Then

()+h
/( 9 BXer ()~

in L2 (0,T; X) .

The following theorem is a form of the chain rule in which the derivative is replaced by
the subgradient.
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Chapter 24 Convex Functions

Theorem 24.24 Suppose: € H' (0,T;X),z € L?(0,T; X’), andz (t) € §¢ (u(t)) a.e
€ [0,T]. Then the functiont — ¢ (u(t)) is in L' (0,7) and its weak derivative equals
z(u').

Proof: Modify « on a set of measure zero such thafu (¢)) # (0 for all t. Next modify
z on a set of measure zero such thatd@ndz the modified functions; (¢) € d¢ (u (t)) for
all t. First we showt — ¢ (u (t))isin L' (0, T). Pickty € [0, 7] and letz (ty) € d¢ (u (to)).
Then fort € [0,T],

Z(to) (u(t) —u(to)) + ¢ (u(to)) < ¢ (u(t)) <z (t) (u(t) —ulto)) + ¢ (u(to))
sincez (t) (u (to) —u (1)) < ¢ (u(t )) ¢ (u (t)). This inequality shows — ¢ (u (t)) isin
L' (0,T) sincez € L? (0,T; X’) andu € L? (0,T; X). Also, fort € [0,T — hl,

(mjhmwaw(iﬁi%:@ﬁﬁfgmfhnw¢@“+h2‘¢@“”

< Xor—n () Z(t+h) (W)

Now Xjg 7y () 2 (- + h) — 2z (-) in L? (0, T; X") by continuity of translation. Also,
u(-+h) —u() u(-+h)—u()

Xior—n () Y

= Xjo,r—n (*)

(-)+h

—X[OTh() u' (s)ds

in L2 (0,T; X) and so by Lemma 24.23,

¢u(-+h)—-o@())
h

h

Xo,7—n) ()

in L (0, 7).
It follows from the definition of weak derivatives that in the sense of weak derivatives,

d / 1
5 @ ())=2()e L (0T)

Note that by Theorem 18.2, this implies that for atec (0,7, ¢ (u (¢)) is equal to a
continuous functiong o u, and that

t
@ou)(t)~ (90w (0) = [ =(w)ds
0
There are other rules of calculus which have a generalization to subgradients. The fol-

lowing theorem is on such a generalization. It generalizes the theorem which states that the
derivative of a sum equals the sum of the derivatives.
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Section 24.4  Subgradients

Theorem 24.25 Let¢, and¢, be convex|.s.c. and proper. Then

6 (Ag;) () = Adg; (z), 6 (P + ¢3) (2) 2 66y (2) + 60, (2) (8)
if A > 0. If there existst € dom (¢,) N dom (¢,) and ¢, is continuous at then for all
zeX,

5 (d1+ @) (x) = 6¢1 (z) + 60, (2). 9)

Proof: Formula (8) is obvious so we only need to show Formula (9). Suppases
described. It is clear Formula (9) holds whenevet dom (¢,) N dom (¢5) since then both
sides equaf. Therefore, we will assume € dom (¢,) N dom (¢,) in what follows. Let
x* € 0 (¢, + ¢5) (z). We need to show™* is the sum of an element 65, (x) anddg, (x).
Define

Cir={(y,a) e X xR: ¢ (y) —2" (y —z) — ¢, (z) < a},
Co={(y,a) € X xR:a < dy () — ¢ (y)}-
Both C; andC5 are convex and nonempty. In addition to this,
(T, ¢, (@) — 2" (T — ) — ¢y (x) +1) € int (C1)
due to the assumed continuity f atz. If (y,a) € int (C1) then
b1 (y) =" (y—z)— ¢ (v) <a—e

whenevere is small enough. Therefore, {fy, a) is also inCy, the assumption that* €
5 (61 + ) (x) implies

a—e€>¢(y) =2 (y—2) — 91 () > ¢g (x) — $2 (y) > a,

a contradiction. Thereforait (C1) N Cy = () and so by Corollary 6.11 and Lemma 24.10,
there existgw*, 3) € X’ x R with

(w*, B) # (0,0), (10)
and
w* (y) + Ba > w* (y1) + Bay, (11)
whenever(y,a) € Cy and(y,a1) € Co.
Claim: g > 0.

