Math 334 Final KEY
Fall 2006
sections 001 and 004
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will be given for such
work. Rather write in a blue book, or on your own paper, preferably
engineering.

Warning: check your solutions to each problem via a method
independent of the one used to obtain your initial solution.



Multiple Choice section: (from the linear algebra review section of the ODE text)
1) Which of the following best describes a determinant?

a. Itis a function of a matrix that produces numbers.

b. It is an object used in a formula for computing the inverse of a
matrix.

c. Itis a measure of the independence of a matrix’s row vectors.

d. Itis a measure of the independence of a matrix’s column vectors.

2) Which of the following best describes the coordinate vector of a
given vector (with respect to a given basis of a vector space)?

a. Itisa list of weights needed to reconstruct the vector from the
elements of a basis.

b. It is a concrete/Euclidean representation of an otherwise abstract
object.

c. Itis an object that can be used to turn abstract vector-space
calculations into concrete matrix multiplications.

d. Itisan “address” with respect to the indicated basis, i.e. it records
the distances and directions that should be traversed along the axes
determined by the basis elements in order to arrive at the vector in
question.

Essay section:

1. Form the Picard iterates ¢,(¢),¢,(?),...,9,(?),...for the initial value problem

%=2(y+1), y(0) =0, (1.1)

by first defining ¢,(¢) =0, and then, for » =0,1,2,K , making the recursive
definitions

Bra(0):= [[2(6,(5) + 1)ds. (12)

Specifically, we mean for you to obtain a closed form expression for ¢, (1) — by,

say, calculating a few Picard iterates from (1.2), enough of these first ones to see
(and write down) the pattern for general/arbitrary n. Then let

JOEITING (1.3)



(formally—do not express the sum in closed form) and show that, at least formally (don’t
worry about convergence of the infinite series stemming from definition (1.3)), that / (1)

solves the initial value problem (1.1) (don’t try to show that it solves the integral equation
related to (1.2)).

25 points
Solution

(1.2), together with ¢,(¢) =0, gives

¢ b
¢1(t):=f 2(¢,(s) + Dds = —s'| ==¢',
0 1,
/ 22 , 2 1t a2,
=2+ )ds=—s"+—s| =—1t +—1", 1.4
803 [ 20+ s ="+ | =il e (1.4)
, 93 2 9! ! 1 2 93
t):={ 2(¢,(s)+1ds = ST+ 5 ==+ ’,
(0= [ 2 () + s =38 5 , 1 2 123
so that the general, or n™", iterate is evidently
n 2k
I (=" Ft (1.5)
k=1

A candidate solution of the initial value problem (1.1) is thus

L2 w2
H)=lim! () =Iim§ —¢ =F —+". 1.6
():=lim!, () =lim$ - =$ 2, (1.6)

Assuming convergence of (1.6), we certainly have ¢(0) = Z—Ok =0, and, importantly,

¢ -2(¢p + 1)—— i—itk—z(ii +1) = Z(k 1)' —ZZ—t -2

k+1 0+1
NER -22-: -2_2 t +22—t - Z—r -2 (1.7)
_2+2E—z - E—t -2=0.

(formally—we do not check convergence).




2. Use the existence and uniqueness theorem to find X,’s for which the (linear)
initial value problem

d .

=3y, v = (1.8)
dx

certainly has a unique solution y = y(x) persisting for an open interval (of x’s)

containing x,. Now find the general solution of the differential equation. Use this

general solution to investigate the possibility of none or more than one solution
passing through the initial point(x,, y,). Your investigation should not

contradict the theorem, but should render additional insights not mentioned by the
theorem.

20 points
Solution

The “right-hand side of the differential equation” is the function 3x™'y, and its first
partial derivative with respect to the dependent variable is the function 3x™'. The pair of
functions 3x''y and 3x™' are continuous in any region of the x-y plane not containing the
line x = 0. Hence the theorem guarantees that for each x, = O, the initial value problem
(1.8) has a unique solution y = y(x) persisting for an open interval (of x ’s) containing
X, . The theorem makes no claim about existence or uniqueness of solutions of (1.8)
when x, =0. On the other hand, separation of the differential equation of (1.8) gives the
general solution

y=Cx° (1.9)

which certainly gives rise to a unique solution y = y(x) of the initial value problem (1.8)
provided x, = 0 (here we proceed naively and assume the general solution gives all

solutions, which is not true in general). Indeed, in such case, such a solution persists for
all real x’s, not just for those avoiding x = 0 (but if we cross x = 0, uniqueness is a
problem—see next case and consider the possibility of smoothly gluing together
piecewise versions of (1.9)). On the other hand, if x, =0, then (1.9) says that, if there is a

solution y = y(x)to the initial value problem, then Yy, = y(0) =0. But in such case there
are many solutions—one for each choice of C. Finally, by way of emphasis, if x, = 0 yet
we choose in initial value problem (1.8) y, = y(0) ! 0, then (1.9) suggests that the initial
value problem has no solutions.



