KEY

Math 334 Midterm Il
Fall 2008
sections 001 and 003
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will bgiven for such
work. Rather write in a blue book, or on your own gaper, preferably
engineering paper. Write your name, course, and s&on number on
the blue book, or on your own pile of papers. Againdo not write this

or any other type of information on this exam.

Good Practice: A differential equation has the progrty that one can
check whether a given function satisfies it. So chk your solutions! If
one doesn’t work, try again, or at least note thayour proposed
solution doesn’t work. Showing me that you are chdmng each
problem will result in high amounts of partial credit—if not correct
answers!



1. Determine a lower bound for the radius of convecgenf the power series
representation of the general solution of the feitg differential equation about

the pointx, =-2:
xz((x—2)2+9) y' +x%y +(1- cox)y = 0 (1.1)

WARNING: Handle the(l— Cosx) term with extreme care. Specifically, consider

whether or not the p(x)” and the “g(x) ” for an equation such as (1.1) are
analytic at various places despite “removable/cdsthgingularities.

5 points
Solution
Equation (1.1) can be reduced to the standard form

1 1- cosx 1
+
2 2

(x-2)"+9 X (x=2°+9

y'+p(X)y +a(x)y=y"'+ y=0. (1.2)

which has coefficientp(x) and q(x) with singularities at the zeroes (351—2)2 +9,

which zeroes arx =2+ 3. Note that there are no singularities anywhere. éis
particular there is no singularity of ouq(x) ” at x =0other than a cosmetic/removable

one: the function

1—czosx, x£0 1—czosx’ x£ 0
f(x): X = X (13)
. 1-cosx 1
lim —, x=0 — x=0
x-0 X 2

is analytic everywhere, including=0. To establish analyticity a = 0one simply
notes thaf 's power series representation abaut Ois that of1- cosx divided (term

wise) byx®, which is also a proper power series with nonzerdact infinite) radius of
convergence: we have fdr(x) defined by (1.3) that
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the latter (proper) power series representatiodihglfor all xincluding x=0.

In the complex plain the distance of the singulesik =2+ 3 to the expansion point
X, =—2=-2+0 is\/(z—(—z))2 +(£3-0° =V16+ 9=+ 25 ! Thus, even along the

real axis, we cannot guarantee a radius of conmnesgbeyond 5 without more
information. (But by theorem we can guarantee asadf convergence of at least that
much with the information given, namely that of theation of the non-cosmetic
singularities of the coefficients of the equatiarstandard form(1.2).)

2. Find a (particular) solution of the following diffntial equation by the method of
undetermined coefficients:

y'+2y +y=t%". (1.5)
7 points
Solution

The usual explanation of the ansatz for developipgrticular solution to a linear
constant coefficient differential equatiaimth a right-hand-side (RHS) that isitself in the

null space of a linear, constant coefficient differential operator is to first find a basis for
the span of the RHS of the equation together alitlof its derivatives (which will be

finite dimensional since the RHS is in the nullepaf a linear, constant coefficient
differential operator). Then, barring the phenomefrasonance, which is that one or
more elements of such a basis are in the null splite linear differential operator
defining the equation, one then forms a generahetd of the space spanned by the
basis, which general element constitutes the “ntetiiaundetermined coefficients

ansatz” for a particular solution of the equatinmuestion. For equation (1.5) the span of

the RHS together with all its derivatives is thengaas the span {Ifze‘t,te‘t ,e‘t} . Thus,
if there is no resonance, the relevant basis fmarticular solution of (1.5)
is{tze‘t,te‘t ,e‘t} . One finds that the last 2 of these proposed ledsisents are solutions

of the homogeneous version of (1.5), so that tleeae‘double resonance”, and the
relevant ansatz for a solution of (1.5) is, togethigh relevant derivatives of this
candidate solution, of the form

y=( At + Bt? +  Ct? + 0+ O)e’
y=(-At'+ (4A-B)t>+ (B-C)t*+ a+ e (1.6)
y'=( At*+(-8A+B)t*+(12A- B+C)t*+( B~ €)t+ £)e’

