KEY

Math 334 Final
Instructor: Scott Glasgow

Sections: 1 and 2
Dates: August 10, 2005



Instructions: Use your own paper, be very neat, be painfully clear
(use lots of English sentences), use large fonts and, so, lots of
paper, and enjoy! If you finish before the end of the period, check
your answers. Do this as many times as possible.

1. Given that y,(¢) =¢'is a solution of

2.

2t°y"+3ty' -y =0, t>0,

find a second, linearly independent solution y, ().

Solution

The variation of parameter-like ansatz y = y, = y,u (which leads to a reduction of order),
gives
0=2y"+30' -y =2t (yu )” +3t(yu )’ - yu
=27 (') +3e('u) —u =20 (' = u) + 30 (' = u) -1
=2t (t'lu" —2t7u' +2t7u )+ 3u'-3t"u-t"u

=20 —du' + 4t u+3u =3t u—-1t"u

=2tu" —u'

<

" 2
u 1 3
—=—<hfu|=—In[Z| t=u'==1" <u=r"
u 2t

Thus y, = yu =t"'t""> =¢''?is a second, linearly independent solution.

22 Points

2. Find an integrating factor for the equation

(3xy +y° )dx + (x2 + Xy )dy =0



and then find the general solution of the resulting exact equation.
Solution

Defining M =3xy+y* and N = x + xy one notes that M =3x+2y =2x+y=N_, s0

that the equation is not exact as is. But since

My—Nx_ X+y 1

N X+ Xy X
is a pure function of x, one knows that multiplication by the integrating factor
w = u(x)satisfying
du _ M,-N, 1

=— U<
dx N H xM
d d

u X

will render the equation exact: for multiplication by u = x gives the exact equation
d¥ = (3x2y +xp° )dx+ (x3 + xzy)dy =0
with potential W = W(x, y) satisfying
¥ =3y+x)’ o W= x3y+%xzy2 +g2(y)
v, = ¥4x’ye W= x3y+%x2y2 + h(x).
Comparison of the two versions of ¥ = W(x, y) leads to a choice W(x,y)=x"y + %xz y°,

: . 1 : :
and ultimately to the general solution x’y + Exz y* = Cwith C an arbitrary constant

(independent of xand y).

28 Points

3. Solve the initial value problem
n 1 !
y' oy =t 5)us 0= (=10)uy (O 7(0) = y'(0)=0.

Solution



Laplace transformation gives

1 -5s -10s =5s _ ,-10s 1
(Sz_'_22)|_|:y:|(s)=g{es2 _eS2 }=e e L

o

R (8 1 R 1 1
L[y](s)= 5 s> (S2+2z)= 5 {Sz (0+22 )+ 2 (S2+22 )}

_ e—Ss _e—IOS li l 2 _ e—Ss _e—IOS 2i 2
5 45 85 +2° 40 50 st 42

-e .
ST L [2t —sin 2t](s)

W(t) = % {2(:-5)-sin2(t - 5) Jus (1) = [2(¢ = 10) = sin 2(¢ = 10) ] (1)}

31 Points

4. Find a fundamental matrix of real-valued solutions ¥ (t) for the system

-— 1
¥ =dx=| ? E:
-1 -=
2
Solution
The ansatz x(¢) = ge’“ above leads to the equation
(4-AI)E=0< & =0, unless
—1—7» 1 1\
0=det[A—A]]=det 2 =()L+—) +1
1 2
-1 -——=A
2

In the latter cases



giving the nontrivial solutions
At 1 (_Eti)t i [1 it [l .
x(t)=§ e~ =| |e =e? | |e"=e?| . (costizsmt)
== *] i

*]
1
-t [ cost
=e 2

—sint

LT cost+isint L [sint
=e? tje ? ,
cost

and from which, via the usual arguments, we get a fundamental matrix of real-valued
solutions of the form

+jCOSt—sint

—sint cost

‘I’(t)=e_;t[

cost sint]

37 Points

5. Find a particular solution of
y"+4y=3csct.
Solution
The general solution of the associated homogeneous equation is

y=c¢cos2t+c,sin2t,

with ¢ and ¢, free parameters. Varying these parameters by writing ¢, =u, =u,(¢),

¢, =u, =u,(t), and assuming in addition that

cos2t u, +sin2t u, =0
we get

U !
(cos2t) u, +(sin2¢) u, =-2sint u +2cost u, =3csct.

This with the assumption gives



[cos2t sin2t}-ul- [0 }
<=

-2sint 2cost ! 3csct

w'| [cos2t sin2t17[ 0 3 [2cost
”2, " |-2sint 2cost 3csct| 2| 2sint
3[-csctsin2¢t] 3 [—2csctsintcost
2 cos2tcsct}_§ (1—2sin2t)csct
3 -2cost
2 |escr—2sint
u, 3 -2sint
< =5 )
u, 2 ln|csct—cott|+2cost

so that a solution to the non-homogeneous equation is

y = —3sintc052t+(%ln|csct—cott|+3cost)sin2t

= %ln|csct—cott| +3(sin2tcost—sintcos2t)

3 )
= Eln|csct—cott| +3sint.

