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FIGURE 4.25. Which is the image of f5(D)?

Specifically,
( s —
wy = 2P = T cos fe's if 0 € (F,0),
;3n
wy = 2 = Tocos e if 6 (0,7),
SE
wy = #E2 = S cosge’s if 0 e (§.%),
__ 25tz . w 3m i I% : T 3m
f3(6i0)2<w4—k2 —Qﬁcossegs if 0 € (5,),
; 2T .
ws = FFE = Tocosge's  if € (3, m),
;11w .
w = LA = 575 CO8 elst if e (m, 2n),
SEES
wy = i = 375 Cos ge's if g € (2,31),
_z1tze _ 7w 3m 4ism 3r Tm
| ws = =57 = 575 cos Fes if 0 € (5, ).

Note that the vertices wy, w3, ws and wy lie equally spaced on a circle of radius royser =
% cos § ~ 1.026, while the vertices wy, w4, ws and wy lie equally spaced on a circle of

radius Tiner = #5 cos %“ ~ 0.425.
We can visualize the boundary of f3(ID) by plotting the eight vertices zg, 21, . . . 27
and drawing the midpoints wy, ..., ws (see Figure 4.26).
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FIGURE 4.26. Visualizing the image of the boundary of f3(ID)
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We can also explore the linear combination of these two functions that mapped
onto rotated square regions by using the applet, LinComboTool (see Figure 4.27).
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If Arc4: [1%i8  maps to fos(11pi

F1GURE 4.27. The applet LinComboTool

Open up LinComboTool. Make sure that at the top of the page, the Number
of Polygonal Pa... is 2. In Panel #1 enter the left end points of the intervals
for the arcs of the unit circle used in function f; (these endpoints need to be pos-
itive numbers). Then enter the real and imaginary values of the image of this arc
under the function fi. For example, if we take the interval (0, 7) for Arc 1 (note that
we are starting with this interval because we need to use nonnegative values), then
enter 0 for Arc 1, pi/(2*sqrt(2))*cos(pi/4) for the real value of its image, and
pi/ (2*sqrt(2))*sin(pi/4) for the imaginary value of its image. Remember that for
Arc 4, we will use 3pi/2. If there are not enough boxes for the arcs, click on the Add
button to add an arc. Similarly, click on Remove, if there are too many boxes for the
arcs. When you are done entering the points, click on Graph to produce the image
f1(D). Then go to Panel #2 and enter the points for f, and graph fo(ID). After these
are both graphed, click on Create LinCombogon and the corresponding image will
appear in the lower lefthand box (see Figure 4.28).

EXERCISE 4.93. Using LinComboTool, start with the same arc values and corre-
sponding point values as in Example 4.92. Note that you can change the value of ¢
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FIGURE 4.28. Image of D under f3

by sliding up and down the red dot near the top of the page. Describe what hap-
pens as t varies from 0 to 1. In the example above we showed that when t = %,
Touter = ﬁi cos T ~ 1.026 and riper = ﬁi cos %” ~ 0.425. Compute 7oyser and Tinmer
forany t (0 <t <1).

Try it out!

REMARK 4.94. In Theorem 4.88, we do not need that w; = wy. Looking over the
proof of this theorem, what is really needed is just that f5 is locally univalent. This
can be achieved if we have that

tgi + (1 —t)gy
thi + (1 — t)h}

(59) ol |

EXERCISE 4.95. We can have one pair of functions f;, fo mapping onto image
domains G, G5, respectively, and another pair of functions fl, fg that also map onto
these same image domains Gy, G, but the linear combinations f; and f; map onto a
different image domains.
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Repeat the steps in Example 4.92 using the same function for f, but replacing f;
with the harmonic square map in Example 4.60, where

1 1+2 ? 1+ 2
hi(z) _Zlog(l—z> —l—zlog (2_2)

(z)——llo 1+2 +£lo ¥z
PR = o8\ ) T\ =)

Note that
1 —22
/ /
hi(z) = 1_ 91(2) = 1_ 4
1 22
/ /
h2<Z) = ma 92<z) = 14 24

(a.) In this case, wi(z) = —2% while wy(2) = 2%. Using eq. (59) in Remark 4.94
above, show that f3 is locally univalent.

(b.) Use LinComboTool find the image of f3(ID) using this f; and f.

(c.) Explain why this happens by using the approach in Example 4.92 to compute

the new values of wy,...,wg and then use the visualization technique in the
example to plot the eight vertices zy, . .., zr and draw the midpoints wy, . .., wsg.
Try it out!