Weighted appropriate for the equation(1.5), theatiqus (1.6) are



y=( At o+ Bt® + Ct? + a+ Qe
2y =(-2At" +(8A- 2B)t*+ (8- e)t’+ a+ e (1.7)
y'=(  A+(-8A+B)*+(1A- B+C)t°+( B- €)t+ e)e’
which sum to
y'+2y +y=(0'+ @+ 128+ Bt+ Z)e' =( 1A° + Bt+ e)e’.  (1.8)
To solve (1.5) we thus demand that
(12 + eBt+ e =t%"

- (1.9)
(12A-)t*+ eBt+ T [I= 0

over some interval of’s, with, evidently, A, B,C independent of . Since the set of

functions{tz,t,]} is a linearly independent set, the latter equatiads uniformly int
over any interval if and only if

12A-1=8B=2ZX=0

- (1.10)
A=i,B=C=O.
12
Thus, by(1.6), the solution sought is
4 3 2 —t l 4 -t
y=(At*+Bt*+Ct’)e =t (1.11)

3. A 5kilogram mass stretches a (linear, Hooke’s lawingpt/5 meter. If the mass
is set in motion from the equilibrium position ain@&ters per secongward at
timet =0, and there is no damping, determine the displanemg) of the mass

above the equilibrium position at any subsequent timése that the acceleration
of gravity is 49/5 meters per second per second.

9 points



Solution
The relevant version of Newton's second law is
O=mu" +ku = 5kgu" +ku. (1.12)

Here we may determine the spring constafrom

5kg(49/9 ™
k=F/Ax=mg/Ax=————S =5[T?kg/s?, (1.13)
1/5m
so that (1.12) is
0=5kqu"+ 507 kgk®u = C=u"+ 7 . (1.14)

Rendering (1.14) unit-less (by measuring time coses), we have
0=u"+7u, (1.15)
the general solution to which being
u= Acos(% )+ B sin(T . (1.16)
The initial data specifies that

u(0)=0= AU (0)= 6= B
- (1.17)
A=0,B=6/7,

so that the required solution to the initial vapweblem is

u=Acos(% ¢ B sin(7 ):( 6/7 sing7 (1.18)
In (1.17) we used that'(0) = +6rather thanu'(0) = —6so that the solutiom = u(t) in
(1.18) gives, as required by the question, thelatgment of the mastove the

equilibrium position at any timesubsequent to the initial excitation in which asv
imparted a velocity of 6 meters per secopdards.

4. Find (a real-valued representation of) the gersohition of the following Euler
equation, one that is valid for>0:

X’y" —3xy' +13y = C. (1.19)



11 points
Solution

The differential equation (1.19) defines a linedifedential operatoL, , in terms of which
(1.19) can be writteh,[y] =0. On a functiony, = x’ one finds that

Lly,] =(r(r =1) -3r +13)x (r —4r+13)x —(r—32+ 3)xr

(1.20)
=(r-2+3)(r-2-3)x =[r-(2-3)][r-( 2~ §]x ,
so that complex solutions of (1.19) are clearlynthe
Voug = X% =x%% ™ = x?(cos(3Inx J+i sin(3Inx ) , anc (1.21)

Yog = X2 = x%7* ™ = x?(cos(3Inx )i sin(3Inx ) .
Independent complex linear combinations of thesedtly independent, complex-

valued) solutions give, as required, the followiegl-representation of the general
solution:

y =x*(Acos(3Inx )+ B sin(3Irx ). (1.22)

5. Solve the following initial value problem:
y' -4y’ +29y=0; y (OF 1y (OF 71 (1.23)
12 points
Solution

This linear homogeneous differential equation soamted with the following
characteristic equation and characteristic expa@mnent

0=r’—4r+29=r2- 4+ & 25(r- ¥-( 9’
- (1.24)
r=2+5.

