Problem 1

1. Find a system of equations that corresponds
to each augmented matrix:

1 3 0
a.
6 7 8
2 3 7 6
b. |5 9 2 8
00 1 7
6 2 8 3 0
“lo =327 1 16

Problem 2

2. Solve the following system of equations by
Gauss-Jordan elimination.

3x, =2x, 5x;, = 17
a. -x, +2x; = 5
4x, -x; = -3
Problem 3
3 7 3 5 2
3. Ifmatrix A=|2 1 4|and B=(6 9|,
-8 0 2 3 4

what is %(AB)T ?

Problem 4

4. Simplify the following:
P=A"+6A+9T

1 2
where A =

Problem 5

5. Find the inverses of the following matrices:

3 6
a.
7 9

Problem 6

6. Solve these three systems of equations
simultaneously:

X, =x, +3x; = 7
a. 2x -x, = 4

-x;, 5x, 2x; =9

X, =X, +3x; = -1
b. 2x -X; =

-x, 5x, 2x, =

X, =x, +3x, = 11
C. 2.x1 —x3 = 7
-x, 5x, 2x; = 15

Problem 7

7. If AB=C, fill in the blank by placing
something on either side of 4:

a. C'= A’
b. C'= AT
Problem 8
8. Consider the following matrix 4:
1 0 -2
A=|0 4 3
0 0 1

a. Find the inverse of 4 (4”") by
adjoining an identity matrix and P*
wJ/j

performing row operations, ¢ €

A" =1 EE,EY Eeek!

c. If I=AA", isA" aleft-hand or
right-hand inverse? Why? Hint: this
is a trick question.



Problem 9

9. Let A4 and B equal a matrix of an unspecified
size. Consider matrices A and B and nonzero
products C and D:

AxB=C
BxA=D
a. What conditions must be met for
both C and D to exist? Why or why
not?
b. If Bisinvertible andAB' =B'A=1,
does A exist? Why or why not?
c. If C exists and is invertible, are 4
and/or B invertible? Which one(s)
and why or why not?

Problem 10
1 35
10. Express |3 O 1] as a product of
0 20

elementary matrices. Hint: There are five
factors.



11.

Problem 1

Solutions

1. Solution:

a.

C.

Problem 2

Ix, +3x,=0
6x, +7x,=8
2x,+3x,+7x,=6
5x,+9x,+2x, =8

Ix; =7
-6x, +2x,+8x,3x, =0

-3x,+27x, +1x, =16

2. S_olution:

-1

|
~ (0
0

Therefore, x, =%,

Problem 3

3 -2 5
0 2 5

-5
17
-3

171 [t 0o =2
~13 =2 5
3| o 4 21
51 -2
32|~0 1 14
61| [0 0 1
0 0 %,

1 O "%2
0 1 sy,

-1
-2
11
21

o

= — =6
Xy ==/, X3 ="/

3. Solution:

AB=|(10+6+24)

=

=

66 81
40 29
-34 _8

(15+42+9) (6+63+12)
(4+9+16)
(-16 + 8)
66 40 -34
81 29 —8]
33 20 -17
814 4 _4}

(~40 +6)

(AB)" = [

29,

1o
S(AB) -[

Problem 4

4. Solution:
A*+6A+9=(A+

vy 2+ 5
3 4| |0 3
4 21 [22 22
3 7| [33 55

Problem 5

5. Solution:
3 61 0 1 2

7 90 1 7 9

1 2

0 -5

[10

-7 11 |0
=% 7
s

0 1

.. The inverse is; [

41 0 0
00 1 0
10 0 1

411
24|16

I 0
-6 1
0 0

1 0

1
00
1 0 01 O
~10 1 06 1
0 0 110 0 1
1 0

.. The inverseis: |6 1
00

%0][12

4
ZI

0

1

7
15

0 0
10
110 0 0
-4
~24

v 0
1

A
As

-

4
24
1

-5

|

|



Problem 6
6. Solution: ]
1 -1 37111
2 0 -1j4|5|7
-1 5 29/3]15]
(1 -1 3|7 -111]
~l0 2 -7~10{7|-15
0 4 5[16]2|26
1 -1 3|7|-1]11]
~10 1 %I-5 % |-'%
0 0 19]36-12] 56 |
(1 0 -4l2|%|%
~10 1 0 3%9 4%8 10%8
0 0 1 PHo='%5 %o
'1 0 05919 7 38 24538
~10 1 03%9 4%8 10%8
O O 13%9_1219 5619