Proof of claim: If 5 < 0 let

a=¢(T) = 2" (T—x) = ¢y (2) +1,

ay = @9 (7) — ¢ (T), andy = y; = 7.
Then

B¢y (T) —2" (T —x) — 1 (x) +1) > B(9 () — ¢ (7))
Dividing by g yields
¢1 (T) —2" (T —2) — ¢y (7) +1 < ¢ () — 92 (T)

515



Chapter 24 Convex Functions

and so
¢ (T) + &2 (T) — (¢ (2) + &5 (x) + 1 < 27 (T — )
< @1 (T) + @2 (T) = (¢4 (2) + ¢ (2)),
a contradiction. Thereforg, > 0.
Now supposes = 0. Letting

a= ¢ (T) = 2" (T —x) = ¢y (2) +1,

(7,a) € int (Ch),
and so there exists an open &etontainingd and»n > 0 such that
T+U x(a—n,a+n) CCh.

Therefore, Formula (11) applied (@ + z,a) € C1 and(Z, ¢, (z) — ¢, (T)) € Caforz € U
yields
w* (T + z) > w* (T)
for all z € U. Hencew* (z) = 0 onU which impliesw* = 0, contradicting Formula (10).
This proves the claim.
Now with the claim, it followss > 0 and so, letting* = w*/3, Formula (11) implies

Z(y)+a=2" () +m

whenever(y,a) € Cy and(y1,a1) € Cs. In particular,

(.01 (y) — 2" (y —x) — ¢, (x)) € C1 and
(Y1, b2 (7) — b2 (y1)) € Coa. (12)
So lettingy = «,
25 (@) 4+ (¢ (z) — 2" (x — 2) — ¢y () 2 27 (Y1) + by () — Pa (11)-

Therefore,

2 (g1 —2) <y (1) — 2 ()

for all y; and soz* € §¢, (x). Now lety; = « in Formula (12). Then

ZW A+ (y) -2t (y—x) = ¢ (2) = 2" (2)

and sar* — z* € §¢, (z) sox* = z* + (z* — 2*) € d¢, (x) + J¢, (x) and this proves the
theorem.
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Chapter 24 Convex Functions

24.6 Exercises

1. ForA a maximal monotone operator defined on a Hilbert sgacket

G(A) ={[z,y] :x € D(A) andy € Azx}.

Show that for\ > 0, AA is also maximal monotone. We defidg (A), written as.J,, for
short, by
Ia(A) () = (1 +234) " a
Show
[z — Jay| < |z —yl.
Hint: Forr € (—1,1) andf € H, show there exists a solution, to the equation,

(I4+r)u+Au>d(1+7)f,

as follows. Let
Jo=T+A)""
and show/; is Lipschitz continuous with Lipschitz constant 1. This equation has a solu-
tion if and only if
u=J (1+7r)f—ru)=Tu.
ShowT is a contraction map.

2. 1 Define forA maximal monotone,

1 1
Ayz =~z — —Jh.

A A
Show A, is Lipschitz continuous with Lipschitz constant no more tl'ianAIso verify
that
Az € AJ)\LL',
and
|[Axz| < [yl

forally € Az if x € D (A). This operatorA,, is called the Yosida approximation th
3. 7 Suppose
(1 —y, 71 —2) >0
for all [z,y] € G (A) whereA is maximal monotone. Show that this implies€ D (A)
andy; € Ax;. Hint: Try to show

I (@1 4+ Ay1) =21

because then it will followe; € D (A) andy; € Ax;. To verify this, use the assumption
and Problem 2 to conclude

0 < (y1 — Ax(z1 + Ayn), 21 — I (21 + Ayr)).
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Section 24.6 Exercises

Then simplify to find

1
0 S —X (:L'l - J)\ (1’1 +>\y1),$1 - J>\ (xl +)\y1))

The problem shows the graphs of these operators are maximal with respect to also being
monotone and this is the reason for the name, maximal monotone.