EXERCISE 4.96. Repeat the steps in Exercise 4.95 using the same function for f;
but replacing f, with the harmonic hexagon map that can be derived from eq (57) for
R’ and ¢' at the end of Example 4.60 , where

1
hy(z) =
—iT i —i27 127
1 1+2 es 1+esz e s l1+esz
ha(z) ==lo + log| —— ) + log | ———
2(2) 6 g<1_2) 6 g(l—e?z) 6 g(l—eﬂsﬂz)
4
—Z
/ —
1 142 e 1+e52 e’ 1+e% 2
92(2) = — = log — —log |~ log | —=— )
6 1—=2 6 1—e32 6 l1—e3 2
(a.) In this case, wy(z) = —2% while wy(z) = —z*. Using eq. (59) in the remark

above, show that f3 is locally univalent.

(b.) Use LinComboTool find the image of f3(ID) using this f; and f.

(c.) Explain why this happens by using the approach in Example 4.92 to compute
the new values of the vertices of f3(D).

Try it out!
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FIGURE 4.29. Image of D under f3 in Exercise 4.95

We can generalize Theorem 4.88 to include the linear combination of n functions

fis ooy fae

THEOREM 4.97. Let fi = h1 + 91, ..., fn = hy + g, be n univalent harmonic
mappings convex in the imaginary direction and wy = --- = w,. If f1, ..., f, satisfy
condition A, then F' = t1f; +--- + t,f, is convex in the imaginary direction, where
0<t, <landt;+---+1t,=1.

EXERCISE 4.98. Prove Theorem 4.97.
Try it out!

EXPLORATION 4.99. Using the Theorem 4.97, create three maps in three different
panels of LinCombo Tool, where each map takes 4 arcs on the unit circle to 4 vertices of
a square. Make sure that these maps satisfy the conditions of the theorem. Then click
on the Create LinCombogon button to see the resulting image domain. FExplore
this idea by using different maps in the panels. For an example, see Figure 4.30

Try it out!
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F1cURE 4.30. Example of image of D under the linear combination of
three squares

LARGE PROJECT 4.100. In Example 4.92 and in Exercise 4.95 we took the linear
combinations of two harmonic square mappings and ended up with fundamentally
different images. Explore this with other n-gons. In particular, use LinComboTool
to determine what and how many fundamentally different (i.e., not rotations or not
scalings) images can be constructed when taking the linear combination with ¢ = % of
two harmonic 5-gon maps? 6-gon maps? n-gon maps. Make sure that Condition A
holds in every case and that |ws| < 1.

Optional

LARGE PROJECT 4.101. In Exercise 4.96 we took the linear combinations of a
harmonic 4-gon mapping and a harmonic 6-gon mapping with dilatations —z* and
—2*, respectively. Use LinComboTool to determine what combinations are possible
and what images can be constructed when taking the linear combination with ¢t = %
of a harmonic m-gon and n-gon, where m < n. Make sure that Condition A holds in
every case and that |ws(2)| < 1.

Optional
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4.7. Convolutions

Another way of combining two univalent functions is the Hadamard product or
convolution. For analytic functions

flz) = i a,z" and F(z)= iAnz”,
n=0 n=0

their convolution is defined as
f(z)*x F(z) = Z anAnz".

ExAMPLE 4.102. Consider the convolution of the right half-plane function (see
Example 4.11)

Then

B

n=1 n=1
=+ 22+t ) (2222438 4 )
=(z+22+32 +424+--1)

z
(1 —2)

[

[

[

[

i convoluted— — — results= = —¢
| with == = in ©
[

|

L}

F1GURE 4.31. Right half-plane map convoluted with the Koebe function
yields the Koebe function.
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ExampPLE 4.103. Now, consider the convolution of the Koebe function, f(z) =
1
L, tz . What is the Hadamard
(1—2)? 1-—
product, f(z)* F(z)? We need to compute the Taylor series for F'. To do so, notice
that

and the horizontal strip map, F'(z) = log (

oo o _1
log(l —z) = — Z2Mdz = 2"
) =2
Likewise,
= 1
1 1 — _1\n+1 n+1.
oB(1+2) = 3~
Hence,
1 1+2 = 1 = 1
-1 = —1)ntt nt+l n+1
QOg(l—z> nz;( A CAD D
= 1
222 L2041
s n—+1
Thus,

- ()

_Z ot Z 2n1+ 122n+1

1 1
:(Z+222+323+4z4—|—5z5+---)>|<(z+§z3+525+---)

=2+ 224+ 2+

=14+224+2"4+254+... and

1
Since :1+z+22+z3+~--,Wehavethat1

1—=z — 22
=2+ 22+ 2°+---. That is,

1 — 22

f(z)*F(z)—ﬁ*%log(l+Z) -

1—=z2

EXERCISE 4.104. Let f(z) = —log(1 — z) and F(z) = . Determine f(z) *

F(2).
Try it out!

(1-2)

PROPOSITION 4.105.
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e convoluted results
. with in

FiGURE 4.32. The Koebe function convoluted with a horizontal strip
map yields a double-slit map.

