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Landau’s Theorem for Planar Harmonic Mappings
Michael Dorff and Maria Nowak

To Walter Hengartner

Abstract. Landau gave a lower estimate for the radius of a schlicht disk cen-
tered at the origin and contained in the image of the unit disk under a bounded
holomorphic function f normalized by f(0) = f/(0) — 1 = 1. Chen, Gauthier,
and Hengartner established analogous versions for bounded harmonic func-
tions. We improve upon their estimates.
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1. Introduction

The classical Landau theorem for bounded holomorphic functions states that if
f is a holomorphic function on the unit disk D with f(0) = 0, f’(0) = 1, and
|f(2)| < M for z € D, then f is univalent in the disk |z| < py with

1
MR- T
and f(|z] < po) contains a disk |w| < Ry with
Ry = Mpg.

This result is sharp (see [3], [7]). Furthermore, for holomorphic functions in D
with the only restriction that f/(0) = 1, there is the Bloch theorem which asserts
the existence of a positive constant b such that f(ID) contains a schlicht disk,
that is, a disk of radius b which is the univalent image of some region in ID. The
Bloch constant is defined as the supremum of all such b (see [6] and [5]).
Harmonic mappings can be regarded as generalizations of holomorphic functions.
A function f(z) = u(z) 4 iv(z) defined on a domain G in the complex plane is
a harmonic mapping if and only if f is twice continuously differentiable and
Af =4f., = 0. If G is simply connected, then f can be written as f = h + 7,
where h and g are holomorphic on G.
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Chen, Gauthier and Hengartner [4] showed by giving an example that the Bloch
theorem does not hold for normalized harmonic functions. However, they did
obtain a Bloch theorem for open planar harmonic mappings and two versions
of the Landau theorem for harmonic mappings. In this paper we give slightly
better results for these Landau theorems. The proofs contained in Section 2
rely on some results obtained in [4] while the proofs in Section 3 are based on
coefficient estimates given in Lemma 5.

2. Versions of Landau’s Theorems for harmonic functions

Let f be a harmonic function in the unit disk D. Then f = h 4 g, where g and
h are holomorphic on ID. For such f, define

A= max |f, +e 2 f| =|f.|+|f] = W] +1d]

0<0<2m
and
o —2i0 ¢ | _ Ul = 1B 1
Ar = min |fob e fel = (1] = S = 1P =19l
The Jacobian of f is given by
Jp =P =P =P =g
Note that |J;| = AgA;. It is known [8] that a harmonic mapping is locally
univalent in D if and only if its Jacobian does not vanish anywhere in D.
The following Schwarz lemma for harmonic mapping is proved in [4].

Theorem 1 (Schwarz Lemma). Let f be a harmonic mapping of the unit disk
D such that f(0) =0 and f(D) C D. Then

4
8
(2) Af(Z) S W, fO?" z € D,
(3) lf(2)] < %arctan|z| < %|z|, for z € D.

For » > 0 let D, denote the disk with center at the origin and radius r. We will
use the following result obtained in [4]:

Theorem 2 (Chen, Gauthier, Hengartner). Let f be a harmonic mapping of the
unit disk D such that f(0) =0, A\(0) =1 and Ap(z) < A for z € D. Then f is
unwalent on a disk D, with

™

and f(D,,) contains a schlicht disk Dg, with
T

Ry= —.
7 8(1+A)
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Now we can prove the following version of a Landau Theorem for harmonic
mappings.