. 1 Supposézy, yi] € G (A) and

Ty = T, Yk — Y

where the half arrow denotes weak convergence. Show thafihghe G (A).
. 1 Let A be maximal monotone and Iét be Lipschitz and monotone. Theh-+ B is
maximal monotoneHint: First supposeB has Lipschitz constant less than one. Then
consider
Tz = (I+A)"" (y— Bz).
ShowT' is a contraction map and consequently has a fixed poivthich satisfies
y € x+ Az + Buz.

Next let A + B play the role ofA to conclude thatd + B 4+ B is maximal monotone.
Continuing in this way, show that any Lipschitz constant is all right.

. 1 Let A and B be maximal monotone, let
Yy € x\ + Byxy + Axy,

and suppos®, x is bounded independent af Show there exists

x1 € D(A)ND(B)
such that
Yy e xr + Bxq + Axq.
Hint: y — x), — Bz, € Az and so
|xx — ar;M|2 < (Buxy — Bz, xn —xy)

= —(Bxzyx — Bz, x0 — )
= — (Bax = Buay, Jx (B) oy — Ju (B) ) —
(Bxxx — Buxy, ABaxzy — uByx,,)
<|(Bazx — Bux,, A\Baxzy — uB,x,,)|.
Conclude{z, } is Cauchy as\ — 0. Select a subsequence

Ty — 1, Bary — 21, andy — x) — Byx) — 2s.

Use Problem 4 and the observation thig{ B) =, — x) — 0 to conclude
z1 € Bxy, 29 € Axq,
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Chapter 24 Convex Functions

and
Y=+ z1+ 22.
. 1 Let A be maximal monotone and I& = 0¢ whereg is proper, lower semicontinuous,
and convex. Suppose
¢ (Ir(A)z) <@ (x) +COA
and there exist§ € D (A) N D (¢). ThenA + J¢ is maximal monotoneHint: Let
y € H be arbitrary and let, be given by

yExy+ 0P (x)\) + Az

and showA  z, is bounded. Using Problem 6 it will followd + 0¢ is maximal monotone.
To do this, note

(y —xx — Axax, Iy (x) —22) < CA
because) — x) — Ayzy € ¢ (xy). Thus,

—(y—a)‘)\—A,\aj)\,A)\(L‘)\)SC. (7)

Also sinceA ¢ is bounded independent af (Problem 2), andl, is monotone,

¢ (&) —d(zx) = (y —ar — Arzn, § — 7))
> (y - x}wg - JTA) - (AAJ?)\,g - J’g\)
> (y—2n§—an) — (AN E =) = [2n|" = Oy

for someC independent of\. HenceC' > ¢ (z,) + |z|°. By Theorem?? we can find
|zx] is bounded and then Formula (7) shavigz , is bounded.
. Let¢ be a proper convex function defined on a normed linear space. @hsvwower
semicontinuous if and only if whenevey, — u, ¢ (v) < liminf, . ¢ (u,).
. LetL: D (L) C L?(Q) — L*(2;R") be given byLu = Vu whereD (L) is defined to
be the space of functions it? (Q2) whose weak
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Appendix A
The Hausdorff Maximal theorem

The purpose of this appendix is to prove the equivalence between the axiom of choice, the
Hausdorff maximal theorem, and the well-ordering principle. The Hausdorff maximal theo-
rem and the well-ordering principle are very useful but a little hard to believe; so, it may be
surprising that they are equivalent to the axiom of choice. First we give a proof that the ax-
iom of choice implies the Hausdorff maximal theorem, a remarkable theorem about partially
ordered sets.

We say that a nonempty set is partially ordered if there exists a partial ergeatisfying

r<2x

and
if x < yandy < zthenx < z.
An example of a partially ordered set is the set of all subsets of a given setzaad Note
that we can not conclude that any two elements in a partially ordered set are related. In other
words, just because, y are in the partially ordered set, it does not follow that eithex y
ory < z. We call a subset of a partially ordered g&ta chain ifx, y € C implies that either
xr < yory < x. Sometimes this is called a totally ordered set. Wes&ya maximal chain
if wheneverC is a chain containing, it follows the two chains are equal. In other wottis
a maximal chain if there is no strictly larger chain.