According to the usual theory, a real-representadicthe general solution, and its
corresponding first derivative, are



y=€*(C,cos§+C, sinb)
and (1.25)
y =€"((2C, +5C,) cos5+(- €, + £,) sinf

Insertingt = 0into(1.25), and using the initial data given in@),20ne obtains

y(0)=C, =1
and (1.26)
y()=2C +5,=7,

the solution to which beingC, = C, =1. Thus the solution to the initial value problem is

y=€*(cos§+ sinb). (1.27)

6. Given thaty, =t* +t°is a solution of

2 n

t(1+t)"y" —(1+3)(1+t)y +(1+ 3)y= 0 (1.28)

find a second, linearly independent solutigyof (1.28) by making the
D’Alembert ansatzy, = y,v = (t2 +t3)v. (This is “reduction of order”.)

14 points
Solution

First we check thay, =t* +t°is a solution of(1.28): we have

2 n

t(1+t)"y" —(1+ 3)(1+t) y +( 1+ 3)y,

y=y,=t?+t®

t(1+t)*(2+ &) - (1+ 3)( 2+t)( 2+ &)+( ¥ §(t*+1°)
=2t(1+t)"(1+ 3)-t(2+ B)( Bt)( 2 B +t*(  §( %)
t(1+t)(1+3)( A 1+t)-( 2+ 8)+t)=t( #t)( * BOE

(1.29)

as advertised. Using D’Alembert’s ansaiz= yv = (t* +t°)v we find



y, =(t?+)v,
y, =(2t+&%)v+(t* +t°)v, and (1.30)
y, =(2+ 6t)v+(4t+ 62)\/+(t2+t3)v”,

or, as appropriately weighted,

(1+3)y, = (% 9(*+°)v
—(1+3)(2+t)y, =—(1+ 3)(#t)( 2+ &)v-( ¥ §( 2t)(t>+)v , and
t(1+t)"y," t(#t)°(2 gv+  t( 4t)°( t4 B)v+t( ) (23
(1.31)

Thus we demand that
0=((1+a)(t +t°)~(1+ 3)(#t)( 2+ &) +t( #1)°( 2 B)v
+(—(1+ )(1+t)(t+13) + t(2rt)"( 4+ 62))v'+t( Bt)’(t2+ )V
= (1 (1) (1+ @) -t (1) (1+ 3)( 2 §)+ 2 21)°( % Qv
+(-2 (ra) (1) + 22(21)( 2+ )V (#1)(2)V (1.32)
=t(1+t)(1+ 3) v +t? (20t)° (- (2 8)+ £ 2 G)v+t3( 2t)°( 2t)V
=t2(1+1)° (3+ 3)V +3(1+1)° (2+t)V/
=32 (1+1)°V + 3 (1+1)’V,
or, equivalently, that

0= +tu'. (1.33)

In (1.33) we introduced =V'. Separating the last equation gives

dlogu=%:—3%=—31(Iogt)=d(—3Iog)=d( log™) (1.34)

so that we have at least one solutioof (1.33) is evidently



iv=v’ =u=t"° =£(—it’2) (1.35)
dt dt\ 2
A solution vof the latter equation is evidently
1.
v=—=t", 1.36
> (1.36)
so that finally we have
Y, :v(t2+t3)=—1t‘2(t2+t3)=—g(1+t) (1.37)
2 2

is another solution of (1.28), one that is lineanigependent ofy, =t* +t°. By linearity,
we could also get the simpler solution

y, =1+t. (1.38)

7. Find the general solution of the following Euleuatjon, one that is valid for
x>0:

Xy"+3xy' +y=0. (1.39)

16 points
Solution

The differential equation (1.39) defines a linedifedential operatoL, , in terms of which
(1.39) can be writteh,[y] =0. On a functiony, = x" one finds that