(a) The right half-plane mapping, f(z) = 1 : , acts as the convolution identity;
— 2

that is, if F'is an analytic function, then

x F(z) = F(z).

(b) The Koebe function, f(z) = acts as a differential operator; that is,

(1—2)*

(e * F(2) = 2F'(2).

(c¢) Convolution is commutative; that is, if f;, fo are analytic functions, then
fixfa= fax f1.
(d) If f1, fo are analytic functions, then (fi(z) * f2(2)) = 2f1(2) * fa(2).

EXERCISE 4.106. Prove Proposition 4.105 (a)-(d).
Try it out!

if F'(z) is an analytic function, then

Note that if fi, fo € S, then f; * fo may not be in S. For example,
z z =~ . = .
(1_2)2*(1_2)22271,2 *an
n=1 n=1

= i n?z" ¢ S.
n=1

Why do we know that Z n*z" ¢ S?
n=1
However, we do have the following results. Note that if the analytic function,

f €S, maps onto a domain that is convex, then we will denote that by writing f € K.
Similarly, if the harmonic function, f € Sy, maps onto a domain that is convex, then
we will write f € K.

THEOREM 4.107 (Ruscheweyh and Sheil-Small, [21]). Let f, f; € K. Then fx f; €
In addition, if f5, f3 € S map onto a close-to-convex, and a starlike domain,

respectively. Then fx fo, f % f3 are in .S and map onto a close-to-convex, and a starlike
domain, respectively.
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Now let’s consider the case of harmonic convolutions.

DEFINITION 4.108. For harmonic univalent functions

define the harmonic convolution as

(60)  f(2)* F(z) =h(z) = H(z) + g(z) *G(z) =2+ > _a,Au"+ Y 0B, 7"

As mentioned above, for the convolution of analytic functions it is known that if
fi, fo € K, then f; x fo € K. Is such a similar result true for harmonic univalent
convex mappings?

There are a few known results about harmonic convolutions of functions on D.

THEOREM 4.109 (Clunie and Sheil-Small, [5]). If f € K, and ¢ € S, then the
functions

fx (0 +¢) €Sy
map D onto a close-to-convex domain, where (Ja| < 1).
Clunie and Sheil-Small posed the following open problem (see [5]).

OPEN PROBLEM 4.110. Let f € K, then what are the collection of harmonic
functions F' such f x F € K7

As partial answers to this open question, there are the following results.

THEOREM 4.111 (Ruscheweyh and Salinas, [20]). Let g be analytic in . Then

f*g=Re{f}+g+Im{f}xge Ky
for all f € K; <= for each v € R, g+ iyzg' is convex in the imaginary direction.

THEOREM 4.112 (Goodloe, [12]). Let f,,, fn € K, be the canonical harmonic
functions that map D onto the regular m-gon and n-gon, respectively. Then f,, x f,, €
K, and the image of D is a p-gon, where p = lem(m, n).
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EXERCISE 4.113. Compute fr = fi* fo, where fy = hy+ g4 is the canonical square
map (see Example 4.89) given by

and fg = hg + gg is the canonical regular hexagon map (see Exercise 4.96) given by

1 142 e%m 1+e%rz e% 1+ei277rz 1
h =—1 | , + | , = d
o0 =gog (T25) + Son () e S g () = [ e

1 1+ 2 eF 1+e%z o5 1+e52 —24
gﬁ(z) = - Z log - 4 1Og in - log 2x = dz.
6 1—2 6 1—es3z 6 1—e3 2z 1—26

Sketch fi(D) using ComplexTool.
Try it out!

In considering Open Problem 4.110, let’s look at a simple problem: if fi, fo € K,
then when is fi % fo € Sy7

Recall Lewy’s Theorem that f = h+ g with 2/(z) # 0 in D is locally univalent and
sense-preserving if and only if w(z) = ¢'(2)/W(z)] < 1, Vz € D.

THEOREM 4.114 (Dorff, [6]). Let fi = hi + Gy, fa = ha + Gy € Ky with hy(2) +

gr(2) = 7%= for k = 1,2. If fi * f5 is locally univalent and sense-preserving, then
fi % fo € Sy and is convex in the direction of the real axis.

PROOF. Since h(z) + g(z) = . ° and F(z) % . SE— F(z) for any analytic
—z —z

function F', we have that
hy — g2 = (h1 + g1) * (ha — g2)
= hy * hy — hy * g2 + ha * g1 — g1 * g2
hi — g1 = (hi — 1) * (ha + g2) =
hy * ha + hy * g2 — ha * g1 — g1 * ga.
Thus,
(61) hi % hy — g1 % ga = 5[(h — g1) + (h2 — g2)]-
We will now show that (hy — ¢1) + (he — g2) is convex in the direction of the real

axis. Note that
K@) = W) () = O (100) = g




where Re{p(z)} > 0,Vz € D.
So, letting p(2) = z/(1 — 2)?, we have

e { (1 (2) = 61(=)) + ((2) — gh(=))] } R { e P1(2) + 1 (2)] }

©(Z)

o
= Re{pl(z) —|—p2(2)} > 0.