Lemma 24.1 LetF be a nonempty partially ordered set with partial order Then assum-
ing the axiom of choice, there exists a maximal chaifFin

Proof: Let X be the set of all chains frot. ForC € X, let

Sc = {z € F such thaCU{z} is a chain strictly larger thafi}.

If Sc = 0 for anyC, thenC is maximal and we are done. Thus, assufpez () forallC € X.
Let f(C) € Sc. (This is where the axiom of choice is being used.) Let

9(C) =CU{f(C)}

Thusg(C) 2 Candg(C) \ C ={f(C)} = {a single element of }. We call a subsef of X
a tower if
0eT,
C € T impliesg(C) € T,
and if S C 7 is totally ordered with respect to set inclusion, then

use”T.

Note thatX is a tower. LetT, be the intersection of all towers. Thug, is a tower, the
smallest tower. We wish to show that any two set§jrare comparable in the sense of set

529



Appendix A The Hausdorff Maximal theorem

inclusion so thaf is actually a chain. This will proceed in two steps. Firstdgbe a set of
To which is comparable to every setdf. Such sets exisf} being an example. Let

B={DeTy:D2Cyandf (Cy) ¢ D}.

The picture represents setsif

e

We wish to shows = (). This will be accomplished by showir, = 7 \ B is a tower.
Since7, is the smallest tower, this will require thﬁ@ = 7, and soB = (). Note that for
D € Ty, to sayD € T is the same as sayifg ¢ B.

Claim: 7pisatowerand s = 0. N

Proof of the claim: It is clear that) € 7. SupposeD € 7. We need to verifyy (D) €
To-

Case 1:f (D) € Cy. If D C Cy, thenifg (D) ¢ Cy, it would follow g (D) 2 C, due to
the assumption tha, is comparable. However, bofty (D)} andD are contained i6, and
sog (D) C Cy which impliesg (D) ¢ B. On the other hand, P 2 Cy, then sinceD ¢ %,
we know f (Cy) € D and sog (D) also containg (Co) implying g (D) ¢ B.

Case 2:f (D) ¢ Co. If D C Cy then we can't have (D) ¢ Cy because if this were so,
g (D) would not compare tG,.

-f(Co)

Hence if f (D) ¢ Co, thenD D Cy. If D = Cy, theng (D) = ¢g(Cy) sog (D) ¢ B.
Therefore, assum® 2 Co. Then, sinceD is in 7y, f (Co) € D and sof (Cy) € g (D).
Thereforeg (D) € To.

Now supposeS is a totally ordered subset GNB Then if every element aof is contained
in Co, s0 isUS and soUS € 7. If, on the other hand, some chain fra$) C, containsCy
properly, then sinc€ ¢ B, f (Cy) € C C US showing thatuS ¢ B also. This has proved,
is a tower and sinc&; is the smallest tower, it followd, = 7.

Now we defineZ; to be the set of all chains froffy which are comparable to every chain
from 7.

Claim: 77 is a tower.

Proof of the claim: It is clear thatf) € 7;. Suppose&’, € 7;. We need to verify that
g(Co) € T1. LetD € T, and considey (Co) = Co U {f (Co)}. If D C Cy, thenD C g (Co) .

If D2 Cy,thenD 2 g(Cp) by what was just showéff) = TO). Hencey (Cy) is comparable
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to every set of7;. Now supposes is a chain of elements @f; and letD be an element dfy.
If every element ofS is contained irD, thenUsS is also contained i®. On the other hand,
if some setC, from S containsD properly, thenJS also containg. ThususS € 7.
This shows7; is a tower and proves therefore, tHat = 7;. Thus every set off,
compares with every other set®f showing7 is a chain in addition to being a tower.
Now U7y, g (UZy) € To. Hence, becausg(U7y) is a chain in7y, and 7y is a chain, it
follows g (U7g) C UTy. Thus

UTy 2 g (UTo) 2 VT,

a contradiction. Hence there must exist a maximal chain after all. This proves the lemma.
If X is a nonempty set, we sayis an order onX if

r <z,

andifx, y € X, then
eitherr <yory <=z

and

if z <yandy < zthenz < z.
We say that< is a well order and say thafX, <) is a well-ordered set if every nonempty
subset ofX has a smallest element. More precisely§ if# § andS C X then there exists an
x € S such thatr < y for all y € S. A familiar example of a well-ordered set is the natural
numbers.

