KEY

Math 334 Midterm III
Fall 2007
section 004
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will be given for such
work. Rather write in a blue book, or on your own paper, preferably
engineering paper. Write your name, course, and section number on
the blue book, or on your own pile of papers. Again, do not write this

or any other type of information on this exam.



1. Solve the following initial value problem in terms of the convolution integral:
y" =25y =g(t); y(0) = y'(0)=0. (1.1)
15 points
Solution

Laplace transformation of (1.1) gives

s’L[y]-25L[y]=L[y"]-25L[y]=L[g]

y]= o2 Lo)= L[%sinh(S-)}L[g]: LEsinh(S-)*g} (L2)

o
y(t) {%sinh(s.)*gj(t) =j;%sinh(5(t—r))g(r)dr.
Check
y(t) = J;%sinh(S(t—r))g(r)dr N
y'(t) =%sinh(5(t 1))+ j;gcosh(5(t ~0))g(r)dr
= [ cosh(5(t-7)) g(r)d,
y"(t) = cosh (5(t~1)) g 1)+ [ Ssinh ((t—)) g (r)de

= g(t)+25ﬁésinh(5(t—r))g(r)dr (1.3)

=g(t) +25y(t)
=

')~ 25y(0) =9, Y(O) = [, Zsinh (5t~ )) g(1)dr =0,

y'(t) = [ cosh (5(t - 7)) g(r)dz = 0.

2. Find the general solution of the following system:

X' = E _02} X. (1.4



20 points
Solution
The general solution of (1.4) is
x =x(t) =ce™ +c&,e”, (1.5)

provided the &’s and A’s are independent eigenvectors and distinct eigenvalues of the
matrix in (1.4):

3-4 =2 0o o
1 02|27 YTE
unless
3-14 2
O=det{ 1 0_/J=(—/1)(3—/1)—(1)(—2) (1.6)
=" -32+2=(A-1)(1-2)
&
A=12=A4,4,.
So
0_3—1 -2, |2 =2| (1 -1 |1
=l 1 0218711 15T o TS
.7
0_3—2 -2 &—1 —2‘%_1 _2§<:é‘;—2
11 0-2[? |1 2o o 1)
Thus, explicitly, (1.5) is
—x(t) = 1 1t 2 2t 1.8
X_X()_Clle +czle. (1.8)
3. Solve the following initial value problem in terms of the convolution integral:
|® 2 t), x(0)=0 1.9
X=1 0X+g(),X()—- (1.9)

Here | expect you to write the solution x = x(t) of (1.9) as



x(t) = j|:Mll(t_T) My, (t—7)

M., (t—7) Mzz(t_z_)}g(f)dr::!M(t—z-)g(z-)dr=(M*g)(t), (1.10)

so that the problem is effectively to determine M, (t—7),M, (t—7),M, (t—7),and
M,,(t—7) in (1.10). (Hint: Use the Laplace transform and the convolution theorem.)

10 points
Solution

By the Laplace Transform we have from (1.9) that

sL[x]-x(0) = sL[x] = E ﬂ L[x]+ L[g]

=

R TeRS
- S

L[g]

- o j Lig] = LM =g], (111)

where



M =M (t) :Feﬂt _ft Z(Tt _itt)}. (1.12)
e" —e e —e
Thus, from (1.11) and(1.12), we have
x=x(t)=(M *g)(t) = [M (t-7)g(r)dz
’ (1.13)

t 2e2(t—z’) _ e(t—r) Z(e(t—r) _ eZ(t—r) )
N .!; p2(t-0) _ olt=7) ot-0) _ 2(t-7)

}g(r)dr.

4. Find a real-valued representation of the general solution of the following system:

X' = {_21 _34}( (1.14)

25 points
Solution

The general solution of (1.14) can be expressed as
x=x(t) =cg.e™ +c,& e, (1.15)

provided the &’s and A’s are independent eigenvectors and distinct eigenvalues of the
matrix in (1.14):

{_1_’1 _4},:0@@:0
2 3-1
unless
ozde{_lz_l 3_4/1}:(/1—3)(ﬂ,+1)+8:/12—2&+5:(/1—1)2+22(1.16)
R
A=1+2i=1+2i1-2i =4, 4.

So



o —1—(;J_rzi) 3—(112i)}%i:[_212i :4}§+:{—1$i _2}%1

[-1Fi 2 |2
I A

-+

Thus, explicitly, (1.15) is

2 i 2 ,
x=x(t) =c, {_1_ i}e(nz-)t +c, {_:H i:|e(l—2|)t'

As per the usual theory, we can find a real-valued representation by finding the real and

imaginary parts of either of the above complex-valued solutions:

2 : 2 2c0s 2t
x, (t) = et = _|e'(cos2t+isin2t) = Y _
-1-i =-1-i —C0S 2t +sin 2t —C0S 2t —sin 2t

(1.19)
whence a real-valued representation of the general solution is

2cos 2t . 2sin 2t .
x(t)=c, e +C, e.