Therefore, by Theorem 4.76 in Section 4.5 and eq.(61), hy * hy — g1 * g2 is convex in
the direction of the real axis.

Finally, since we assumed that fi* f5 is locally univalent, we apply Clunie and Sheil-
Small’s Shearing Theorem (see Theorem 4.40) to get that fi * fo = hy * hg — g1 * go 1S
convex in the direction of the real axis. U

It is known (see [7]), that for any right half-plane mapping f = h+ § € Ky,

hz) +9(z) = -

Hence, Theorem ?7? applies to harmonic right half-plane mappings.

EXAMPLE 4.115. Let fo = ho+ g, be the canonical right half-plane mapping given
in Example 4.11 with ho(2) + go(2) = %= with w(z) = —z. Then

1—2

z— 122
ho(z) :(1 _22)2
1.2
90(2) :(1 2— z)?
Next, let fi = hy + g, where hy(2) 4+ g1(2) = = with w(z) = 2. Then

1 1+2 1 =z
hi(z) = Z—llog( z> + -

1— 21— 2

() 11 1+z2 +1 z
2)=—-1lo -

2 1%\1=2) To1 =2

Note that f; is a right half-strip mapping (see Figure 4.33).
Consider F| = fo* fi = Hi + G1. Note that

Hy(Z) = ho(2) * ha(2) = %WZ) +2hi(2)] = ébg G . i) 0 —Z‘Zz);(ir 2
Gi(2) = go(2) * 1(2) = %[91(2) —zg1(2)] = —%log <i i_ z> + ?f—_zi;(l_—l—zj)’
with 222 4 2 4+ 1
“lz) = _<ﬁ>
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FIGURE 4.33. Image of D under f;.

The image of D under Fy = fy * f; is shown in Figure 4.34.
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FIGURE 4.34. Image of D under Fy = fj * fi.

EXERCISE 4.116. Compute F = H + G, where F = fy % fy. Sketch F(D) using
ComplexTool.
Try it out!

Throughout the rest of this section we will consider the question ”"For which di-
latation functions, w = ¢'/k/, is the function f = h + g locally univealent. In doing
so, let

1.2 1.2
—  Zz— 32 52
— h — 2 — 2
fo(Z) 0(2) + gO(Z) (1 _ 2)2 (1 _ Z)Q

be the canonical right half-plane mapping given in Example 4.29.
Also, as mentioned in the proof above, the collection of functions f =h+ g € S
that map D onto the right half-plane, R = {w : Re(w) > —1/2}, have the form
z
(=) + 9(2) = —
We will use the following method to prove that local univalency holds:
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METHOD 1. (Cohn’s Rule, see [19], p 375) Given a polynomial
f(z)=ap+arz+ -+ a,2"

of degree n, let

f(2)=2" f(1) Z) = @+ Guaz+ -+ @g2"
Denote by p and s the number of zeros of f inside the unit circle and on it, respectively.
If |ao| < |an|, then

@, f(2) — aof*(2)

z

fi(z) =

is of degree n — 1 with p; = p — 1 and s; = s the number of zeros of f; inside the unit
circle and on it, respectively.

THEOREM 4.117. Let f = h+g € K9 with h(z) + g(z) = 1= and w(z) = 2"
(n € Nand 6 € R). If n = 1,2, then fyx f € S and is convex in the direction of the

real axis.

PROOF. Let the dilatation of fy* f be given by w = (go*g)’/(ho*h)’. By Theorem
4.114 and by Lewy’s Theorem, we just need to show that |w(z)| < 1,Vz € D.
First, note that if F' is analytic in D and F(0) = 0, then

ho(2) * F(z) = = [F(z) + 2F'(2)]

}_‘l\DIn—t

go(2) x F(z) = 5 [F(z) — zF’(z)}

élso7 since ¢'(2) = w(2)(2), we know ¢”(2) = w(2)h"(2) + W' (2)W(2).

N 29" (2) =2 (2)W (2) = 2w(2)h"(2)
(62) w(z) = C20(2) + 2h(2) 21 (2) + zh"(2)

Using h(z) + g(2) = 1= and ¢'(2) = w(2)h'(2), we can solve for A'(z) and h"(z) in
terms of z and w(z):

1
(14 w(2))(1 —2)?

h'(z) =

2(1+w(z) —w'(x)d - 2)
(14 w(2))*(1 - 2)°

n'"(z) =
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Substituting these formulas for A" and A" into the equation for @, we derive:

5(2) :—zw’(z)h/(z) — zw(z)h"(z)
2h/(2) + zh"(2)