Lemma 24.2 The Hausdorff maximal principle implies every nonempty set can be well-
ordered.

Proof: Let X be a nonempty set and lete X. Then {u} is a well-ordered subset &f.

Let
F ={5 C X : there exists a well order faf}.
ThusF # (. We will say that forS;, Sy € F, S; < Soif S; C S, and there exists a well
order forSs, <5 such that
(Sq, <5) is well-ordered
and if
y € Sy \ S1thenz <, y forall z € Sy,
and if <;is the well order ofS; then the two orders are consistent®n Then we observe
that < is a partial order orF. By the Hausdorff maximal principle, we I€tbe a maximal
chain inF and let
Xoo = UC.

We also define an ordeg;, on X, as follows. Ifz, y are elements ok, we pickS € C
such that:, y are both inS. Then if<g is the order orb, we letx < yifandonlyifz <g y.
This definition is well defined because of the definition of the orderNow letU be any
nonempty subset aX,. ThenS N U # 0 for someS € C. Because of the definition of
<,ify e Sy\ Sy, S; € C,thenz < yforallz € S;. Thus, ify € X\ Sthenz <y
for all z € S and so the smallest element®in U exists and is the smallest elementlin
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ThereforeX, is well-ordered. Now suppose there exists X \ X,. Define the following
order,<;,0on X, U {z}.

x <y yifandonly ifz <y wheneverr,y € X

x <1 z wheneverr € X.
Then let B
C={SeCorX,U{z}}.
ThenCis a strictly larger chain thafl contradicting maximality of . ThusX \ X, = ) and
this showsX is well-ordered by<. This proves the lemma.
With these two lemmas we can now state the main result.

Theorem 24.3 The following are equivalent.

The axiom of choice

The Hausdorff maximal principle
The well-ordering principle.

Proof: It only remains to prove that the well-ordering principle implies the axiom of
choice. Let/ be a nonempty set and I&f; be a nonempty set for eache . Let X =
U{X; :i € I} and well orderX. Let f (¢) be the smallest element &f;. Then

fe]]x.

iel

A.1 Exercises

1. Zorn's lemma states that in a nonempty partially ordered set, if every chain has an upper
bound, there exists a maximal elemenin the partially ordered set. When we says
maximal, we mean that if < y, it follows y = x. Show Zorn’s lemma is equivalent to
the Hausdorff maximal theorem.

2. LetX be a vector space. We s&yC X is a Hamel basis if every element &f can be
written in a unique way as a finite linear combination of elements.irfshow that every
vector space has a Hamel basis and thaf if; are two Hamel bases df, then there
exists a one to one and onto map frdmo Y;.

3. 7 Using the Baire category theorem of Chapter 3 show that any Hamel basis of a Banach
space is either finite or uncountable.
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Appendix B
Stone’s Theorem and Partitions of Unity
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Appendix C  Taylor Series and Analytic Functions

Appendix C
Taylor Series and Analytic Functions

534



Appendix D
The Brouwer fixed point theorem
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Appendix D  The Brouwer fixed point theorem

Proof: Suppose there is no fixed point f¢r Then defineh (x) as shown in the following
picture.

h(x)

Thenh : B — 0B is a continuous retraction contradicting Lemma 24.63. This proves
the theorem.

Corollary 24.65 Let K be any compact convex subsetRif and letf : K — K be
continuous. Therf has a fixed point.

Proof: Let K C B (0,r) and defing : B (0,r) — B (0,r) by

g (x) = foproji (x).
Theng is continuous s@ (x) = x for somex € B (0, 7). Thus

f(projk (x)) = x.

Sincef (K) C K, it follows thatx € K and soprojg (x) = x. Hencef (x) = x. This
proves the corollary.
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