KEY

Math 334 Midterm III
Fall 2008
sections 001 and 003
Instructor: Scott Glasgow

Please do NOT write on this exam. No credit will be given for such
work. Rather write in a blue book, or on your own paper, preferably
engineering paper. Write your name, course, and section number on
the blue book, or on your own pile of papers. Again, do not write this

or any other type of information on this exam.

Good Practice: A differential equation has the property that one can
check whether a given function satisfies it. So check your solutions! If
one doesn’t work, try again, or at least note that your proposed
solution doesn’t work. You will get much more partial credit if you
know whether or not you answer is correct.



1. Compute the Laplace transform L[ f](s) of f (t) =e™ cost directly from the

definition. For which values of s does your formula hold? Assume here that ais a
real number.

12 points
Solution

By definition of the Laplace transform, and by using integration by parts, and
provideds > a, we get

f](s)= IOM e f(t)dt= j:o e e costdt = IOM e " costdt = i Oﬂo costde )

1 { 1+I g ean smtdt}: -1 {—1— ! jmsintde’(s’a)t} (1.1)
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Note thats > ais also necessary for the integral to converge. Solving the last equation
algebraically for £]f](s) we get

- _—1{cos e _ .[:0 e 52y cost}

= . (1.2)




2. Solve the following IVVP. Using the Laplace transform and knowing how to deal
with piecewise defined functions in this transform should make things easier.
What is the value of y(10) ? Do not express this value in terms of an abstract

formula, but rather as a concrete number. To compute this value concretely, you
will need to know that the function sin(t) is 2z periodic.

0, t<0
t, 0<t<r
"+4y=1() = , ¥(0)=y'(0)=0. 1.3
y'+4y=1(1) ot m<t<2r y(0)=y'(0) (1.3)
0,t>2rx
25 points
Solution

Taking the Laplace transform of (1.3) we get
(s*+2%) L[y](s) = L[y"+4y](s) = L[ ] (5)
= : (1.4)

L[Y](8) = s L[1](6)

S g2 422

To compute L] f ](s) we rewrite f in (1.3) as:

f(t)=t(uy(t)—u, (t))+ (27 —t)(u, (t)—u,, (1))
=t Uy (t) + (27 —2t)u,, (t) +(t—27)u,, (t) (1.5)

=(t-0) uy(t)—2(t—7)u,, (t) +(t—27)u,, (t).

So, according to the relevant theorem, and given £[g](s) =izwhen g(t) =t u,(t) (as
s

per the table provided you), then

L[f](s)=L[g](s)-2e ™ L[g](s)+e** L[g](s)

1.6
= L[g](s)(1-2e " +e7?7) =Si2(1— 267 +e "), 9
Thus, explicitly, (1.4) is
1 1 1 s | 2w
L[y](s)=sz+22£[f](s)=SZ+228—2(1—2e +e7). (1.7)



and we already know then that the solution is of the form
y(t) = h(t)u,(t) —2h(t—7)u_(t) +h(t—27)u,, (), (1.8)
where then we need only find h(t), whose Laplace transform is

1 1 1 1 1 1
L1hl(s) = = . + P
[h]) $°+2% s §°4+2%2 22 0+2° ¢°

_lti_ii
4\ s> 252422 )

Thus, according to the table, or memorized formulae, we have that the solution is given
by (1.8) and by

(1.9)

h(t) =%[t—%sin(2t)j. (1.10)

Note that for anyt > 2, includingt =10, we have

y(® = h(t)u, () - 20(t - 7)u, (©) + h(t - 27)u,, 0),
= h(t) - 2h(t - 7) + h(t - 27)

:%(t—%sin(Zt)—Z(t—z—%sin(2(t—7z))j+t—27z—%sin(2(t—27r))j(1.11)
:%(t —%sin(Zt) - Z(t —ﬂ—%sin (2t))+t - 27:—%sin(2t)j
=0.

3. Solve the following initial value problem in terms of the convolution integral:
(D-1)(D+1)y=g(t), y(0)=y'(0)=0. (1.12)

Here | expect you to write the solution y = y(t) of (1.12) as
t
y(®) = (¥, *9) () = [y, (t-0)g(x)dr, (1.13)
0
so that the problem is effectively only to determine the function y,(t)in (1.13).

Recall (D-1)(D+1)y =(D*~1°)y =y"~y, but realize the representation in
(1.12) may be at least as useful as writing y”—y on the left-hand side. (Hint: Use



the Laplace transform and the convolution theorem. Note the point value—this is
straightforward if you recall the relevant theory.)

9 points
Solution

By the Laplace Transform we have from (1.12) that

(s-1)(s+1) L[y](s) = L[ (D-1)(D+1)y](s) = L[g](s)

<~

_ 1 s) = 1 + L
L=z 53 A19I© {(3_1)(1+1) (-1 (s+1)

}L[g](s) (1.14)

- L[%(et _et )}(S)L[g](s) = L[sinh](s)L[9](s)
= L[sinh=g]

so that evidently in (1.13) we have

y;(t) =sinh(t). (1.15)
4. Suppose that both
1 sint
t)= and x, (t) = 1.16
x(0) LinJ % () L} (L.16)
solve the system
—tant  sect
x'={ }x (1.17)
sect —tant
and that
cost
x,(t)= { } (1.18)
—cost
solves the system
—tant sect 1
x'=[ }XJ{ } (1.19)
sect —tant -1