Therefore, the variables x,x,,x, are

59/ 7 245
A9 38 38

3%9 4%8 10738

3%o="Ao %o
Problem 7
7. Solution;

C'=B’4". The same property holds for
transposes; the inverse or transpose of a

product is the product of the
inverses/transposes in reverse order.

Problem 8
8.Solution_: _
1 0 =21 0 O
04 301 0
0 0 1jo 0 1
a 1 0 o1 o 2]
0 4 00 1 -3
_OOIOOIJ
(1 0 01 0o 2]
01 oo ¥ 3
00 10 0 1
1 0 o]t o =2][1 0 o
b. 1o 1 =3llo 1 ollo ¥ o
0 0 1Jlo o 1][0 0 1

L e
‘expressed for each equation in the matrix:

c. A isabotha right-hand and left-
hand inverse. If B (a left-hand
inverse) and C (a right-hand inverse)
are both inverses of 4, then B=C.
Hence, inverses commute.

Problem 9
9. Solution:
a. Because matrix multiplication depends on

the size of matrices, factors do not obey the
commutative law of multiplication. In other
words, AB may exist, but B4 may not if the
sizes are not equal. Therefore, matrices 4
and B must be square and of the same size.
Yes, A7 exists. Because the two factors
commute, they are the same size. Because
their product is the identity matrix 7, B is
the inverse of A. Therefore, B! = 47,

Yes, both A and B are invertible. If the
product of twothAtix factors are invertible,
the factors themselves are also invertible.
This is the converse of the theorem that
states that invertible factors produce
invertible products.

Problem 10
10. Solution:



1) Solve this system of linear equations using the row reduction method:

4x, +7x, —6x;, =4
8x,—x, =5
2x, +5x, = 7x, =10

Solution:
47 -6 4] [1(7/4) (-3/2) 1] [1(7/4) (-3/2) 1]
[8B-1 0 5] ~ [8 -1 0 5] ~ [0 -15 12 -3]
[2 5 -7 10] 2 5 -7 10] [0 (372) -4 8]
[1 (7/14) (-3/2) 1] [1 0(1/5)(27/20) ] [10(1/5) (27/20)]
[0 1 (-4/5)1] ~[0 1(4/5) (-1/5) ] ~[01(-4/5) (1/5) ]
[0 (372) -4 8] [0 O (-14/5) (77/10)] [00 1 (-11/4)]

(100 (3/8)]
010 -2 ]
[001 (-11/4)]

x, =3/8
X, =2
x, =—11/4

2) Explain the difference between row-echelon form and reduced row-echelon form.
Solution:

Row-echelon form has the following three characteristics:

1 — The first nonzero in a row is a 1.

2 — Any rows of zeros are grouped at the bottom of the matrix.

3 — With any two successive rows which are not zeros, the leading

1 in lower row is to the right from the leading 1 of the upper row.
Reduced row-echelon form contains all three of the preceding
characteristics, but adding a fourth:

4 — Every column with a leading 1 contains zeros everywhere else.