(63) - Zw2(z) + [w(z) — Lw'(2)2] + 3w'(2)
14 [w(z) — Jw'(2)2] + Lwr(2)22

2

Now, consider the case in which w(z) = €?z. Then eq (63) yields

CNJ(Z) — Z€2i0 ("7’2 + %e_wz + %e_ie) — _262i6p(z).
(1+ 3e?z + 1e022) q(2)

Note that ¢(z) = 22 p(1/z). In such a situation, if zy is a zero of p, then % is a zero

of q. Hence,
(z+ A)(z+ B)

(1+ Az)(1+ Bz)

w(z) =—ze

Using Method 1, we have

azp(z) — agp™ (2 3 1 . 1
ie) = S = (e - 5)

— %e‘w € D. By Cohn’s Rule, p has two zeros, namely

So, p; has one zero at zy = %

A and B, with |A|, |B| < 1.
Next, consider the case in which w(z) = ¢?22. In this case,

23 4 e

2 2
——| = 1.
| 1 +e?23 12" <

B(2)] = |2

g

EXAMPLE 4.118. Let fs = hy + ¢, be the harmonic mapping in D such that

hi(z) 4 g2(2) = % and wy(z) = —z*. Then we can compute

1 142 1 =z 1 z
ha(z) ==1 = =
2(2) n(l—z>+21—z+4(1—z)2

8
(2) 11 142 +1 z 1 z
z)=—=1In - - -

92 8 \1-2) T21—2 4(1-2z2p

and the image of D under f; is the right half-plane, R = {w € C‘ Re{w} > —1}. Note
that fo(e™) = L +i7%, if 0 <t <7, and fy(e') = § — i, if m# <t < 27 (see Figure

4.35).

Let
ngho*hg—l— 90*92:H2+ G_2
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FIGURE 4.35. Image of D under f.

Then we can compute that

H(z)—iln 1+ = _’_1 z +1 z +1 z
AT \1—2) 41—z 8(1—2)2  2(1—23(1+2)

3
Gz(z):—iln<1+z> LT S

(64)

6 \1=2) 37— 2 " 81—22 " 2(1-2P(1+2)

It can be shown analytically that F5 (D) is the entire complex plane minus two half-lines
given by x &+ i, v < —}1. This is not clear if we use ComplexTool with the standard
settings to view this image (see Figure 4.36). However, using both this image and
the image of just the unit circle (see Figure 4.37), this result seems reasonable [Note:
to graph the image of 9D in ComplexTool, change the settings in the middle box of

ComplexTool to Interior circles: 0 and Rays: 0].

(®) Crossed (_) Boxed axes |Function Help [+] ®) Crossed [ Boxed axes |
ko [l2.21x [2.21 [ ][ Default View | F@=Fe(1 222 2+z3)(1-2)"3"(1+2))) +im(1 BIn((1+2)(1-2)) +314* fi [ x k111 | w |[ Regraph with -... |
1-2)°2)
Graph || Clear il || Clear range | Snapto0+0i
inrcu\ar grid | v [ Sketch

Center: + [
Interior circles:f3 Rays: 16

o dhetas  R'pi Outer radius: 09938
-+ :
= o zoomy (®) Centerzoom at cursor
=0 * RIL click graph
[ S ll.dg 5 _) Centerzaom at default
Go = rag slider —
20 Cursor: bo | Sy e (bo .po ) [T cursor: fi

FIGURE 4.36. Image of D under F» = fy * fs.

REMARK 4.119. If we assume the hypotheses of the previous theorem with the
exception of making n > 3, then for each n we can find a specific w(z) = €?2" such
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F1GURE 4.37. Image of 0D under Fy = fy * fo.

that fo* f ¢ S9. For example, if n is odd, let w(z) = —z" and then eq (63) yields

#H 4 (3122

1+ (2 —1)zn — 2zntl

w(z)=-2"

It suffices to show that for some point 29 € D, |w(2)| > 1. Let 20 = — 27 € D. Then

( n ) )" G-V -3

a(Zo): Py ]
nt -G -10)GEE)" - 6)6E)

(65)
()" = ()" + 1 - ]
G-+ 3G + (=)

Note that [(Z2)" — (:20)" 7]+ [1—-25] > 0. Also, (2 —1)+(2) (%) + (%)" > 0

=14+

n+1 n+1 n
since (% — 1) + (g) (#1) >n — % > e and (”T“)n is an increasing series converging

to e. Thus, if n > 5 is odd, |w(z)] > 1. If n = 3, it is easy to compute that

~ 3|34—-1.3.43_3.44
B(0)l = (3)" | temata —a-

This simplifies to the same w(zy) given eq (65) and the argument above also holds for

~ 4 —4.54_9.
n>6. Ifn=4,|0(z) = (1) |E=25-251 > 15,

> 2. Now, if n is even, let w(z) = 2" and zy =

EXPLORATION 4.120. Using ComplexPlot, graph w(D) given in eq (63) for w(z) =
—z" where n = 1,2,3,4. Explain how these images support Theorem 4.117 and
Remark 4.119.

