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Math 334 Test 3
Instructor: Scott Glasgow
Sections: 3
Dates: April 7-9.



Instructions: Use your own paper, be very neat, be painfully clear
(use lots of English sentences), use large fonts and, so, lots of
paper, and enjoy!

One final, important point: check all your answers (in an alternate

mode) before settling on them. | don’t need to see this checking in

your submitted papers (other than the instances | indicate below),
but you should carefully do this.

Math 334 Test 3
Instructor: Scott Glasgow
Sections: 3
Dates: April 7-9.

1. Find the Laplace transform of
t

f(t):= j (t—7)% cos(27)dr.

0
4pts.
Solution:
Write
2 S 2 S 2
f(t)=t**cos(2t)=L7*| = |*L™* =L = =LY —
®) 29 [53} LZ+4} Le’ sz+4} Lz(sz+4)}
o
2
L{f@®)|=—————,
[FO] s*(s*+4)

by the convolution and other theorems.

2. Solve the following I.V.P. in terms of a convolution via the Laplace transform method.
y® +5y® +4y =g(t); y(0)-1=y"(0) = y*(0) = y*(0) =0.
15pts.



Solution:

Transforming the differential equation with data gives
s'Y —s® +5(s%Y —s)+4Y =G

&
Y < s® +5s 1
s +5s°+4  s'4+55°+4
= F+GH
&
y=f+gx*h,

where then

4 1
%455 s°+5 3 )
FO) =L Fl)=L" -2 |0)=L"s =L"s| -3+ ||a
® [Fl® [s“+532+4 ® (52+1)(sz+4) ® s+1 s*+4 ®
(4 s 1 s 4 1
=L = —= t) = —cost —=cos 2t
| 387 +17 3sz+22}() 3 3
i 1 1
- 1 _ 1 4l 3 _3
hit)=L"'| ————— () =L t)=L" -+ t
® _s4+552+4}() {(52+1)(52+4)]() i1 sea |V
11 1 2 1. 1.
=L = -= t) = =sint—=sin 2t,
| 3s%+17 652+22}() 3 6
and whence
y(t)=f®)+(g*h)®)
:ﬂcost—lcoszu.[tg(t—r)(lsinr—lsin2rjdr.
3 3 0 3 6
3. For the system of ordinary differential equations
X =X —2%,, X, =3% —4x,, (1.1)

do the following:
a) Write the system of 2 first order equations as a single second order equation for

X, (by eliminating x, between the equations).

4pts



Solution:

By isolating x, in, say, the first of these two equations, we get
2%, ==X +% = 2%, =—X"+X, (1.2)
and then, inserting these expressions into (a multiple of) the second equation,
—x,"+% =6x% —4(—x1' + xl) < 0=x"+3x"+2x,.

b) Find the general solution of the second order ODE obtained in a).
2pts

Solution:
By the usual exponential ansatz x, =e" we obtain the characteristic equation

0=r’+3r+2=(r+1)(r+2)=r=-1-2, (1.3)
whence the general solution to this homogeneous linear equation is
X =ce'+ce’.

c) Find the corresponding general solution of x, : the constants here are not
independent of those chosen in b).

4pts

Solution:
We are not at liberty here to introduce new arbitrary constants, but must obtain X,

—2t

consistent with x, =ce™ +c,e*'. We can do this from, say, (1.2), wherein we find

X, = %(—Xf + Xl) - %(clet +2c,e +cet +c e ) = %(ZCIet +3c,e7 )

=ce '+ g ce”.

Of course, in preparation for comparing our answers with d) we can record that the
answers to b) and c) can be written as

a. S = le‘t+c X e?=c 19“ o 2e‘2I 1.4
= 3 _C11 2% 404 +C, 3 . (1.4)

—t -2t
X, | |cet+ 08

d) Find the general solution of the system “as a system”, i.e. by finding eigenvectors,
etc.

10pts



e) Check your answers to b, ¢) and d) by making sure that the answers to b) and c)
are consistent with the answer to d). (That is, use d) to check b) and c), or vice
versa.)

10pts

Solution:

The system (1.1) can be written as a vector ODE as follows

el PR e
Xz' 3 -4 3 4| X

Here the exponential ansatz x(t) = e”g_f leads to the vector equation
(A-r)¢=0<28=0
unless r is a root of the characteristic equation

0=det(A-rl) :det{
3 —A-r

}:rz—(—B)r—4+6:r2+3r+2:(r+2)(r+1)

sSr=-1,-2,
and which we note is identical to (1.3). So then the general solution to (1.5) is of the form
x(t)=ce™ &+ ce™ <,
where

NulfA—CD]=Nut| 2 Zlenu|t Hos L] _[1
S € ul[A—(-1)1]=Nu - u 0 0 = Span 1| Céfl_l

NulfA— 2t =nul| 3 2 onu|® 2= spand| 2| [2
¢, eNul[A-(-=2)1]= ull g =Nl g |=Seany| =g =l )

and which then is of the same form as (1.4), accomplishing e). _

and

4. Given the system of equations

a 1
-1 «
a) Determine the eigenvalues and corresponding eigenvectors of A.

>_<'=A>_<={ }_(,aeD,

10pts

Solution:
An eigenvector ¢of Ais a nonzero solution of AS=ré < (A— rl )§ =0, whence the

associated eigenvalue r satisfies the characteristic equation (of A), which is



(a—r)2+1<:>a—r=$i<:>r=aii.