3) Find the inverse of the matrix A:

[1 0 3]
[0 -2 -3]
[1 -1 -1]



Solution:

; 1 0 3 100 1 0 3 1 0 O
[0 (0 -2 -3010] ~ [0 1 32 0 -1/2 0] ~
1 -1 -1 0 0 1 0 -1 -4 -1 0 1
1 0 3 1 0 O 1 0 3 1 0 0
(0 1 3/2 0 -1/2 0] ~ [0 1 3/2 0 -1/2 0 1 ~
0 0 -4 -1 -1/2 1 00 1 2/5 U5 =2/5
1 0 3 | 0 0 1 0 0 -1/5 =3/5 6/5
[0 1 0 —-4/15 -19/30 —-4/15] ~ [0 1 O -4/15 -19/30 -4/15]
0 0 1 2/5 1/5 -2/5 0 01 2/5 1/5 -2/5
Therefore, the inverse of matrix A is:
-1/5 =3/5 6/5
[-4/15 -19/30 -4/15]
2/5 1/5 -2/5
4) Calculate the determinant of the following matrix
3 -1 7
1 2 0]
-1 6 5
Solution: (\?
{
3 -1 7 v}(
1 2 0 WJ
-1 6 5 /
=3(2)(5)+(=1)(0)(=1)+7(1)(6)
—3(0)(6)—(-=1)(1)(5)-7(2)(-1)
=30+0+42—0+5+14
=91
5) Show how to multiply a 3 x 3 matrix (A) with a 3 x 1 column vector (B). This means you

make up your own matrix A and column vector B with the given dimensions.



Solution:

1 6 7 2
A=(2 5 8) B=(0)
3409 1

AB= (1)2)+(©6)0)+(7)(1)=9
2)(2) + (5)(0) + (8)(1) =12
BG)2) + DO+ (9D =15

9
AB=(12)
15

6) Solve the following system of equations by inverting the coefficient matrix and using the
appropriate theorem:

X, +2x, —x3 =1
2x;, —3x, +x; =5
le —x2 +3X3 =_4

Solution:

x, +2x, —x3 =1 1 2 =2f|x]| |1
2x, —3x, +x; =5 =2|2 =3 1] |x,|7|5
2x, —x, +3x, =—4 |2 -1 3] |x,| |4

1 2 =2
Let A be the coefficient matrix A=|2 —3 1
2 -1 3
Then find A™':
1 2 =211 0 Of (1 2 -1 1 00
[AlI']=|2 =3 1 {0 1 0o|~0 =7 3 |-2 1 0
2 -1 3 70 0 1] {0 =5 5 -2 0 1
1 2 -1|1 oo L OF]3 50
~0 1 =3 2 =t o|~0 1 2|2 L 0O
0 -5 -=5|-2 0 1/ |0 0 2= =2 1



1oz 3 3011003 & %
<ot 2t oloolt Y
00 1% 3 5 [00 113 33
P o» x| {5 + |1
I S S M I
S w22 ol
X, = X =2
=255 [P
X3 5| T

7 What do the following two symbols stand for and what is the difference between the
operations they denote to perform on the matrix A?

AT & tr (A)

A" stands for the transpose of the matrix A
tr (A) stands for the trace of the matrix A

The transpose of A is found by interchanging the rows with the columns
of a matrix.

The trace of A is found by adding up the main diagonals of the matrix. It
is undefined if the matrix is not a square matrix.

8) Find(AB)TifA—(4 2)andB—(8 1)
703 0 9

Solution:

Muitiply the two matrices together and then take their transpose:

2 BN 2 B2 s
737 %% 9 56 ~ Vo4 o8

9) Put the following augmented matrix in row-echelon form:



4 20 32

(—2 5 14)

Solution:

4 20 32 .
( ) Row one times (1/4)
-2 5 14

1 5
( ) Row two + 2 times row one
-2 5 14

1 6 8 .
( ) Row two time (1/15)
0 15 30

8
( 6 1 2 ) This is now in row-echelon form.

10)  Is this statement true or false for the following matrices? Explain

AB =BA
2 1 2 4 7 6
A=(4 3 1) B=(1 9 3)
8 7 5 10 0 1
Solution:

The statement is false, because the rule for multiplying matrices is not
always commutative.