3. After a time ¢ =0, a solution of constant concentration C,, grams solute per liter
solvent enters a (perfect) stirring tank at a constant rate of R, liters per minute.

The well-stirred mixture exits the tank at a constant rate of R_liters per minute.

out

Suppose the solute takes no volume in solution. If the tank contains V| liters of

fluid at a time ¢ = 0, write down a (self-contained) differential equation for the
time evolution of the grams of solute Q(#) accumulated in the tank at time ¢, one

that is valid for as long as the tank is not empty or overflowing. Then, assuming
there are Q, grams of solute in the tank at 7 = 0, show that the formula

Rt Ry R
R )) Q,+C, {vo +t(R, = Ru) = (V) )R Ru (V, + (R, = Ryy) )RR }
(1.10)

Vo
Vo +t(R,

Q) - (

solves the associated initial value problem for the relevant period of time. (I’'m not
asking you to solve the initial value problem, which would be difficult, but rather
am asking you only to show that (1.10) solves the associated differential equation
and renders the relevant initial value.)

25 points

Solution

By stoichiometric or “chain-rule” reasoning, one has

6Q _1dQ" _1dQr ,1dQ" _1dQ" 1V’ 1dQ" 1dV*
Bav 08 ar 707 3av % Bt %o

dt Bt TEa g

out o (1.11)
= Cian # Cou’( R)ut = ann # Rout V’
where the fluid tank volume V' =V'(#) is specified by
CZ—I;=RI,”—R01”, V(0)=V,, (1.12)
the latter (trivial) initial value problem having the unique solution
V=V,+t(R,-R,)- (1.13)

Thus the required, “self-contained” differential equation is



9 _rec,-r,— 2 (1.14)
dt Vo + t(Rm - Ram)

In an effort to show that (1.10) satisfies the relevant initial value problem, we first note
that (1.10) yields that

Rout
V #%n ! Rout

Q0= (v 0R, R,

Con )+ O(R, 1 Ryt (V) (Y + O(R, ¢ Ry Y
i +

Rn RJut %

_ R Rn ! Rout 0/
= (1)R'Ru Q, + C,, ;%/0 LV, )Re! Ree (V, )Rt R '+°= Q,+C 3/ LV, )R S

=Q, + G, {/0 ! (V0)1}= Qs

so that formula (1.10) gives the correct initial data. Differentiating (1.10), and using it in
the result, we get

(1.15)

Rout -1
d R V V Rin _Raut
_Q = _(—)W(Rin Rout) 0 0 QO
d  R,-R, (V, +H(R, - RW,)) Vo +i(R, - R,,)
+Cin Rm - Rout i(Rm Rout)(V )R R (V + t(Rm Rout))
R, -R,
R

out

mn

I/O + t(Rin - Rout)

V Rm _Rum
Rout 0 QO
—_ V + t(R Rout )

+ Cin {Rin - Rout + Rout (I/O )leji']y?m (I/O + t(Rin - Rout))R["_igm }

<
Ruul

VO Rin_Rnut
= . C -_ Rom J ( I/O + t(Rin - Raut) ) QO
o I/0 + t(Rin - Rout)

+C, {Vo FUR, = Ry = (VYo (Vy + 1R, = R,y Yo }

= Rin Cin - ROM! Q’
I/0 + ZL(Rin - R()ut)

(1.16)

which is the relevant differential equation (1.14).



4. Carefully state the (nonlinear) existence and uniqueness theorem for a single first
order ODE.

25 points
Solution

Consider the initial value problem
V') = (5,9, ¥(5) = y,. (1.17)

Suppose f(z,y) and f| (¢, y) are both continuous in an open rectangle

(t.1,2,1)" (11, ., ) containing the point (#,, v, ). Then there exists an 4 >0 such that
(1.17) has a unique, continuously differentiable solution y = ¢(#) persisting over the
tinterval (t, — h,t, +h)(potentially much smaller than the interval (z_,z,,)).