LIyl =(r(r =1 +3r +1)x =(r*+ 2 +)x = (r + 9°x’, (1.40)

so that a solution of (1.39) is clearly thgn = x™*. To find the general solution to this
second order differential equation we need to &rgkcond, linearly independent
solution. Since the ansatz = x" only produces solutions dependent uggn= X, we
must use another ansatz. Fortunately the struof{te40), together with the fact that the

differential operators(;j— and L, commute, suggest such an alternative ansatz: agplyi
r

dito both sides 0f(1.40), and using the indicated rooiivity of di andL,, one
r r

obtains



LX[% y,]=(r +1)° X In x+2(r +1)'x, (1.41)

d
so that—
dr Y

=x"In x‘r:_l = x""In xis clearly a second, linearly independent solution
r=-1
of (1.39). Thus the general solution to this lineamogeneous equation is
y=x"(A+BInX). (1.42)

8. Find the firsttwo nonzeroterms (if there are that many) in the series
representation adach of 2 linearly independent solutions of the equatio

(3x+ 6x2) y'+(2- %)y + = ( (1.43)
about the point, = 0.

18 points

Solution

The pointx, = 0is a singular point, so that the required seridsti®m may not be a
Taylor series: insery = Zahxn+r (with the assumption that, = 0for n<0, and that the

sum is over the integers, and tlagtz 0) in (1.43) to obtain



10

O:Z(3x+ 6x2)(n+r) h+r-2ax" 2 +( 2= X)(n+r)ax™ "+ 2 x"™"
3(n+r)(n+r-Lax""*+6(n+r) +r-1p x""
:z + Zn'*'r)anxnﬂ_l _ (2]+r)aT]Xn+r
n + bnxnﬂ
= (n+r)[38(n+r -1+ Jax™*+[ gn+r) o+r -1 An+r)+ Jax™
Z{(n+r+1)[3(n+r)+2]an+l 2[::(n+r — 4n+r)+ ﬂan}x”+r
=Y {(n+r+1)[3n+r)+Ja,, + An+r-J[ 3a+r ) Ja} x™
= i{(nﬂ +1)[3(+r )+ 2]%+2 (n+r —1)[3(n+r)—]]/a{} XM+
3r-Na,x"+2Ar-(h-4af+

r(
;{(nﬂ +1)[3(+r)+ 2]an+l+ 2n+r-J[3a+r )y 1'an} ner

—00

{o+0 x™

n=-2

+r (3r —1) g x ™" +0+i{(n+r+])[3(1+r ¥ 3a,,+ dn+r- ) af+r ¥ fa}x™

=r(3r -1 a,x ™" Z{ n+r+)[3a+r )+ da,,+ {n+r- I 3+r ¥ ]].a,I}XnH :

:0 (1.44)

Since the functions—~ x"" ,n=-1,0,1,2,.., are linearly independent, (1.44) holding
over an interval ofx’s demands that

0=r(3-1a,,
(1.45)
0=(n+r+1)[3n+r)+ Ja,.,+ An+r-3[ 36+r ) Ja, n= 0,1,
Since by convention we choaggz 0, we evidently require in (1.45) that
=r (3r - ]) (146)
which gives the roots
r=01 (1.47)



11

and which we must treat separately. Fer0(1.45) becomes

n=0,1....,

0=(n+1)(+ Ja,+ An-H( 3- Ja,

= (1.48)

__2n-9(=n-3
A, =- (n+l)(3n+2) a,n=01,...
Thus we have
2(0-1)( 30~
a1:a0+1:_((()+1))(g|:0+ aiaoz_ao’
(1.49)
_.o_ 2(-9(3m-3

&=y, =~ (l+1)(3Eﬂ_+ 2 a,=

and then all the othea’s are zero also by (1.48). Thus the “infinite”issrterminates,
and we get one solution of (1.43) as

y=> ax" =ax +ax " =ax’-ax*t=a,(1-x). (1.50)

Starting over withr ::—13we see that (1.45) becomes

n=0,1....,

oot o e

=(3n+4)(n+Da,,+ (- Ja, ,n=01,. .