29 23 17 84 67 45
AB=(29 55 34) but BA=(62 49 26)
&89 119 74 28 17 25



Grading Key

Problem 1 (20 points total)
a) 10 points
b) 10 points

Problem 2 (15 points total)
a) 3 points
b) 3 points
¢) 3 points
d) 3 points
e) 3 points

Problem 3 (20 points total)
a) 5 points
b) 5 points
c) 5 points
d) 5 points

Problem 4 (20 points total)
a) 5 points
b) 5 points
¢) 5 points
d) 5 points

Problem 5 (10 points total)
Problem 6 (10 points total)
Problem 7 (10 points total)

Problem 8 (15 points total)
e 6 points - proper setup of matrix to solve simultaneously
a) 3 points
b) 3 points
¢) 3 points

Problem 9 (15 points total)
a) 3 points
b) 3 points
¢) 3 points
d) 3 points
€) 3 points

Problem 10 (15 points total)
a) 10 points
b) 5 points



Problem 1

1.Given the system of equations

x+ty+22=38
Xx-2y+3z=1
3x-7y+4z=10

a.) Solve using Gaussian Elimination.

b.) Solve using Guass-Jordan Elimination.

Solution 1

The augmented matrix for this system of !inear equations is

a)
11
-1 —2
3 =7
11
~10 —1
3 —7
11
~0 -1
L0 —10
11
~l0 1
0 —10
1
~10 1
[0 0
11
~l0 1
10 0

4

[\

-5
—52

2
-5

1

8
1 | Add first row to second row
10

8
9 |Add the first row multiplied by -3 to the third row
10

—9  [Multiply third row by L

—104

8

Multiply the second row by -1

Add the second row multiplied by 10 the the third row

52

—9 |Add the second row multiplied by 10 the the third row

2



The resulting equations are

Xx+y+2z=8

y-5z2=-9

z=72

Now solve by back substitution

z = 2 so substitute 2 in for z in equationy - 5z=-9s0y- 10=-9ory=1
nowputz=2andy=1inequationx +y+2z=8sox+1+4=8orx=3
Sox=3,y=landz=2

b) For the solution to this part, we will continue the row reduction of the augmented matrix where we
left off with part a)

1 1 2 8

0 1 —5 —9 |Add the third row multiplied by 5 to the the second row
0 0 1 2

11 2 8]

~0 1 0 1 [Add the third row multiplied by -2 the the first row

~l0 1 0 1 |Add the second row multiplied by -1 the the first row

~[0 1 0 1 |Add the second row multiplied by 10 the the third row

From the resulting matrix, we see that x =3, y=1and z=2



Problem 2

1 0 -3 5 —2 4
2. Given the following Matrices A = 2 -4 —1],B= 2 0 3 1,
-3 5 —6 -3 1 -1
a.) Find ((A)1)!
b.) Find (A+B)T.
c.) Find (A-B)".
d.) Find (kA)T
e.) Find (AB)".
Solution 2
a.) Find ((A)")".
1 2 -3
Step 1. Compute (A =| 0 -4 5 by replacing column n with row »n.
-3 -1 =6
1 0 -3
Step 2., Compute (A)DH' =| 2 —4 — 1| byreplacing column n with row n
-3 5 —6

again
b.) Find (A+B)"

Step 1o Compute (A+B) =

I +5 0+ (—2) (—3)+4 6 -2 1
242 (—4)+0 (—1)+3 =| 4 -4 2

(=3)+(=3) 5+1 (=6)+(=1)] -6 6 —7



Step 2., Compute (A+B)'=| —2 —4 6 by replacing column n with row n.

Step 1., Compute (A-B) =
1 -5 0—(-2) (—=3)—4 -4 2 —7
2 -2 (—4)—0 (—-1)—3 =] 0 -4 -4
(=3)-(-3) 5—1 (—6)— (—1) 0 4 -5
-4 0 0
Step 2. Compute (A-B)T= 2 -4 4 by replacing column n with row .
-7 —4 =5
4)Find (kA)'. =
Step 1o Compute Matrix (kA) by multiplying A by scalar . kA =
k 0 —3k
2k —4k —k
-3k Sk -6k
k 2k —3k
Step 2. Replace column n with row n to compute (kA)'= 0 —4k Sk
-3k —k —6k

e.) Find (AB)' =



Compute (AB)! =

14
-5
7

0 -3 5 -2 4 14 =5

-4 —1(x| 2 0 3 |=|15 -5
5 —6 -3 1 —1 130
5 13

—5 0 |byreplacing column n with row n.