40 Points

6. Find the general solution of

Solution

The ansatz x(¢) = ge’“ above leads to the equation

(A—}LI)§=Q©§=Q, unless
1

—sin 2¢

cos 2t

0 =det[A—-AI]=det [1_1’1 3__/1} =(3-A)(1-2)+1

A —dh+d=(A-2) o A=22.
In the latter case

|

0

csct

|



EENul[A—2]]=Nul[l_2 ! l=Nul[_l _1]=Spanﬂ1”,
B 1 3-2 Lo .

giving the nontrivial solution
At 1 2t
x(t)=8e" = | e’.

For a second, linearly independent solution the ansatz x(¢) = tEe* +ne” leads to the

equations

e[|

[ e

giving the nontrivial solution
-1
e+ e’
0

Thus the general solution can be expressed as

t)y=t 1
X(0) - [_1

(I) C 1 2,0 ¢ 1 2t -1 2t
x(t) = e’ + e’ + e’ |,
= 1 _1 2 _1 O

with C,and C, arbitrary parameters.

43 Points

7. Solve

x'=Ax+g(#),x(0)=0
via the Laplace transform, where

2 1 2¢"
A=[1 -2]’5(0:[ 3 }

Solution

Transformation of the equation gives, with the trivial initial data,



sL [)_c](s) = AL [)_c](s) +L [g] (5) =
(sI-A4)L[x]s)=L [g](s) <
L[g](s) =(sI - A)_1 L [g] (s)

2
_ s+2 -171" s+1|_ 1 s+2 s+l
-1 s+2 3 (s+2)2—12 I s+2
S2
2 s+2 3
-1 s+2 1 Qs+l _ s+1+
(s+3)(s+1)[ 1 s+2]| 3 1 (s+3)(s+1)| 2 ;542
2
s
2 47
5+2 3 113 . 1 2 1 3
2 3
(S+3)(s+1)2+sz(s+3)(s+l) s+3+(s+1)2+s+1 s* s
) 2 +3 s+2 - 2 é
(s+3)(s+l)2 s (s+3)(s+1) 3 b 23
. T |s+3 (5.4.1)2 s+1 s s

— e +te +2e7" +t—i

=L 3 3 (s) =
2 -3¢ —t —t 5
—e +te v + 2t ——
3 3

—— e wte” +2e +t _4
x(t) = 3

Ze +te ve 42t - 3
3
47 Points

8. Solve
x'=Ax+g(t),x(0) =0

via variation of parameters, where

-2 1 2e”
A=[ 1 —2}’50):[ 3 }

Solution




Making the ansatz x=0()u
where
D'(1) = AD(1),P(0) =1 <
D(t) =e™
gives
X =@ (u+P()u' = AP(u+D(t)u' = AD(t)u+g(t) = Ax + g(t) =
(' = g(t) = u' =7 (Ng(t) = P(-N)g(1) = e " g(7)

<u=[e " g(®)dr = u(0)=0.
0

So if we can write 4=TAT™" , and since then e* =Te™T™, the latter gives

t t
x=PNu=e"u= eA’fe'Arg(r)dr = TeAtT‘lfTe'ATT‘lg(r)dT
0 0

t
= TeAtfe'MT"g(r)dT.
0
Here of course we choose 7' to be a matrix of eigenvectors, and A the matrix of
associated eigenvalues: we form from vectors & satisfying § € Nul [A -Al ](with

0 = det[ 4 - Al ]= det [_2 -]
“2-4

-2+1 1 -1 1 1
= Nul = Span
1 -2+1 I -1 1

gdeAqu—csﬁ}=Amﬂ_i+3_Qi3l=NM[ii}=&mnH1J}

l =()»+2)2 -1= ()»+1)()»+3)© A=-1,-3), the
matrix 7 . Thus, since

E ENullA-(-1)]= Nul

and

1 1 o111
we can choose 7T = =T =2
1 -1 211 -1




t t
x= TeAtfe‘A’T‘lg(r)dr = TeA’fe"ATT‘lg(r)dr
0 0

3¢ +2te” +3(t-1)

1
—1] —ie"3’ +e’ - t—l
3 3

-Lo) [0 —z
= b el? -3][fe[0 —3] ll I |2e dt
1 -1 , 211 -11| 3¢
'1 1' r -t O T¢T7 .7 O 2 -T 3
=l e 0 fe \ e_ + 37 e
2_1 —1_ 0 e"|4]0 e"||2e7 -3t
11 17[e” 0 1. 2+3te
- dt
211 -1]| 0 €™ { 2e2’—3re3’]
- t
_ 2 -1)éf
L 110e 0 r+3(‘v )e
201 1|l o e ezr—(r—l)e3’
. - 3
L 0
[ 2t+3(t-1)e' -(3(0-1
i e o] 2PEDe-60-0)
211 =111 0 e[| - t—l e’ —|1- O—l
o . 3 3
B t
o110 o 3+2t+3(¢-1)e .
_2 1 -1 0 e—3t —i+62t— t—l e3z _2 1
- -t 1 3 3

3¢ +2te” +3(t—1)—ie"3’ +el - t—l
3 3 1

N | —

e +te”! +t—i—ze"3’
3 3

e rte 12— 4 2 [
3 3

52 Points

2
3¢ +2¢te”’ +3(t—1)+§e‘3t e +(t—%)

el

4e" + 2te™ +2t—§——e_
3 3

2 +2te” +4t —m+—e
3 3

4

4



