








We can visualize the boundary of f(D) by plotting the eight vertices z0, z1, . . . z7

and drawing the midpoints ζ1, . . . , ζ8 (see Figure 4.26).
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Figure 2.62. Visualizing the image of the boundary of f(D)

Now, let’s look at the behavior of the third coordinate function, w, for this convex
combination map, f . Note that there are singularities at ±1, ±eiπ/4, ±i, and ±e−iπ/4.
As z → ±1, w1 → +∞ while w2 remains finite, and so w → +∞. On the other hand,
as z → ±i, w1 → −∞ while w2 remains finite, and so w → −+∞. Similarly, w → +∞
as z → ±eiπ/4, while w → −∞ as z → ±e−iπ/4.

By changing the value of t we can get different asymmetric nonconvex polygonal
regions with the same behavior for w, and the corresponding surfaces M are known as
Jenkins-Serrin surfaces.

Exercise 2.147. We can have two different parametrizations, x1 and x2, of the
same surface with the same image projected onto the x1x2-plane. Yet, when we take
the convex combination of each of these with a parametrization of another independent
surface x3, the resulting surfaces can be different.

Repeat the steps in Example 2.146 using the same G2 and dh2 for M2 but replacing
the Weierstrass data for M1 with

G1(z) = iz and dh1(z) =
z dz

1− z4
.

(a.) Show that G1 = iz and G2 = z satisfies eq. (??).
(b.) Determine the image of the projection onto the x1x2-plane of the convex com-

bination of M1 and M2. Do this by using the approach in Example 2.146 to
compute the new values of w1, . . . , w8 and then use the visualization technique
in the example to plot the eight vertices z0, . . . , z7 and draw the midpoints
w1, . . . , w8.

(c.) Use LinComboTool to verify your result in part (b.).
(d.) Determine the behavior of the third coordinate function, w, for this convex

combination map using the approach in Example 2.146.

Try it out!
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Exercise 2.148. Repeat the steps in Exercise 2.147 using the same Weierstrass
data,

G1 = iz and dh1 =
z dz

1− z4

for M1 but replacing M2 with the Weierstrass data

G2 = iz2 and dh1 =
z2 dz

1− z6
.

(a.) Show that G1 = iz and G2 = iz2 satisfies eq. (??).
(b.) Determine the image of the projection onto the x1x2-plane of the convex com-

bination of M1 and M2 by using the approach in Example 2.146 to compute
the new values of the vertices.

(c.) Use LinComboTool to verify your result in part (b.).
(d.) Determine the behavior of the third coordinate function, w, for this convex

combination map using the approach in Example 2.146.

Try it out!

2.8. Conclusion

We have presented an introduction to minimal surfaces and described a few top-
ics that students can explore using the exercises, the exploratory problems, and the
projects along with the applets. For a deeper and thorough explanation of differen-
tial geometry consult [7], [17], or [20] for beginners, and [3] for intermediates. Also,
you should consider Spivak’s five volume work [23]. For more background on minimal
surfaces we recommend [24], [14], [15], [6], [22], and [19].
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2.9. Additional Exercises

Differential Geometry
Exploration 2.149. An oblique cylinder can be parametrized by

x(u, v) = (cosu, sinu+ v cos θ, v sin θ),

where θ ∈
(
0, π

2

)
is a fixed value. Use DiffGeomTool to explore what happens to the

oblique cylinder as θ varies between 0 and π
2
.

Exercise 2.150. Use DiffGeomTool to graph the surface parametrized by

x(u, v) =

(
cosu

(
1 + v sin

(
1

2
u

))
, sinu

(
1 + v sin

(
1

2
u

))
, v cos

(
1

2
u

))
,

where −π < u < π, −1
2
< v < 1

2
. This surface is known as the Möbius strip and

is nonorientable; that is, the normal vector can change from pointing outward to
pointing inward as it travels along a closed path on the surface. You can see this in
DiffGeomTool by clicking on the Normal vector box and setting the Point locator:

(u,v)= to (π − 0.1, 0). Next, change this u coordinate to each of the following values:
u = π− 0.1− 1, u = π− 0.1− 2, u = π− 0.1− 3, u = π− 0.1− 4, u = π− 0.1− 5, and
u = π− 0.1− 6. As you do so, observe that n will make nearly a complete path along
a closed curve but it will change the direction it is pointing from where it started to
where it ended.