- 1
O=det(A—rI)=det{a r }
-1 a-r

Thus AS = (ax i)gaii , Where

N N Rl P

- +I

-sponf| s, <[ 1)

b) Find a real-valued representation of the general solution for x in terms of « .
10pts

Solution:
One complex valued solution is

. 1 . 1
x(t)=¢ e“ = L} “glt — gt {J(cost +isint) =e” {

_ ot cost Lt sint
7 | =sint cost |

whence, by the usual arguments,

X(t) = e cost e sint
= “ —sint| 2 |cost

is a real-valued representation of the general solution for the system.

cost+isint
—sint +icost

c) Find an associated fundamental matrix of solutions ®(t) with ®(0)=1".

4pts
Solution:
From b) evidently
cost sint
Y(t) = e“{ _ }
—sint cost
is a fundamental matrix of solutions. And since W (0) =1, W(t)also happens to be the

particular fundamental matrix ®(t) that we were asked to find.

d) Verify that ®(t)is a fundamental matrix of solutions by showing that it
satisfies @'(t) = AD(t).

10pts



Solution:

We have

w0 :{ cos(t)e”  sin(t)e™ }

—sin(t)e” cos(t)e™ |’
so that
Wit = [ (acos(t)-sin(t))e™  (asin(t)+ cos(t))e“‘}
(—asin(t)—cos(t))e” (e cos(t)—sin(t))e
et { acos(t)—sin(t) asin(t) + cos(t)}

—asin(t) —cos(t) acos(t)—sin(t)
while
A (1) :{a 1}{ cos(t)e”  sin(t)e” } :[ acos(t)e” —sin(t)e”  asin(t)e™ +cos(t)e }

-1 o || -sin(t)e” cos(t)e” —cos(t)e” —asin(t)e” —sin(t)e” +a cos(t)e”

_ e“{ acos(t)—sin(t)  asin(t) +cos(t) } _ i)

—asin(t) —cos(t) «cos(t) —sin(t)e™
from above.

5. Find the solution of the following initial value problem by means of the Laplace
transform:

2y"+4pBy' +4p%y =2p5(t-a); y(0) = y'(0) -5 =0.
Here gisrealand a>0.

15pts
Solution:

Transforming the equation with data one gets
2(s’Y —5-0—7B)+4B(sY —0)+45%Y =25 ™
S

Y:ﬂ(ﬁ+e_as) 1

s*+26s+2p°

=(7r+e_as)%
(s+B)+p

=
y(t) = ze 7 sin(Bt) +u, (t)e "V sin(B(t - a)).



6. Find the general solution to the system
' 4 -1
X =AX= X. (1.6)
X =10 o 2
15pts

Solution:

Here the exponential ansatz x(t) = e”g leads to the vector equation
(A-r)¢=0<28=0
unless ris a root of the characteristic equation

4-r -1

0=det(A-rl) :de{
1 2-r

}: r’—(6)r+8+1=r’ —6r+9:(r—3)2

<r=33.
So then a solution to (1.6) is

x(t)=€"¢,

£, e Nul[A-31]=Nul E :1} = Nul B _01} = Span{m}cé Zm :

The ansatz x(t) = te3‘§ +e3‘r_7 leads in (1.6) to the vector equations
(A-31)¢=0,(A-3)n=¢,

where

1
a solution to the first clearly being £ =¢_ = L} , and the second, by writing explicitly

1 -1 |1 - 1 -1 J1
1 1|71 o o [T |o]’
1
the vector 7 = {0} , say. So the general solution to (1.6) can be expressed as

x(t) =ce™ & +c,(te” &, +en)

1 1 1
=ce®| |+c,(te*| |+
1 1 1 c,+¢C,+tC
=e¥| ¢ | [+c,| _|+ct| | |=e¥ "t 2
1 0 1 ¢, +c,

7. Directly from the definition, compute the Laplace transform of f (t) =cos(at). Do
note use Euler, or otherwise “enter the complex plane”.



10pts
Solution:

From the definition, by integration by parts twice, and assuming s >0, we get

—st 1 —st|*®
[ (s) je cos(at)dt =—= I cos(at)de —g{cos(at)e

J' e*'d cos(at)}
_{_1+ a jo e sin(at)dt} = —%{—1—§ josin(at)de“}

:_%{ -= sm(at)e —J';e’“d sin(at)}}:—%{—l—%[O—aJ‘;eS‘ cos(at)dt}}
1 a 1 a
:g—s—zj cos(at)dt—g——L[ 1(s)
=
1
L[f](s)=—S,=—">.
1,8 s+a

52

8. Find a linear, homogeneous system of 2 ODE’s giving

W | @ | €
X (t)—{ZJ and X (t)—[et}

as two of its solutions. That is, find P = P(t) for which both x® (t)and x? (t) satisfy
=P(t)x.

10pts
Solution:

Since the two solutions are clearly independent (as vector-valued functions over any
interval, or just as a one-parameter family of vectors for most values of the parameter),

v =[x"0 x?m]- B 2}

is clearly a fundamental matrix of solutions for the equation x = P(t)x, and, so,
W(t) satisfies the equation



Y'(t)=Pt)¥(t) <
P(t) ='(1)¥ (1)

|2t e 1 e ¢

2 e[t -2te'| -2t t?
et [2te'—2te' —2te' +t%'
2¢' —2te'  —2¢' +t%

R,
0 1 0

|

= —2(t-1) t?-2 |=|-2(t-))

1
Tt
1
t? -2

t?-2t  t?-2t] [ t(t-2)

t(t—2)

|

0
—2(t-1)

t2 -2t
t2 -2

|

10