—C0s2t+sin 2t —C0S 2t —sin 2t

Check

_| 1 -2 [-17i -2 [F 2], o,
C|L(-1Fi0) (1Fi)(-1F0) éi{—m —1+i2ii$i}§i_{—1$i —2}“(' )



2c0s 2t . , |-1 -4
x, (t) = ) e =x, - X,
—C0S 2t +sin 2t 2 3

_[2cos2t—4sin ZI}Et {—Zcos 2t —4(—cos 2t +sin Zt)}et
| cos2t+3sin 2t 2-2C0S 2t + 3(—cos 2t +sin 2t)

[ 2cos 2t —4sin Zt}eI {20052t—4sin Zt}eI _ {0}
| cos2t+3sin 2t cos 2t + 3sin 2t 0]

2sin 2t . , |-1 4
x_(t)= ) e =>x_ — X_
—C0S 2t —sin 2t 2 3

[ 2sin2t oL 4cos 2t o -1 -4 2sin 2t
| —cos2t—sin2t —2C0s 2t + 2sin 2t 2 3 ||-cos2t-sin2t
_4c032t+25in2t}et_[—Zsin2t—4(—cosZt—sin2t)}et

| —3c0s 2t +sin 2t 2-2sin 2t + 3(—cos 2t —sin 2t)

_ [4cos2t+2sin2t o 4cos2t+2sin2t| . [0
| -3cos2t +sin 2t ~3c0s 2t +sin 2t 0]

det[x+(t)x(t)]=detH 2c0s 2t }e{ 2sin 2t :|et:|

—C0S2t+sin 2t —C0s2t—sin 2t

e det 2cos 2t 2sin 2t
B — oS 2t +sin 2t || —cos 2t —sin 2t

=e” ((2cos 2t)(—cos 2t —sin 2t)—(2sin 2t ) (—cos 2t +sin 2t))
= 2e* (—cos2 2t —sin? Zt) =-2e” #0.
(1.22)
5. Find the fundamental matrix of solutions ® = ®(t) to the previous problem that
has the property that®(0) = | = E) ﬂ
10 points
Solution
A fundamental matrix of solutions ¥ = W(t), one not necessarily having the desired

property, can be found from the above general solution (1.20) as in

(1.22)

‘P(t)—e{ 2cos 2t 2sin 2t }

—Ccos2t+sin2t —cos2t—sin2t

[ 2cos2t ot —4sin 2t o |1 A 2cos2t |
__—0032t+sin2t 2sin 2t +2cos 2t 2 3 |[-cos2t+sin2t

t

}et



The desired fundamental matrix ® = ®(t) can be obtained from ¥ = W(t) via

2c0s 2t 2sin 2t 2 07"
O=D(t) =Y ()Y '(0)=¢ _ .
—Cos2t+sin2t —cos2t-sin2t||-1 -1
—e‘_ 2cos 2t 2sin 2t 1 -1 -0
" |-cos2t+sin2t —cos2t-sin2t |2(-1)-(-1)-0[ 1 2
—e‘_ 2cos 2t 2sin 2t 1[1 0] e'[2c0os2t—2sin2t —4sin 2t
| -cos2t+sin2t -cos2t-sin2t|2|-1 -2| 2 2sin 2t 208 2t + 2sin 2t
e [cos2t-sin2t  -2sin2t
- sin 2t cos2t+sin 2t |
(1.23)
6. Solve the initial value problem given by the system of problem 4 and the initial
data
2
x(0) =( J. (1.24)
(Hint: rather than “reinventing the wheel”, just use the fundamental matrix of
problem 5.)
7 points
Solution

Using the fundamental matrix of problem 5 we have

<(t) = D()x(0) = {cos 2t —sin 2t —2sin 2t }( 2 j o {2(005 2t —sin 2t)—1(-2sin 2t)

sin 2t cos2t+sin2t [\ -1 2sin 2t —1(cos 2t +sin 2t)
. 2c0s 2t
=e )
—C0Ss 2t +sin 2t
(1.25)
7. Calculate
3}
et? 3, (1.26)

(Hint: use the result of problem 5).



5 points
Solution

We have, from problem 5 and the general theory,

-1 -4 ; i
e[z 3}n:®(7[):e{c032ﬁ—sm2ﬂ =2sin2r }:e”{l O}:{e” 2} (1.27)
e

sin 2z COS 27 +Sin 2z 0 1 0

8. Find a representation of the general solution of the system

X' = {_01 ﬂx : (1.28)

20 points

Solution

The matrix in (1.28) has a repeated eigenvalue with only one eigenvector. Hence the
general solution is of the form

x =x(t) =cge™ +c, (&t +mn)e" (1.29)

where A is the sole eigenvalue, & is its eigenvector, and nis an associated pseudo
eigenvector:

{0—,1 1 }%:0@%:0
-1 2-2
unless
O=det[_/1 ' }/12—2/“1:(/1—1)2 (1.30)
-1 2-2
e
A=11.

So



0 o-1 17, [-11 1
{—1 2—1};{—1 JF’CF’_L’
and (2.31)

RIS P S IR A

Thus, explicitly, (1.29) is

() = 1|, 1t h 1t 1.32)
x_x()_c{Je +C, L} + . e. (1.

9. Find the fundamental matrix of solutions @ = ®(t) for the system of problem 8

10
that satisfies ®(0) =1 = .
01

15 points
Solution

From (1.32) we have a fundamental matrix of solutions

wiy—e|t | (1.33)
1 t+l+m,

whence the one desired is

CD(t)=‘P(t)‘P‘l(O)=et[l t }F & }

1 t+1+7, (|1 1+
! 1 t+n 1 1+, -n ! 1 t+np |1+ -n (1.34)
11 t+1l+m |1+np-n | -1 1 1 t+l+n || -1 1

I 1+m,-1(t+m,) - +t+n, e 1-t t
L4+ —-1(t+1+7) —p+t+l+n, —t 1+t

10. Solve the initial value problem obtained from combining the differential equation
of problem 8 with the initial data

x(0) = @ . (1.35)



10

(Hint: do not “reinvent the wheel”, but rather use the result from problem 9.)
6 points
Solution

From problem 9 we have

X(t>=<1>(t)x(0)=e{1‘t t }[2}6[22(14%« }

-t 1+t|\ 4 (_t)+4(1+t)

=e :2e .

(1.36)