Try it out!

THEOREM 4.121. Let f = h +g € Ky with h(2) + g(2) = % and w(z) = %

with a € (—1,1). Then fy* f € S9 and is convex in the direction of the real axis.
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PROOF. Using w(z) = &2, where —1 < a < 1, we have

(24 ey 1)
()
)
f*(2)
(z4+ A)(z+ B)
Z(l + Az)(1+ Bz)
p(2)

=—2—=.
q(z

w(z)=—=z2

Again using Method 1,
@p(z) —ap’(z) _ (a+3)d—a)  (1+3a)d—0a)

Z) = —=

Piz) z 4

So p; has one zero at zg = — 1;33“ which is in the unit circle since —1 < a < 1. Thus,
|Al, |B] < 1. O

LARGE PROJECT 4.122. In Theorem 4.114, we require that the resulting convolu-
tion function satisfy the dilatation condition

g (2)
w(z)| = e

Determine various w functions for which the dilatation condition holds and ones for
which it does not hold. See Theorem 4.117, Theorem 4.121, and Remark 4.119 for

< 1,Vz € D.

examples.

Optional

LARGE PROJECT 4.123. Similar to the right half-plane map, f = h+ 7 is an
asymmetric vertical strip map if h(z) + g(z) = 52— log <11++ZZ:,21>, where 0 < o < 7.

Theorem 4.114 can be stated in terms of asymmetric vertical strip mappings instead
of right half-plane mappings.

THEOREM: Let f = h+g € K§ with w = ¢'/h' be
such that h+g = 5——log (%), where 0 < a < .

Then fyx f € S9 and is convex in the direction of the
real axis.

Determine various w functions for which the dilatation condition holds for this
theorem and ones for which it does not hold.
Optional
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4.8. Conclusion

We have presented an introduction to harmonic univalent mappings and described
a few topics to entice a beginner. Our emphasis is on the geometric aspects of harmonic
univalent mappings that students can explore using the exercises, the exploratory prob-
lems, and the projects along with the applets. There are more interesting and deeper
topics in harmonic univalent mappings. Here is a short list along with some resources:
(a) coefficient estimates and conjectures ([5], [9], [23]); (b) a generalized Riemann
Mapping Theorem ([9], [14], [26]); (c) properties of special classes of functions such as
convex, close-to-convex, starlike, and typically real ([5], [9], [23]); (d) harmonic polyno-
mials ([4], [24], [28]); (e) extremal problems ([9]); (f) harmonic meromorphic functions
([16], [25]); (g) inner mapping radius ([2], [8]); and (h) multiply connected domains
([9], [10]). Another topic is the connection between harmonic mappings and minimal
surfaces. This topic is discussed in the chapter on minimal surfaces in this book. In
addition, there are several nice general resources to learn more about harmonic univa-
lent functions. These include Peter Duren’s book [9], Clunie and Sheil-Small’s original
article [5], Bshouty and Hengartner’s article [3], and Schober’s article [22]. Finally,
Bshouty and Hengartner complied a list of open problems and conjectures [2].
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4.9. Additional Exercises

The Family S of Analytic, Normalized, Univalent Functions
EXPLORATION 4.124.

(a) Using ComplexTool guess the smallest k > 0 such that (z + k)? is univalent in
D.

(b) Prove your guess from (a).

(c) Using ComplexTool guess the smallest k& > 0 such that (z + k)3 is univalent in
D.

(d) Prove your guess from (c).

EXERCISE 4.125. Show that f(z) = z + a3z® is univalent in D <= [as| < 3.
Determine f(ID) analytically when az = —%.
EXERCISE 4.126. Work out the details to show that ﬁ =Y n"=2+222+

323 4 -
2z — c2?
5 where 0 < ¢ < 1.

(1-2)

1 1
EXERCISE 4.128. Prove that f(z) = 3 log (1 i 2) is univalent. Determine f(D)
—z

EXERCISE 4.127. Determine f(ID) analytically f(z) =

analytically.

EXPLORATION 4.129. Consider the function

£2) = 5 Gfi)c—ll-

2c
(a) Show that if ¢ = 2, then f.(z) is the Koebe function.
(b) Show that if ¢ = 1, then f.(z) is the right half-plane mapping.
(c) Use ComplexTool to view the image of D under f, for various values 0 < ¢ < 2.
For what values of ¢ does f. appear to be univalent.