Then what is the solution of the IVP



, |—tant sect 1 1
X' = X+ , x(0)=| |? (1.20)
sect —tant -1 0
This problem tests your general understanding of the structure of solutions of linear
systems without requiring you to regurgitate a theorem (with all of the intricacies of
its articulation). Note the point value—this problem is straightforward if you recall
the theory.
12 points

Solution

According to the information given, the general solution of (1.20) can be expressed as

x=x(t):{ 1 sint}c { cost } (1.21)

sint 1 —cost

Choosing t = 0and using the initial data in(1.20), (1.21) becomes

o0l a3

= (1.22)

o[ 1]
c=| |- = |
0 -1 1
So (1.21) becomes

1 sint]|0 cost sint cost sint+cost
x=x(t)=| . + = + = . (1.23)
sint 1 |1 —cost 1 —cost 1-cost
5. Find the fundamental matrix of solutions @ = ®(t) to the system

o 1.24
x—{_z Jx, (1.24)

10
the one that has the property that®(0) = 1| = {0 J.

21 points



Solution

First we find a representation of the general solution of the system(1.24). This can be
expressed as

x=x(t) =c& e +c,& e™, (1.25)

provided the &’s are independent eigenvectors associated with the eigenvalues A, and
A_of the matrix in (1.24). To determine this we note

-1-1 1 E=0E0
2 1-il" B
unless
-1-1 1
O:det{ }=12—1+2=/12+12 (1.26)
-2 1-4
=
A=fi=+,-1=1,41
So
—1—(ii) 1 -1Fi 1 1
0: . + — . + + = - 127
{ -2 1—(J_r|)}g {—2 1$|}:cg Lil} (1.27)

Thus, explicitly, (1.25) is

= x(t) = Ler e 1.28
x_x()_cl[l”}e +CZL_J9 : (1.28)

As per the usual theory, we can find a real-valued representation by finding the real and
imaginary parts of either of the above complex-valued solutions:

1. 1 . cost | sint
x,(t):=|, . |e" =], . |(cost+isint)= REY | (1.29)
1+1 1+1 cost—sint cost+sint

whence a real-valued representation of the general solution is

x(t):c{ cost }c{ sint } (1.30)

cost—sint cost+sint



A fundamental matrix of solutions ¥ = ¥(t), one not necessarily having the desired
property, can be found from the above general solution (1.30) as in

. . (1.31)
cost—sint cost+sint

\P(t)z{ cost sint }

The desired fundamental matrix ® = ®(t) can be obtained from ¥ = ¥ (t) via

B cost sint  [1 0]
® = D(t) = ()P (0) = _ .
cost—sint cost+sint |[1 1

cost sint 1 0
= . ) (1.32)
cost—sint cost+sint|| -1 1

B cost—sint sint
| —2sint  cost+sint |

6. Solve the initial value problem given by the system of problem 5 and the initial
data

x(0) = @ . (1.33)

6 points
Solution

Using the fundamental matrix of problem 5 we have

x(t) = D)x(0) = {cost —sint sint }(1} _ L 1(cost—sint)+1(sint)

-2sint cost+sint || 1 (=2sint)+1(cost +sint)
~ cost
| cost—sint |

7. Calculate

(1.34)

eE ﬂ”. (1.35)
6 points

Solution



We have, from problem 5 and the general theory,

eE ﬂfr:q)(”):|:COS7Z'—Sinﬂ' sinz }:{—1 0}:{1 0}_ (1.36)

-2sinx cosm+Ssinrx 0 -1 0 1

8. Find a representation of the general solution of the system

C 11
X_[—l _Jx. (1.37)

21 points

Solution

The matrix in (1.37) has a repeated eigenvalue with only one eigenvector. Hence the
general solution is of the form

x =x(t) =cge™ +c, (&t +mn)e" (1.38)

where A is the sole eigenvalue, & is one of its eigenvectors, and nis an associated pseudo
eigenvector: First

P
RIPY hiad-

-1
unless
1-4 1
0 =det =% —1+1=A? (1.39)
-1 -1-A
=
1=0,0
So
0 1 1 Eet -
-1 -1 =i
and (1.40)

Thus, explicitly, (1.38) is



(1.41)

9. Find the fundamental matrix of solutions @ = ®(t) for the system of problem 8

10
that satisfies ®(0) = I ={ }
01

15 points
Solution

From (1.41) we have a fundamental matrix of solutions

1 t+
Y(t) = ' , (1.42)
1 —t+l-p,
whence the one desired is
1 t+ 1 -
D(t) = W()P(0) = ¥ (1) = i g
-1 —t+1l-n||-1 1-n
:_1 t+mn, 1 1-n -m
-1 t+l-m |l-p+n| 1 1
_ 1 t+n, 1-nm, —n (1.43)
-1 —t+l-m | 1 1 '
=' 1-(1-n)+(t+m)1 1-(—n)+(t+m,)1
L (L-m)+(t+l-m)- L =L (-mp)+(—t+1-7) 1
_'1+t t
-t 1-t]

10. Solve the initial value problem obtained from combining the differential equation
of problem 8 with the initial data

x(0) = (_sz (1.44)



10

6 points
Solution

From problem 9 we have

P ;JU [“t )
[ 1) ]2 1‘ —x(0>

(1.45)