-3 9

-3



Problem 3

3. Using the given matricies, apply the Properties of Matrix Arithmetic.

1 0 -3 5 -2 4 1 2 2
A=| 2 —4 -1 B=| 2 0 3 C=| -1 3 1
-3 5 —6 -3 1 -1 0 11

a.) Find A(B+C).
b.) Find (B+C)A.
c.) Find A(B-C).

d) Find (B-C)A.

Solution 3
a) Find A(B+C).

According to Theorem 1.4.1 we know that A (B + C)= AB + AC. Therefore

1 0 -3 5 -2 4 1 2 2
A(B+C)= 2 -4 -1 2 0 3 +( -1 3 1
-3 5 -6 -3 1 —1 0 1 1

A(B+C)=AB+AC=

1 o =3l 5 -2 4 1 o =3[ 1 2 2
2 —4 —tiyf2 o0 3|4+ 2 =4 -1 -1 3 1
-3 5 =6l -3 1 =1 -3 5 —6JL0 1 1
14 -5 7 1 -1 —1]
A(B+C)=AB+AC= |5 -5 =3|+ |6 -9 -1
13 0 9 -8 3 —7]



15 —6 6
A(B+C)=AB+AC=|11 —14 —4
5 3 2

b)Find (B+C)A.

According to Theorem 1.4.1 we know that ( B+ C) A =BA + CA. Therefore

5 —2 4 1 2 2 1 0 -3
(B+C)A= 2 0 3 |+ -1 3 1 d2 -4 —1
-3 1 -1 0 1 1 -3 5  —6

5 -2 4 1 0 -3 1 2 2 1 0 -3
2 0 3 2 —4 —1|4+] -1 3 1 2 —4 —1
-3 1 =1/ -3 5 -6 0 1 1 -3 5 —6

—11 28 —37 -1 2 =17
(B+C)A=BA+CA= | =7 15 —24|4+ | 2 -7 —6

2 -9 14 -1 1 =7

—12 30 —54
(B+C)A=BA+CA=| —5 8 —30

1 -8 7

¢) Find A(B-C).

According to Theorem 1.4.1 we know that A (B-C)=AB - AC. Therefore

1 0 -3 5 -2 4 1 2 2
A(B+C)= 2 -4 —1 2 0 3 - -1 3 1
-3 5 —6 -3 1 —1 0 1 1

A(B-C)=AB-AC=



2 —4 —1|l2 o 3 |-|2 -4 —1|l -1 3 1
-3 5 -6l -3 1 -1 -3 5 —6Jl 0 1 1
14 =5 7 1 -1 -1
A(B-C)=AB-AC= |5 =5 -3|—|6 -9 —1
13 0 9 -8 3 —7
13 —4 8

A(B-C)=AB-AC=|—-1 4 =2

d)Find (B-C)A.

According to Theorem 1.4.1 we know that (B -C ) A =BA - CA. Therefore

5 =2 4 1 2 2 1 0 -3
(B-C)A= 2 0 3 /=1 -1 3 1 2 -4 —1
-3 1 -1 0 1 1 -3 5 —6
(B-C)A=BA-CA=
5 =2 4 1 0 -3 1 2 2 1 0 =3
2 0 3 2 —4 —1|—=|-1 3 1 2 -4 —1
-3 1 -1 -3 5 —6 0 1 1 -3 5 —6
—11 28 —37] -1 2 -17
(B-C)A=BA-CA= | =7 15 —-24|— |2 =7 -6
2 -9 14 | -1 1 =7
—10 26 —20]
(B-C)A=BA-CA=| —9 22 —18
3 —10 21 |




Problem 4

4 2 5 -1 1 1 0 2]
[1 5 —2}
4.GivenA=|3 —6 7 |,B=| 3 2| C= ,D=[4 2 1
2 4 3 J
1 9 8 23 31 2

Determine if the following matrices are possible. If so, compute.

a) AB b) BC ¢) AC d) CD

Solution 4

In order to multiply matrices, the number of rows on the left nust equal the number of columns on the
right.