5. Carefully state the linear existence and uniqueness theorem for a single first order
linear ODE. Explain in general terms how it is proven.

25 points

Solution

Consider the initial value problem
YO = pOy +a(t), y(t,) = Y- (1.18)

Suppose p(¢) and ¢(z)are both continuous in an open interval (z‘_l,t+l )containing the
point #,. Then (1.18) has a unique, continuously differentiable solution

y = ¢(t) persisting over the #interval (t_,t,,).

6. Find the first 3 nonzero terms (if there are that many) in the series representation
of each of 2 linearly independent solutions of the equation

(X +1)y" -4xy'+6y=0 (1.19)
about the point x, =0.

30 points



Solution

The point x, = 0is a ordinary point, so that the required series solution is a Taylor series:

insert y = E a, X" (with the assumption that a, = 0 for n <0, and that the sum is over the
n

integers)in (1.10) to obtain

0= E(x2 +)n(n-1)a,x"” —4xna x"" +6a x" = E (n(n -Da, + (n + 2)(n +1a,,, —4na, +6a, )x"

<>

_ n(mn-1)-4n+6 _ n*=5n+6 :_(n—Z)(n—3)

B s Y e o e I (TP LN
(1.20)

for integern = 0, and which is satisfied otherwise since a, = 0 for n < 0. Using the
recursion in (1.20) we get

_ (12)(13)
()

_, (r2)at 3,

S (1+2)a+1

L (@r2)ersy
A= Q+2)2+D

L (Br2)ary
%= (3+2)(3+1)a“

8, =3,

Ila
.31

(1.21)

so that the series terminates, i.e. the solutions are polynomials. We have

y=a,+ax+aXx +ax =a +ax! 3ax’! %alx3
C s (1.22)
=a0(1! 3x2)+a1§‘x! EXS%

which indicates the general solution and the required linearly independent solutions (up
to “arbitrary number of terms”—certainly three).

7. Find the general solution of the following linear but non-homogeneous
differential equation by the method of variation of parameters. Do not use the



(memorized) formula/theorem (involving a Wronskian), rather generate the
relevant version of the formula afresh by using the “D’ Alembert-like” ansatz that
leads to that formula.

y' -5y -24y=¢" (1.23)
36 points

Solution

The characteristic equation of the homogeneous version of the constant coefficient
differential equation (1.23) is

0=r>-5r-24=(r-8)(r+3) (1.24)
so that the general solution of the corresponding homogeneous equation is
y=A4e" +Be™, (1.25)

where Aand B are independent of t. But allowing the parameters 4 and B to vary with
t in (1.25), we have also an ansatz there for the solution of the non-homogeneous
equation (1.23): with such an ansatz one immediately has

y'=84e" 1 3B + (A€ + B, (1.26)

But this ansatz is “initially consistent with 4 and B independent of ¢ if we choose here
that

Ae" + Be® =0, (1.27)

so that then (1.26) becomes
y =8Ae" - 3Be™. (1.28)

Differentiating (1.28) gives
y'=644e" +9Be™ +(84'¢" - 3B'e™). (1.29)

Combining these derivatives with the appropriate weights (dictated by the differential
equation) we get the ledger



24y = -244¢e" —24Be™
-5y' = -404e* +15Be™ (1.30)
+1y" = +644e" +9Be™ +(84'¢" ~3B'e™),
and from which it is clear that the differential equation demands that
8A'e" —3Be™ =&, (1.31)

Combining this with the “consistency ansatz” (1.27) we get

#e® 'Y $#A$ #0$

0 | &= Y5, 1.32
I/éeBt | 36 3t ((?L?/%f( '/85 ? ( )
which implies that
0 e—3t
N et _3et gt g™
e e | -11et 11
ge™ -3¢
. (1.33)
e
B, B Se8t eSt B ellt B _e_St
et e | -11et 11
g™ -3¢
-3t 8¢
Solutions to (1.33) include the pair 4 = - 633 , B= —2—8, so that a solution to (1.23) is,
according to (1.25),
8 3 e o e 1/3+1/8
y=Ae" + Be™ = - 3 et—ge't=—Te’
843 eSt__e_S’ (1.34)
11-3-8 24°
and the general solution to (1.23) is
eSt
y=Ae" + Be™ - (1.35)

where 4 and B are (truly) constants now.



8. Show that
T f(2)dt
L f1(s) = f"l_T (1.36)

for 5,7 >0provided f(¢t+T)= f(¢) for all tE[O, +OO] (and provided "J e * f (t)dt exists).