EXERCISE 4.130. Find the image of D analytically under the univalent function

flz) = —

1=
The Family S, of Normalized, Harmonic, Univalent Functions

EXERCISE 4.131. Determine if f(z,y) = u(x,y)+iv(x,y) = (2* +2y?) +i(2*y +3°)
is complex-valued harmonic.

o*f B
020Z

EXERCISE 4.132. Prove that f(z,y) = u(z,y)+iv(x,y) is harmonic <=

EXERCISE 4.133. Rewrite f(z,y) = u(z,y) +wv(z,y) = (x — 322 + 3y°) +i(y — zy)
in terms of z and Z and then determine if f is analytic.
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EXERCISE 4.134. Prove that for all functions f € S, the sharp inequality |bs| <
holds.

1
2

EXERCISE 4.135. Verify that the image of D under the harmonic function f(z) =
z+ %22 is a hypocycloid with 3 cusps.

EXERCISE 4.136. If a domain is convex in the direction e’ for every value of
¢ € [0,m), then the domain is called a conver domain. For example, a disk is a convex
domain. For which values of n = 1,2,3,... are the following functions that map D
onto a convex domain?

(a) f(z) = 2",
(b) f(z) =z — £2" (see Example 4.8 and Definition 4.9),
(c) f(z) = o (see Examples 4.11 and 4.12 to get you started).

The Shearing Technique

EXPLORATION 4.137. Let f = h+ g with h(z) — g(z) = z — 12" and w(z) = 2",
Use ShearTool to sketch the graph of f(D) for different values of n and then compute
h and g explicitly so that f € S¢.

EXERCISE 4.138. Let f = h+ g with h(z)—g(z) = 775z and w(z) = —z. Compute

h and g explicitly so that f € SO and determine f(ID).
EXERCISE 4.139. Let f = h+ g with h(2) — g(2) : d w(z) Pty
139. Let f = wi z2)—g(z) = and w(z) = z :
g g 1-2) 1+ 1z

(a) Show that |w(z)| < 1,Vz € D.

(b) Compute h and g explicitly so that f € S¢.

(c) Show that f(DD) is a slit domain like the Koebe domain. Determine where the
tip of the slit is located.

(d) What is the significance of this example in relationship to the Riemann Map-
ping Theorem?

EXERCISE 4.140. Let f = h+ g with h(2) +g(z) = . ° and w(z) = €z, where
-z
6 € [0,27). Use ShearTool to sketch the graph of f(ID) for different values of n and

then compute h and g explicitly so that f € S¢.

EXPLORATION 4.141. We can find harmonic functions, f, = h, + 7, that map
onto regular n-gons by generalizing the ideas from Example 4.60. Use ShearTool to
explore the images of D under f = h 4+ g, where f comes from shearing

log < —ze 22k>

n—1

h(2) — gz 2 —2 cos
=0

with w(z) = —2"2.

2Wk)
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142

1—=z

w(z) = m?2%, where m = (0 < 0 < %).Use ShearTool to sketch the graph of f(D)
for different values of n and then compute h and g explicitly so that f € S¢ [Preview:
This Exploration fits nicely with minimal surfaces, because when m = 1 f lifts to
a canonical minimal surface, Scherk’s doubly-periodic, and when m = ¢ f lifts to a
different canonical minimal surface, the helicoid].

and

1
EXPLORATION 4.142. Let f = h + g with h(z) — g(z) = §log(

Dilatations

EXPLORATION 4.143. Shear h(z) — g(z) = % using w(z) = az, where —1 < a <1

1—2z

and sketch f(D) using ShearTool. Describe what happens to f(ID) as a varies.

EXPLORATION 4.144. Shear h(z) — g(z) = % using w(z) = 2", where n =
1,2,3,4,5 and sketch f(D) using ShearTool. Describe what happens to f(D) as a

varies.

EXPLORATION 4.145. Shear h(z) — g(z) = log (1;;) using w(z) = e™/°z, where

n =0,...,6 and sketch f(DD) using ShearTool. Describe what happens to f(DD) as n

varies.

imn/6

EXPLORATION 4.146. Shear h(z) — g(z) = %5 + ae1 using w(z) = i1, where

—0.5 < a < 0.5 and sketch f(D) using ShearTool. Describe what happens to f(D) as

a varies.

EXERCISE 4.147. Let ho(2) = 2=, where 0 < a < 7, and wa(2) = eii(fji_i“).

Compute f, = ho, + g, and show that f, € S7. Use ComplexTool to sketch f,(D)
for various values of a [Note: as a approaches 0, you should get the image shown in
Figure 4.15].

EXERCISE 4.148. Let h,(2) = 2is1in'y log (11:;6,77), where 7 < <7, and w,(2) =

2sin(w—v)
e_( e h(z)_1>. Compute f, = h, + 7, and show that f, € S7. Use ComplexTool

to sketch f, (D) for various values of v [Note: as v approaches 7, you should get the

image shown in Figure 4.15, but each f, (D) is different than any f, (D) in the Exercise
4.147).