Theorem 3. Assume that f is a harmonic mapping of D such that f(0) =
0,J7(0) = 1 and |f(2)| < M for z € D. Then f is univalent in the disk D,
where

7T3

T =
YT 4VR(n2 + 64M2)
and f(D,,) contains a schlicht disk Dg,, where

4

R - T
' 32v2M (72 + 64M2)
Proof. If we define
v2f(5)
V2
F(z) = —>X== 2¢e€D,
D=0
then Ap(0) = 1. By Theorem 1,
1 4M
@) A0 <

E
Hence
Ap(z) = Ar(55) < = o B
" Ar(0) T Ap(0) T w2
3

Thus, using Theorem 2, we get that F' is univalent in the disk |z| < 721600
and F' <]z\ < Wg@) contains a schlicht disk |w| < 8(7r+;41\42)‘ Consequently,
f is univalent in D,, and using (4), we find that f(ID,,) contains a schlicht disk
Dg,. n

In a much the same way one can obtain a second Landau Theorem.

Theorem 4. Assume that f is a harmonic mapping of D such that f(0) =
0,Af(0) = 1 and |f(2)| < M for z € D. Then f is univalent in the disk D,

where

7.‘,2

To —
> 4V2(r + 16M)
and f(D,,) contains a schlicht disk Dg,, where

7T2

Ry = .
> 8V2(r + 16M)

Remark 1. It is known that if f is analytic in D, f(0) = 0, f/(0) = 1 and
|f(2)] < M, then M > 1. Moreover, the example f(z) = z shows that 1 is




154 M. Dorff and M. Nowak CMFT

the best constant. Note that if f is harmonic in D, f(0) = 0, J¢(0) = 1 and
|f(2)] < M, then M > 7. Indeed, by (1) in Theorem A we get

nt
L= fa = I < Jo? < 8300 < (2) o

which implies that M > T. If we require that f(0) = 0,Af(0) = 1 and |f(2)| <

M, then also M > Z and in this case the constant 7/4 cannot be improved as

4
shown by the function

1 1+ 2 1 1+%
f(z):§1n(1_z> _§ln(1—z>

which maps D onto the open interval with endpoints —i7 and 5. This function
also shows that the normalization Af(0) = 1 does not imply the existence of a
schlicht disk for bounded harmonic functions.

Remark 2. In [4], Chen, Gauthier, and Hengartner proved similar theorems
with different values for r; and R;. In particular, they established the results for

7T4

Ri=—"
L 512mae

and

71_2

= 32mM’

where m = (11 4+ 3v/13)(v/4 — V/13) ~ 6.85. Our values for R; and R, are
slightly larger for all M > 1. Our result can be improved somewhat by replacing
V2 with 1/r in F(2) and finding the value of  that maximizes the new r; and
R; functions. This r-value depends upon M but is always less than 0.64 for
M > w/4. However, these computations are messy and the improvements are
not very significant especially in light of Theorems 6 and 7.

2

3. Main results

Recall that the Bloch space B of I consists of functions h analytic in ID and such
that

1]l = sup{(1 — [2[*)|1'(2)| : = € D} < o0.

Let L*>°(D) denote the set of all measurable and bounded functions on D. It is
well known that B = P(L*°(D)), where P is the Bergman projection given by

PF(z)—/DM 2 eD,

(1—wz)?

where do denotes the normalized area measure on D (see [2], p. 13 or [9]).
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If f = h+7g is harmonic on D with |f(z)| < M, then h, g € B. Indeed, assuming
that h(0) = ¢g(0) = 0 we get

(5) h(z):Pf(z):/D%, z €D,
and
g(2) /fl—wz2’ z € D.

It is known that the coefficients of a Bloch function are bounded (see [1]). The
following lemma yields coefficient estimates for the functions h and ¢ in the case
when f = h+ g or Ay is bounded on D.

Lemma 5. Assume that f = h+g withh(z) =3 2 a,2" and g(z) = > 7 by2",
D.

(a) If |[f(2)| £ M for z € D, then
lan], |bn] < 2M, n=1,2,...
(b) If Af(z) <A for z € D, then
4\

ol bl < ——, n=23,...
anl +10a € =22, m

Proof. Differentiating under the integral sign in (5) gives

B (2) = / (n+ D" f(w)do(w) b 19

(1 —wz)+z P

/f do (w ’
2M(n+1)
n+2

Clearly, the same estimates hold for Taylor coefficients of g.