16 points

Solution

We have

LI f1(s):= ﬁ)” e f(t)dt = fTe-“ F(0)dt + fr "o £(t)dt, where

0

fT e—stf(t)dt =f0 e—s(t+T)f(t + T)df — e—.vaO e—szf(t + T)dt =T 0+°° e_stf([)dl
=e”"L[ f](s), whence

L-LLf1(s) = LLf1(s) = j;r e f(t)dt + e LI f1(s)

<>

" f(0)dt
LI f1(s) = OIQ

—sT

9. For the following system of equations find the fundamental matrix of solutions

1 0
I' =1 (¢) that has the property that ®(0) =17 = [O 1] :

1 5
x’=[ }x (1.37)

57 points
Solution

We start with the general solution of(1.37), which can be expressed as

x =x(t) =¢"," +c,” €%, (1.38)



provided the 1 ’s and / ’s are independent eigenvectors and distinct eigenvalues of the
matrix in (1.37):

1-4 5
i=0=1=0
[-1 —3—Al
unless
1-A» 5 ) >
O=det[ L 3 A}:(/x-l)(/x+3)+5:1 +2A+2=(A+1) -i*(1.39)
<
A=-lki=-1+i-1-i=A,A,
So

[1-(~1+1) 5] 2-i 5 2-i 5 2-i 5 2+i
0= i, = i = i, = i,<=1,= ,
-1 ~3-(~1+i) -1 -2-i —2+i -5 0 0 -1
[1-(-1-1) 5 1. [2+i 5 2+i 5 2+i 51, . — [2-i
0= A2 = 12 = . 2 = IL,<1,=1,=
-1 -3-(-1-1) —1 -2+i -2-i -5 0 0 -1
(1.40)
Thus, explicitly, (1.38) is
# 1+ 2II# L1
X = X(t) = C‘E' “Mczill e, (1.41)

As per the usual theory, we can find a real-valued representation by finding the real and
imaginary parts of either of the above complex-valued solutions:

SR _ 2417 . 2cost-sint] _ . [cost+2sint] _,
e (cost+|smt)= € +l1 . e ,(1.42)
-1 1 —cost -sint

X, () =

whence a real-valued representation of the general solution is

2cost -sint] cost +2sint] _,
X(t)=c, e’ +c, _ e”. (1.43)
—COost -sant
A fundamental matrix of solutions ! =1! (1), one not necessarily having the desired

property, can be found from the above general solution (1.43):



_[2cost—sint cost+2sint
Y(t)=¢€ . . (1.44)
—cost —sint
The desired fundamental matrix ® = ®(¢) can be obtained from W = W(¢) via
. [2cost—sint cost+2sint][2 1 B
O=P(t)=PYHHW (0)=¢€ .
—cost —sint -1 0
(1.45)
[2cost—sint cost+2sint][0 -1 ot cost +2sint Ssint
- —cost —sint 1 2| —sint cost—2sint |’
10. Solve the initial value problem
x' = P()x +g(¢), x(0) =x, (1.46)

for x = x(¢) in terms of a fundamental matrix of solutions @ = ®(¢) satisfying
' = P(t)D, ®(0)=1. (1.47)

Don’t just write down a memorized formula here; rather derive the relevant
formula as per the book’s/my outline.

41 points
Solution
Make the D’ Alambert-like ansatz
x=! (H)u (1.48)

where u =u(t) is, like x =x(t), a vector-valued function to be determined. Note (1.48)
implies that

X, = X(0) = ®(0)u(0) = /u(0) = u(0). (1.49)
In (1.46), the ansatz (1.48) gives
O'(Hu+d(tu’' =x' = P(t)x +g(t) = P(t)P(t)u +g(t). (1.50)

Using (1.47) in (1.50) we get



PO)D()u+d(H)u' = P(1)®(t)u+g(t)

<>

®(Hu' =g(r) (1.51)

<>

u' =u'(6) =07 (1)g().

Integrating the latter over a dummy variable ! , specifically from / =0to 7 =t, we get

u(t)-x, = u(t) - u(0) = ﬁ) u'(t)dr = ﬁ) &\ (0)g(r)dr
- (1.52)

u(t) =x, +j; 7' (v)g(r)dr.

Finally replacing u here with x via (1.48) (solved for u), gives

O (OX(E) = U(t) = X, + j: @\ (1)g(r)dT
- (1.53)

X(t) = D(1)X, + D(?) fo @ (1)g(r)dr.