Exercise 2.151. Describe the u-parameter and v-parameter curves on the Enneper
surface.

Exercise 2.152. In Exploration 2.11(c), you proved the largest value of r for which
the Enneper surface has no self-intersections assuming that the intersection occurs on
the x3-axis. In this exercise, prove the same result without assuming the intersection
occurs on the x3-axis.

Exercise 2.153. Compute the coefficients of the first and the second fundamental
forms for the Enneper surface whose parametrization is

x(u, v) =

(
u− 1

3
u3 + uv2, v − 1

3
v3 + u2v, u2 − v2

)
.

Exercise 2.154. A CMC (Constant Mean Curvature) surface is a surface that has
the same mean curvature everywhere on the surface. Minimal surfaces are a subset of
CMC surfaces. Using DiffGeomTool sketch the following surfaces and determine which
are CMC surfaces:

(a). x(u, v) = (u− v, u+ v, 2(u2 + v2)), where −1 < u < 1, −1 < v < 1;
(b). x(u, v) = (cosu, sinu, v), where −π < u < π, −2 < v < 2;

(c). x(u, v) =
(

(2 + cos v) cosu, (2 + cos v) sinu, sin v
)
, where 0 < u, v < 2π;

(d). x(u, v) = (
√

1− u2 cos v,
√

1− u2 sin v, u), where −1 < u < 1, −π < v < π;
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Minimal Surfaces

Exercise 2.155. Use eq (5) to show that the Enneper surface parametrized by

x(u, v) =

(
u− 1

3
u3 + uv2, v − 1

3
v3 + u2v, u2 − v2

)
is a minimal surface.

Exercise 2.156. Prove Theorem 2.38 in the special case that the surface of revo-
lution has the parametrization

x(u, v) =
(
f(v) cosu, f(v) sinu, v).

Exercise 2.157. An oblique cylinder is a cylinder whose side forms an angle θ
with the x1x2-plane, where 0 < θ ≤ π

2
. For a fixed θ it can be parametrized by

x(u, v) = (cosu, sinu+ v cos θ, v sin θ).

Determine the values of θ for which x is isothermal.

Exercise 2.158. Show that the parametrization

x(u, v) =

(
arctan

(
2u

1− (u2 + v2)

)
, arctan

(
−2v

1− (u2 + v2)

)
,

1

2
ln

(
(u2 − v2 + 1)2 + 4u2v2

(u2 − v2 − 1)2 + 4u2v2

))
is an isothermal parametrization of Scherk’s doubly periodic surface (that is, show that
it is isothermal and that there is transformation that maps this parametrization to the
parametrization given in Exercise 2.42(b) for Scherk’s doubly periodic surface).

Weierstrass Representation

Exercise 2.159. In Example 2.66, show the details in going from the Enneper
surface parametrization

x =
(

Re
{
z − 1

3
z3
}
,Re

{
− i
(
z +

1

3
z3
)}
,Re

{
z2
})

to the parametrization

x(u, v) =

(
u− 1

3
u3 + uv2, v − 1

3
v3 + vu2, u2 − v2

)
that is also for the Enneper surface.

Exercise 2.160. Compute the parametrization for the minimal surfaces gener-
ated by using p(z) = 1

2z
and q(z) = iz on the domain C − {0} in the Weierstrass

representation. Use MinSurfTool with the W.E.(p,q) tab to graph an image of this
surface which is known as the wavy plane. [Use radius min=0.001, radius max=1.3,
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theta min=-pi, theta max=pi with initial values x = Re(1/2 ∗ ln(z) − 1/4 ∗ z2),
y = Im(1/2 ∗ ln(z) + 1/4 ∗ z2), and z = Re(z).]

Exercise 2.161. Compute the parametrization for the minimal surfaces gener-
ated by using p(z) = z2 and q(z) = i

z2
on the domain C − {0} in the Weierstrass

representation. Use MinSurfTool with the W.E.(p,q) tab to graph an image of this
surface which is known as Richmond’s surface. [Use radius min=0.1, radius max=1,
theta min=pi/24, theta max=2pi+pi/24 with initial values x = Re(1/3 ∗ z3 + 1/z),
y = Im(1/3 ∗ z3 − 1/z), and z = Re(2 ∗ z).]