Consequently,
[n" )(

la,| = =(n+1)

<Mn+1 /|w"|da < 2M.

To prove (b), define, for any real «,
F,(2) = h(z) +e“g(2), ze€D.
By assumption,
F.()| <A zeD.
If a function k, holomorphic in D, is such that k£(0) = &'(0) = 0 and (1—|z|*)K'(2)
is an integrable function with respect to do, then

_ [ A= JwP)K(w)do(w)
Hz) = /D ol —zmF  °F D

z €
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(see [9], p. 57). Applying this formula to the function F,, — F/(0) and differen-
tiating under the integral sign yields

F{"(z) = (n+ 1)!/ (1~ wl*) Fy(w)w" " do(w) zeD, n=2.3,...

D (1 — zw)n+! ’

By assumption we get

. 4
n+€%hy| < 1) [ (1= |w)Alw|* do(w) = A :
o+ < (n+1) [ (1= [wP)Ael dotw) = Ay

Observe also that the fact that h, g € B follows directly from (2). Since for z € D

F) G () € As() € — =,

we see that ||h||s, ||lg|ls < 2.

Now we state our main results.

Theorem 6. Assume that f is a harmonic mapping of D such that f(0) =
0,Jr(0) =1 and |f(2)| < M for z € D. Then f is univalent in the disk D, ,
where

AM
Vi +16M2’

and f(D,,) contains a schlicht disk Dg,, where
Ri= T psM—sM 14— s T m
LM 162M2 7~ 162M3 2 163M°

Proof. Let f = h+3 , where h(z) = > a,2" and g(z) = ) b,z" are analytic

n=1 n=1

7’1:1—

in D. It follows from (1) that

jar] = |br] = Af(0) = =25 >



00 (0000), No. 0 Landau’s Theorem 157

For z; # 2 in D, we have

> ‘/[zm] h'(0)dz + ¢'(0)dz
> A0~ 2] | [ ) -] - | [ e -do:

121 — 29| = [h(z2) — h(z1) — B'(0)(21 — 22)| — |g9(22) — g(21) — ¢ (0) (21 — 22)]

|f(z1) = f(22)| =

‘/[] 2)dz + g'(2)dz
- ’ /[ ) = KO+ (7G) ~ 7O

- 4M
|21_Z2|_ Zan(zz - an(zz
4M n>2 n>2
™ — n— n—
W'Zl—zﬂ—|21—ZQIZ<Ian|+|bn|>|z? LA Tn 7

n>2

> 4M’21_Z2|_’Z1_22‘Z |@n| + [by|)rer

n>2

Now, using Lemma 5(a) we obtain

[f(21) = f(z2)| 2

Finally, observe that r; is a solution of the equation

T 2r — r?
g
AM (1—r)?

and

T 2r — r?

- M a =

if 0 < r < ry. This shows that f(z1) # f(z2), if 21 # 20 € D,.,.
Furthermore since f(0) = 0, we have

T™r1 2

>——4M

1f(2)] > |a1z + biZ| — 2"+ b, 2"

R1:m+8M 8M“1+16M2

:Rh

1—7"1

where
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Finally, note that the inequality stated in the theorem follows from

1 1 1
\/1+$<1+§$—§$2+1—6$3, z > 0.

Using a similar proof as for the previous theorem, we get the following result.

Theorem 7. Assume that f is a harmonic mapping of D such that f(0) =
0,Af(0) =1 and |f(2)| < M for z € D. Then f is univalent in the disk D,,

where
2V M
v1+4M
and f(D,,) contains a schlicht disk Dg,, where
1 - 1 1
AM ~ 16M  128M?*

Remark 3. For all M > 7 /4 the values of ; and R; in Theorems 6 and 7 are
better than the results obtained in [4] and in our Theorems 3 and 4.

7"2:1—

Ry =8M +1—-8My/1+
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