Math 334 Midterm II KEY
Fall 2006
sections 001 and 004
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will be given for such
work. Rather write in a blue book, or on your own paper, preferably
engineering.



1. Determine a lower bound for the radius of convergence of the power series
representation of the general solution of the following differential equation about
the point x, =1:

(x2+4)y”+xy'+x2y:0. (1.1)

5 points

Solution

Equation (1.1) has singularities at the zeroes of the leading coefficient, which are
x =42i=0+2;. In the complex plain the distance of the singularities to the expansion

point x, =1=1+0iis \/(1 - O)2 + (0$2)2 =+/5 . Thus, even along the real axis, we

cannot guarantee a radius of convergence beyond /5 without more information.

2. Find a (particular) solution of the following differential equation by the method of
undetermined coefficients:

y'+y =2y=2¢ (1.2)
7 points
Solution

The usual explanation of the ansatz for developing a particular solution to a linear
constant coefficient differential equation (with a RHS that is in the null space of a linear
constant coefficient differential operator) is to first find a basis for the span of the RHS
together with all its derivatives. Then, barring the phenomena of resonance (which is that
one or more elements of such a basis are in the null space of the specific differential
operator in question), one then forms a general element of the space spanned by the basis,
which general element constitutes the “method of undetermined coefficients ansatz” for a
solution of the equation in question. For the problem at hand, and since the RHS of (1.2)
is spanned by the single function ¢, whose first derivative is the linearly independent



function 1, and since subsequent differentiations all produce the zero function (which is
dependent on any other function), the relevant basis for a particular solution of (1.2) is,

barring resonance, {z,1}. One soon finds that neither of these is a solution of the

homogeneous version of (1.2), so that there is no resonance, and the ansatz for a solution
of (1.2) is, together with relevant derivatives,

y=At+B
y'=0t+4 (1.3)
y'=0t+0.

Weighted appropriate for the equation (1.2), the equations (1.3) are

-2y=-2A4t-2B
+1y'=0t+ A4 (1.4)
+1y"=0t+0
which sum to
Y'+y =2y=-24t+(-2B+ A)1=2t+0-1, (1.5)

~ The latter equation holds uniformly in ¢ if and only if 4= -1 'and
-2B+A4=0= B = A4/2=-1/2.'Thus the solution sought is
y=dt+B=-t-1/2. (1.6)
3. A Skilogram mass stretches a spring 1/5 meter. If the mass is set in motion from

the equilibrium position at 3 meters per second upward, and there is no damping,
determine the displacement u(¢) of the mass above the equilibrium position at any
subsequent time 7. Use that the acceleration of gravity is 49/5 meters per second
per second.

9 points

Solution
The relevant version of Newton’s second law is
0=mu"+ku=5kgu" +ku . (1.7)

Here we may determine the spring constant k& from



k=F/s=mals=5kgd9/5m/s* /(1/5m)=5-T"kg/s’, (1.8)
so that (1.7) is
0=5kgu"+5-7’kg/s'u = 0=u"+7*/5su. (1.9)
Rendering (1.9) unit-less, by measuring time in seconds, this is
0=u"+7u, (1.10)
the general solution to which being
u= Acos(7t) + Bsin(7t) . (1.11)
The mitial data specifies that

w(0)=0=4,4'(0)=3=78
e’ (1.12)
A=0,B=3/17,

so that the required solution to the initial value problem is
: /
u= Acos(7t)+ Bsin(7t) = (3/7)sin(7¢). (1.13)

4. Find the general solution of the following Euler equation, one that is valid for
x>0: '

x*y"+3x) +5y =0. (1.14)

11 points
Solution

The differential equation (1.14) defines a linear differential operator L_, in terms of

which (1.14) can be written L [y]=0. On a function y, = x” one finds that
LIy,]1=(rr=1)+3r+5)x" :((r+l)2 +22)x’, (1.15)

so that complex solutions of (1.14) are clearly then
Yo =x ¥ = 17" = x (cos(2Inx) +isin(21n x)) and



Ll
Yoqar==% =X e

=2ilnx

= x"'(cos(2Inx)—isin(2Inx)). Independent complex linear

combinations of these linearly independent complex solutions gives the following real-
representation of the general solution:

y=x"(Acos(2lnx)+ Bsin(2Inx)). (1.16)
5. Solve the following initial value problem:
y'=10y"+29y =0; y(0)=1, y'(0)=3. (1.17)
12 points
Solution

This linear homogeneous differential equation is associated with the following
characteristic (polynomial) and characteristic exponents 7 :

0=r=10r+29=7*-10r+ 25+4=(7“5)2 _(2i)2
&5 (1.18)

r=5t2i

According to the usual theory, a real-representation of the general solution, and its
corresponding first derivative, are

y=¢"(C,cos2t+C,sin2t) (5
and (1.19)
y'=€"((5C, +2C, )cos2t +(-2C, +5C, )sin2t).

Inserting ¢ = Ointo (1.19), and using the initial data given in (1.17), one obtains

y(0)=C, =1
and (1.20)
y'(0)=5C, +2C, =3,

the solution to which being C, =1 and C, = —1. Thus the solution to the initial value
problem is then

y=e"(cos2t—sin2r). ' (1.21)

6. Given that y, =¢"is a solution of