Exercise 2.162. Compute the parametrization for the minimal surfaces generated

by using p(z) = (z+1)2

z4
and q(z) = z2(z−1)

z+1
on the domain D − {0} in the Weierstrass

representation. Use MinSurfTool with the W.E.(p,q) tab to graph an image of this
surface which is known as the wavy plane. [Use radius min=0.1, radius max=0.9, theta
min=pi/24, theta max=2pi+pi/24 with initial values x =, y =, and z =.]

The Gauss map, G, and height differential, dh

Exercise 2.163. Show that if z = x+ iy is the projection of the point (x1, x2, x3)
on the Riemann sphere onto to complex plane, then

x =
x1

1− x3

, y =
x2

1− x3

.

Exercise 2.164. For Scherk’s doubly periodic surface find:

(a) G(0); (b) G(1); (c) G(−1); (d) G(i); (e) G(−i).

Exercise 2.165. The Weierstrass data for a 4-noid are

G(z) = z3 and dh =
z3

(z4 − 1)2
dz.

Show that the ends of the 4-noid are catenoid ends.

Exercise 2.166. Determine the asymptotic and curvature lines for Scherk’s doubly
periodic surface with G(z) = z and dh(z) = iz

z4−1
dz.

Exercise 2.167. Determine the period conditions for the wavy plane withG(z) = z
and dh(z) = dz.

Exercise 2.168. Let M be the Scherk doubly periodic surface with 6 ends. Using
the approach of Example 2.103 determine G and dh for this surface.

Minimal Surfaces and Harmonic Univalent Mappings

Exercise 2.169. Prove that if f = u+iv is harmonic in a simply-connected domain
G, then f = h+ g, where h and g are analytic.
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Exercise 2.170. Prove that the representations f(z) = h(z) + g(z) and f(z) =
Re
{
h(z) + g(z)

}
+ i Im

{
h(z)− g(z)

}
are equivalent.

Exercise 2.171. Shear h(z) − g(z) = z
1−z with ω(z) = z2 to get the harmonic

univalent function f = h+ g given in Example 2.130, where

h =
1

8
ln

(
z + 1

z − 1

)
+

3z − 2z2

4(1− z)2
and g =

1

8
ln

(
z + 1

z − 1

)
− z − 2z2

4(1− z)2
.

Exercise 2.172. Shear h(z) − g(z) = z
(1−z)2 with ω(z) = z2 to get the harmonic

univalent function f = h+ g given in Exercise 2.132, where

h =
1

8
ln

(
z + 1

z − 1

)
+

3z − 2z2

4(1− z)2
and g =

1

8
ln

(
z + 1

z − 1

)
− z − 2z2

4(1− z)2
.

Exercise 2.173. Show that the parametrization:

x =

(
Re

[
i

2
log

(
i+ z

i− z

)]
, Im

[
1

2
log

(
1 + z

1− z

)]
,
1

2
Im

[
i log

(
1 + z2

1− z2

)])
is equivalent to the parametrization in Exercise 2.158 that gives Scherk’s doubly peri-
odic minimal surface.

Large Project 2.174. The analytic function, F (z) = z
(1−z)2 , maps the unit disk,

D, onto C \ (−∞,−1
4
) and is an important function. Shear h(z) − g(z) = z

(1−z)2

with various dilatations, ω, that satisfy the condition |ω| < 1 for all z ∈ D (e.g.,
ω = z2n(n = N)ω = eıθz2, (θ ∈ R), ω =

(
z−a
1−az

)
(|a| < 1)). Determine the corresponding

minimal graphs.

Convex Combinations of Minimal Surfaces

Exercise 2.175. Repeat the steps in Exercise 2.147 using the Weierstrass data,

G1 = z and dh1 =
z dz

1− z4

for M1 and

G2 = iz and dh1 =
z dz

1− z4

for M2.

(a.) Show that eq. (??) is satisfied.
(b.) Determine the image of the projection onto the x1x2-plane of the convex com-

bination of M1 and M2 by using the approach in Example 2.146 to compute
the new values of the vertices.

(c.) Use LinComboTool to verify your result in part (b.).
(d.) Determine the behavior of the third coordinate function, w, for this convex

combination map using the approach in Example 2.146.
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