(1.51)
2n(3n-2)
=——————a,n=01,...
a‘n+l (3n+4)(n+])an n
Thus we have
20003~ 2
= =- = 1.52
al a0+l (3|:D+4)(O+:Da0 O' ( 5 )

and then all the othea’s are zero again. Thus the “infinite” series tarates again, and
we get
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y - Zaﬂlxmr = aoxr = ao)(1/3. (153)

n

We note then that the general solution to (1.43ydsn (1.50) and(1.53),
y=cx"*+c,(1-x) (1.54)

forx>0.

9. Find thegeneral solutionof the following linear but non-homogeneous
differential equatioroy the method of variation of parameters. Do not use the
(memorized) formula/theorem (involving a Wronskiarather generate the
relevant version of the formula afresh by using“@@&lembert-like” ansatz that
leads to that formula. (Also, do not use the methioghdetermined coefficients.)

y'+2y +y=t%" (1.55)
22 points

Solution

The characteristic equation of the homogeneousoreds the constant coefficient
differential equation (1.55) is

0=r®+2r+1= (¢ +1y (1.56)
so that the general solution of the correspondomgdgeneous equation is
y=Ae" +Bte", (1.57)
where Aand B are independent df. But allowing the parameter&and B to vary with
t in (1.57), we have also an ansatz there for theisa of the non-homogeneous
equation (1.55): with such an ansatz one immedgiias$

y =-Ae'+B(-t+1)e" +(Ae' +Bte). (1.58)

But this ansatz is “initially consistent withand B independent df’ if we choose here
that

Ae'+B'te' =0, (1.59)
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so that then (1.58) becomes simply
y =-Ae" +B(-t+1)e". (1.60)
Differentiating (1.60) gives
y'=Ae'+B(t-2)e' -Ae' +B'(-t+1)e". (1.61)

Combining these derivatives with the appropriateghts (dictated by the differential
eguation) we get the ledger

y=Ae" +Bte"
2y’ =-2Ae" +B(-2+ e’ (1.62)
y'=Ae' +B(t-2)e' - Ae' +B'(-t+1)e.

and from which it is clear that the differentiauegion (1.55) demands that
y'+2y' +y=-Ae' +B'(-t+1)e" =t%". (1.63)

Combining this with the “consistency ansatz” (1.88) get the system of equations

e’ te™ Al | O (1.64)
-e' (-t+1)e" || B et | '
or, equivalently,

4 LS T e e

Solutions to (1.65) include the pa&i= —%t“, :—ét?’, so that a solution to (1.55) is,

according to(1.57),

y=Ae'+Bte" = —%{t“e‘t +—;t3te“ = (—711+—:1)Jt4e‘t :let e, (1.66)

and the general solution to (1.55) is



14

—t

y=ce'+cte’ +1—12t“e : (1.67)

wherec and c,are (truly) constants now. This agrees with(1.11).

10. Solve the initial value problem obtained from comibg the differential equation
of problem 9 with the initial datg(0) = 0, y' (0)= C. In order that errors don’t

. _ PR R, .
“cascade”, | will tell you thaty = Ae™ + Bte™ +1—2t4e ',is the general solution of

the differential equation of problem 9. (So nowal just write down this

solution to 9 without very convincing work, you gjet O points on problem 9.)
Thus, | am only testing if you understand the odrpeinciples needed to
construct the solution to the initial value problgimen the general solution to the
associated differential equation.

20 points

Solution

From the information given we have

y(0)=0= Ae™" +Bte™ +1it“e‘t =A
. =0 (1.68)
y'(O):0=(—A+ B—Bt+—t3——t4je‘t =-A+B,
3 12 <0
the solution to which being
A=B=0. (1.69)
and the solution sought is
y=Ae" +Bte" +it4e‘t = —1t“e‘t : (1.70)
12 acpo 12



