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Math 334 Final 
Instructor: Scott Glasgow 

Sections: 3 
Dates: April 19, 2005.  



 
Instructions: Use your own paper, be very neat, be painfully clear 

(use lots of English sentences), use large fonts and, so, lots of 
paper, and enjoy!  

 
One final, important point: check all your answers (in an alternate 
mode) before settling on them. I don’t need to see this checking in 
your submitted papers (other than the instances I indicate below), 

but you should carefully do this for your own sake.   
 
1) Solve the I.V.P. 
 ,  (0)A! = + =x x g x 0  (1.1) 
with the Laplace transform, convolution, etc. In (1.1) use  
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40pts. 
 
Solution:  
 
Very generally, application of the Laplace transform to (1.1) gives (using general initial 
data)  
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So then (still generally), application of the inverse Laplace transform to (1.4) gives 
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From (1.5), it is evident that we need to compute the following: 
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Thus, “doing partial fractions on the fly”, and inverse transforming, we get from (1.6) 
that   
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For (1.1) and (1.3), (1.5) becomes (with (1.7) ) 
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i.e. 
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Check: From (1.9) we get that  
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agreeing with (1.1), and then  
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as required. 
 
 
2) Solve the I.V.P. 

 00 )(, ytybay
dt
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=+= , 

In terms of 
0
y ( 0,/ !! aab ) without using an integrating factor. 

20 pts. 
 
Solution:  
 
Separation is about the only recourse:  
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and the solution to the I.V.P. is 
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3) Find the general solution of the “nearly exact” DE 
 
 ( ) ( ) 03443

43322 =+++ dyxyxdxyxyx . 
30 pts. 
 
Solution:  
 
Note that the equation is not exact, 
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Thus we can find an integrating factor that is a function of y only. As per formulae 
already developed (or you can re-derive it) the integrating factor )(yµµ = satisfies the 
ODE 
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Use of this factor gives the exact equation 
( ) ( ) 03443

24333342 =+++ dyyxyxdxyxyx . 
So the following integrations are compatible 
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So then we can take 
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and the O.D.E. is integrated with the expression  
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4) The I.V.P. 
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dS

rS p S S
dt

= ! =  

 
with r  and p positive constants, has a solution S  which depends on time t , the 
parameters  r  and p , and the initial data 0S , i.e. we can write that 
 0( ; , , ).S S t r p S=  
Given a specific time 0T >  such that  
 0( ; , , ) 0,S T r p S =  
find the corresponding initial data 0S . Note: evidently we will get that 
 0 0( ; , ).S S T r p=  
So the request is that you find this function 0( ; , )S T r p of three variables.  
30 pts. 
 
Solution:  
 
Find the general solution to the ODE by separation or integrating factor. I choose the 
latter: the form  
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The initial data then demands that 
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5) 
a) By any (valid) means, find the general solution to the O.D.E. 
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you find these last representations useful—ignore otherwise). Note that 
undetermined coefficients will not at all work! 

15pts. 
b) Check your work, i.e. demonstrate that your expression solves the O.D.E. If it 

doesn’t, discover your error and correct.  
15pts. 
 
Solution: 
 

a) Given the hint, the most efficient means would be to factor the operator:  
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b) We have 
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so that 
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6) 

a) Find a non-trivial, polynomial solution to the O.D.E.  
( ) 0)612(23 224 =!!""+! yxyxx , 

by seeking a solution in the form of a power series about 0
0
=x , and noting that 

the series can be made to truncate in a finite number of terms for special choices 
of the free parameters. Normalize your polynomial solution y so that 1)0( =y . 

15pts. 
b) Check your work, i.e. demonstrate that your polynomial solves the O.D.E. If it 

doesn’t, discover your error and correct. 
15pts.  
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uniformly in x  (over an interval containing 0=x ). This (with other information 
given) implies that for each n  
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where again we recall that  0
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=<na . Note that certain coefficients in the recurrence 

relation vanish at 2=n  and 6=n , and that the recurrence relation only relates even 
terms in the series to other even terms. So setting 10 =a in order to get the 
normalization required, and setting 0
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=a , we note that all odd terms vanish, and, 

ultimately, that there are only a finite number of even terms: starting with 0=n , we 
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so that all subsequent terms are zero. We have then that our polynomial solution is 
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7) 

a) Find the general solution of the O.D.E. 
)sec(tyy =+!!  

by any (valid) means. Note that undetermined coefficients will not work. 
15pts. 

b) Check your work, i.e. demonstrate that your expression solves the O.D.E. If it 
doesn’t, discover your error and correct.  

15pts. 
 
Solution: 
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and ultimately the general solution   
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8) Given the system of equations 
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a) Determine the eigenvalues and corresponding eigenvectors of A . 
 
10pts 
 
Solution: 
An eigenvector ! of A is a nonzero solution of ( ) 0A r A rI! ! != " # = , whence the 
associated eigenvalue r satisfies the characteristic equation (of A ), which is 
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b) Find a real-valued representation of the general solution for x in terms of ! . 

 
10pts 
 
Solution: 
One complex valued solution is  
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whence, by the usual arguments,  
  

 1 2

cos sin
( )

sin cos
t t

t t
x t c e c e

t t

! !" # " #
= +$ % $ %&' ( ' (

 

is a real-valued representation of the general solution for the system.  
 

c) Find an associated fundamental matrix of solutions ( )t!  with (0) I! = . 
 