For example : (nxr) and (rxm)

For matrix multiplication, we must multiply corresponding entries from the row of the matrix on the left
by the column on the right, and add the products together to form the new entries.

4 2 571 [=11
a) AB= |3 —6 7 || 3 2

1 9 8 2 3

@4-1)+ (23) + (52) = 12
G-1) + (-63) + (72) =-7

(1--1) + (9-3) + (8-2) = 32

12 23
AB=1] =7 13
| 32 43

b) BC =

-1'D)+(1-2)= 1

(-1:5) +(14)=-1

(4-1) +(2:2) + (5:3) = 23
(3-1)+ (-62) + (73) = 13

(1-1) + (9:2) + (8-3) = 43

(-1-2)+(13) =5



BGD+22)=7 (35+@24=23 (G2+23H=12

2D+(32)=8 (25)+(34)=22 (2-2)+(33)=5

1 -1 5
BC={7 23 12

8 22 5
4 2 5
1 5 =2
) AC={3 —6 7 |-
2 4 3
1 9 8

9 (UV"7
AC 1s undefined because there are more}(x{s mn A than c%ns in C.

1 0 2
1 5 —2

d)CD=[ }-4 2 1
2 4 3

301 2

(D + (54 +(23)=27 (10)+(52)+(-21)=8 (12)+(5:1)+(-22)=3

2D+@4H+(33)=27 @Q0)+@)+@1)=11 (22)+@&1)+(32)=14

27 8 3
CD =
27 11 14



Problem 5

5. What conditions for b, b, and b, make the following system of equations consistent.

X, +X3:b1
3x, + Xyt Xy = b2
4x, +x2+2><3=b3

Selution 5

Put the coefficient values into an augmented matrix and reduce to row-echelon form

10 1 b

3 11T b, | Add the first row multiplied by -3 to the second row and multiplied by -4 to the

4.1 2 b,
third.
1 0 1 b, ]

0 1 —2 b,—3b | Add the second row multiplied by -1 to the third

0 1 =2 b,—4b,

0 1 =2 b)—3b; | Add the second row multiplied by -1 to the third

0 1 —2 by—4b

1 0 1 b, 1 O 1 b,
01 =2 b, — 3b, {01 -2 b,—3p
0 0 0 —by+3b +by—db | [0 0 0 by—b~b

Notice thatb; — b, — b1 must equal zero for this matrix to be consistent,

So b3 = b2 -+ b] will make the matrix consistent.



Problem 6

6. Let A+B be square Marices with the same size, show that (A+BY # A%+ 2AB +B?. What is
a matrix identing that is valid for all choices of A+B which satisfies.

(A+B)*= A’+ B’ +

Solution 6

(A+B)? = (A+B)x(A+B) = AA+AB+BA+BB. AA = A% BB = B?, however, since not every matrixds
satisﬁerle/ the rule AB = BA, (A+B)? cannot always equal A%+ 2AB +B?

Let A+B=C

therefore (A+B)2 = (A+B)C

by using right distributive law, (A+B)C = AC + BC

substitute A+B for C. A(A+B) + B(A+B) = AA+AB+BA+BB. AA = A%, BB = B?

(A+B)?= A%+ B’ + AB +BA.



Problem 7

5

2
7. Given p(x) = ¥ —3x4+2 and A :{ }, Give p(A)
3 1

Solution 7

p(A) =4 —34+2T

{5 2} {5 2} {5 2} [1 0}
= : -3 +2

-3 1 -3 1 -3 1 0 1
{19 12} {15 6} {2 o} {6 6}
= — + =

—18 =5 -9 3 0 2 —9 —6



Problem 8

8. Consider the system of linear equations.

x]+2x2+x3=b1
X, -x2+x3=b2
X +x2 =h,

2

Solve simultaneously given the following values of b.

a)b,=-1, b,=3, b,=4
b)b=5 b,=0, b=0

¢)b=-1, b=-1, b=3

Solution 8

The system of linear equations can be augmented in the form Ax =b. This problem is using Theorem
1.6.2 and Section 1.6 example 2.