Harmonic Linear Combinations
EXERCISE 4.149. Let
fi(z) =Re{ — z — 2log(1 — 2)} + iIm {z},
z+1/323 : z
p— _— I .
o) =ke {2 i

(a) Show that f; can be derived by shearing h(z) — g(z) = z with ¢'(z) = zh/(2).
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(b) Use ComplexTool to plot the image of D under f;. Recall that fy is the
“harmonic Koebe” function. What is the image of D under f5?

(¢) Use ComplexTool to see that fs =1tfi + (1 —t)fz is not univalent for at least
one value of ¢, (0 <t < 1). Why does this not contradict Theorem 4.887

EXPLORATION 4.150. Let

Ty (2]
£a(2) :Re{%log G;Z)}Hlm{%mg Gfi)}

Show that f; and fs satisfies the conditions of Theorem 4.88 and then use ComplexTool
to plot images of f;3 = tf; + (1 —t) fo for various values of t.

EXPLORATION 4.151. Let

1 - 1 -
fl(z) :Re{liz —§ez+i} +Zlm{1iz +§€Z+}}7
1 1 z+1

1 2 1 1
fa(z) =Re {z - 4—122 - Z(z - 1)2@zf1} +4Im {z - 122 + Z(Z —1)%e1 }

Show that f; and fs satisfies the conditions of Theorem 4.88 and then use ComplexTool
to plot images of f3 =tf; + (1 —t)fo for various values of t.

EXERCISE 4.152. Repeat the steps in Example 4.92 using the same function for f;
but replacing f, with the harmonic square map in Example 4.60, where

1 142 1 1+ 2z
h =-1 -1
2(2) 4Og(l—z)+40g(i—z)

()__110 1+ 2 +i10 1+ 2z
922_4g1—z 4gi—z'

(a.) In this case, wy(z) = 2? while wy(z) = —2%. Using eq. (59) in the remark

above, show that f3 is locally univalent.

(b.) Use LinComboTool find the image of f3(D) using this f; and f,.

(c.) Explain why this happens by using the approach in Example 4.92 to compute
the new values of wy,...,wg and then use the visualization technique in the
example to plot the eight vertices z, . . ., z; and draw the midpoints wy, . . ., wsg.

EXPLORATION 4.153. Using LinComboTool, start with the same arc values and
corresponding point values as in Example 4.92. In Panel #1 increase the arc values
by increments of % while not changing the point values, and decrease the arc values
in Panel #2 by the same amount. Note that you can do this either by changing
the specific value in the Arc n box or by just using the cursor to move the four blue
dots the same amount in the same direction in Panel #1 and the same amount in

the opposite direction in Panel #2 on the unit circle of the domain in each panel.
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Describe how the image domain changes as the arc values in Panel #1 increase by a
total of 7 and decrease in Panel #2 by the same amount.

EXPLORATION 4.154. Using LinCombo Tool, create a map in Panel #1 that maps 3
arcs on the unit circle to 3 vertices of an equilateral triangle. Then create a second map
in Panel #2 that maps 3 different arcs on the unit circle to 3 vertices of a rotated
equilateral triangle. Make sure that these maps satisfy the conditions of Theorem
4.88. Click on the Create LinCombogon button to see the resulting image domain.
Explore this idea by using different maps in the panels to get at least three different
resulting image domains.

EXPLORATION 4.155. Using LinComboTool, create a map in Panel #1 that maps
6 arcs on the unit circle to 6 vertices of a regular hexagon. Then create a second map in
Panel #2 that maps 6 different arcs on the unit circle to 6 vertices of a rotated regular
hexagon. Make sure that these maps satisfy the conditions of Theorem 4.88. Click on
the Create LinCombogon button to see the resulting image domain. Explore this
idea by using different maps in the panels to get at least three different resulting image
domains.

Convolutions

EXERCISE 4.156. Let

1 1 1+2
f(z):/l—z2 dz:élog(l—z)

and
F(z) = / L dz = le%ﬂ log (1 + ei‘?ﬂz) + le%w log (1 + e%wz) — 1log (1 — z)
1—23 3 3 3
Using eq (57) at the end of Example 4.60, determine f % F' and the image of D under
this convolution. In general, what is f * F when f'(z) = = and F(z) = =7

EXERCISE 4.157. In Theorem 4.109, let f be the canonical right half-plane mapping
fo € Ky and let p(2) = ﬁ € S. Compute F' = fo* ( P+ ¢) and use ComplexTool
to sketch F'(ID).

EXERCISE 4.158. Derive the expressions for Hy and Gy given in eq (64).

SMALL PROJECT 4.159. Compute f, = h, + g,, where h,(z) + ga(2) = 75 and

w(z) = fjaaz. From Theorem 4.121, we know that F, = fy* f, € Sy for —1 < a < 1.

Compute F, and use ComplezTool to sketch F,(ID) for various values of a(—1 < a < 1).
Describe what happens as a varies between 1 and —1.
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