4pts 
 
Solution: 
From b) evidently  

 
cos sin

( )
sin cos

t
t t

t e
t t

! " #
$ = % &'( )

 

is a fundamental matrix of solutions. And since (0) I! = , ( )t! also happens to be the 
particular fundamental matrix ( )t! that we were asked to find.  
 

d) Verify that ( )t! is a fundamental matrix of solutions by showing that it satisfies 
( ) ( )t A t!" = " . 

 
10pts 
 
 
 
Solution: 
  
We have  

 
cos( ) sin( )

( )
sin( ) cos( )

t t

t t

t e t e
t

t e t e

! !

! !

" #
$ = % &

'( )
, 

so that 



 

( ) ( )
( ) ( )

cos( ) sin( ) sin( ) cos( )
( )

sin( ) cos( ) cos( ) sin( )

cos( ) sin( ) sin( ) cos( )

sin( ) cos( ) cos( ) sin( )

t t

t t

t

t t e t t e
t

t t e t t e

t t t t
e

t t t t

! !

! !

!

! !

! !

! !

! !

" #$ +
%& = ' (

$ $ $) *

$ +" #
= ' ($ $ $) *

, 

while 
 

1 cos( ) sin( ) cos( ) sin( ) sin( ) cos( )
( )

1 sin( ) cos( ) cos( ) sin( ) sin( ) cos( )

cos( ) sin( ) sin( ) cos( )

sin( ) cos( ) cos

t t t t t t

t t t t t t

t

t e t e t e t e t e t e
A t

t e t e t e t e t e t e

t t t t
e

t t

! ! ! ! ! !

! ! ! ! ! !

!

! ! !

! ! !

! !

! !

" # " #$ +" #
% = =& ' & '& '$ $ $ $ $ +( ) ( ) ( )

$ +
=

$ $
( )

( ) sin( ) t
t

t t e
!

" #
*=%& '$( )

 
from above.  
  
 
9) Find the general solution to the system 

 
4 1

1 2
x Ax x

!" #$ = = % &
' (

. (1.12) 

30 pts. 
 
Solution: 
 
Here the exponential ansatz ( ) rt

x t e != leads to the vector equation  
 ( ) 0 0A rI ! !" = # =  
unless r is a root of the characteristic equation  
  

 ( )
22 2

4 1
0 det( ) det (6) 8 1 6 9 3

1 2

3,3.

r
A rI r r r r r

r

r

! !" #
= ! = = ! + + = ! + = !$ %!& '
( =

 

So then a solution to (1.12) is  
 3

3
( ) t
x t e !=  

where 

 [ ]
3 3

1 1 1 1 1 1
3

1 1 0 0 1 1
Nul A I Nul Nul Span! !

" #$ $% & % & % & % &
' $ = = = ( =) *+ , + , + , + ,$- . - . - . - ./ 0

. 

The ansatz 3 3( ) t t
x t te e! "= + leads in (1.12) to the vector equations 

 ( 3 ) 0, ( 3 )A I A I! " !# = # = , 

a solution to the first clearly being 
3

1

1
! !

" #
= = $ %

& '
, and the second, by writing explicitly 



 
1 1 1 1 1 1

1 1 1 0 0 0
! !

" "# $ # $ # $ # $
= % =& ' & ' & ' & '"( ) ( ) ( ) ( )

, 

the vector 
1

0
!

" #
= $ %
& '

, say.  So the general solution to (1.12) can be expressed as 

 

3 3 3

1 23 3

3 3 3

1 2

1 2 23 3

1 2 2

1 2

( ) ( )

1 1 1
( )

1 1 0

1 1 1
.

1 0 1

t t t

t t t

t t

x t c e c te e

c e c te e

c c tc
e c c c t e

c tc

! ! "= + +

# $ # $ # $
= + +% & % & % &

' ( ' ( ' (

) * + +# $# $ # $ # $
= + + =+ , % &% & % & % &

+' ( ' ( ' ( ' (- .

 

 
10)  Directly from the definition, compute the Laplace transform of ( ) cos( )f t at= . Do 
note use Euler, or otherwise “enter the complex plane”.  
 
26pts 
 
Solution: 

 
From the definition, by integration by parts twice, and assuming 0s > , we get 
 

[ ] { }
{ }

00 0 0

0 0

0 0

1 1
( ) cos( ) cos( ) cos( ) cos( )

1 1
1 sin( ) 1 sin( )

1 1
1 sin( ) sin( ) 1 0 cos(

t t t
st st st st

t t
st st

t
st st st

f s e at dt at de at e e d at
s s

a
a e at dt at de

s s s

a a
at e e d at a e at

s s s s

!" " " "

" "

!" " "

= = " = " "

# $
= " " + = " " "% &

' (

# $) *= " " " " = " " " "% &+ ,- .' (

/ / /

/ /

/

L

[ ]

[ ]

0

2 2

2 20

2 2 2

2

)

1 1
cos( ) ( )

1

( ) .

1

t

t
st

dt

a a
e at dt f s

s s s s

ssf s
a s a

s

"

# $) *
% &+ ,- .' (

= " = "

0

= =
+

+

/

/ L

L

 