(Solutionl)
1 2 1 ‘l X, —1 5 -1
A=l1 —1 1 x=|X b= 3 b= |0 b=| —1
L1 0 X, 4 0 3
1 2 11— 1y 51—1
Step ... Set the equations to solve simultaneouly= |1 —1 1] 3 | 0|—1
11 01 4]0]3
Step2............. Convert the first submatrix to the I; using elementary row operations=

T e L e

I —1 1]310}—1

L1 01403



I —1 1|3 | 0]=1]| Multiply row 1 by -1 and add to row2 and row3.

o, = s |-
0 —3 0| 4| —5| 0 | Multiply row3 by -3 and add to row 2.
0 —1 =1/ 5| —-5|4
Lo | s -]
0 —3 04 | —5| 0 | Multiply rowl by -3 and add to row 3.
0 0 3j1) 10 |—12]

—8 —5|—9

0 =3 0|4 =5 0 } Multiply row2 by -2 and add to rowl1.

6 —3 04| 5|0 Multiplyrowsl&Zby—%androw3by%.
0 0 3411 10 |—12

3

W [

5
= 0
3

0
0 0 1 — 4

.._.
—

—

)

]

16 4
37 723
-5

b')XIZTv xzzg, X, = — —

a)x, =

€)X, =3, x,=0, x;3=—4,



Problem 9

9. By inspection, determine whether the given matrix is invertible. If so what is its inverse?
(Note: Those problems with inverses may need to be computed...or...may be obvious by inspection)

2 0
a.)=
0 -5
2 0 0
b)=|0 —1 0
0 0 4
(4 1 2 3]
0 0 1 2
c.)=
0 0 2 1
0 0 0 5 |
[0 0 1
dy={0 2 0
3 0 0
10 ow
e)=1 1 1 0
| —2 5 oJ
Solution 9
1
2 0 , 0
a.)= Yes. =
0 —5 o 1L
5
= _
2 0 0 ;> 0 0
b)={0 —1 0 Yes. =| 0 —1 0
0 0 4 ]
0 -
_0 4 |




(4 1 2 3]
0o 0 1 2
c.)= No.
0o 0 2 1
L0 0 0 5 |
There is a zero on the main diagonal of this upper triangular matrix and by Theorem 1.7.1c it is invalid.
_ L
(0 0 1 00 3
d)y={0 2 0 Yes. = 0 % 0
13 0 O
10 0 |
10 0
e)=1_ 1 1 0 No.
| =2 5 0

There is a zero on the main diagonal of this lower triangular matrix and is invalid



Problem 10

4 5 6
10. GivenA=|1 2 3
7 8 9

a) What is the determinant of A?
b) Based on the determinant, does A have an inverse?

Solution 10

a) Write the matrix, and copy the first two columns to the right of the matrix.
Examine the diagonals indicated, and for the diagonals which go to the right,
multiply the terms and add. For the diagonals which go to the left, multiply
the terms and subtract.

45645
12312
78978
--- ++ +

(-627) — (4-3-8) = (5-1:9) + (42:9) + (53 7) + (6:1-8) = 0

b) Since det(A) = 0, no inverse exists.



1. Solve the following system by Gauss-Jordan elimination:

2x, +2x, +2x; =0
-2x, +5x, +2x; =1
8x, +x, +4x; =-1

Solution:

Matrix Format:
2 2 2 0]

-2 5 2 1
8§ 1 4 -1

Divide top row by 2:
1 11 0
-2 5 2 1

8 1 4 -1

Multiply the top row by 2 and add to the
middle row:

111 0
07 4 1
8§ 1 4 -1

Divide the middle row by 7:
11

1 0
01%%
8 1 4 -1

Multiply the top row by -8 and add to
bottom row:

1 1 1 0

¥ 0

0 -7 -4 -1

Divide the bottom row by -7:
1

01 y /

01 4 1V

Multiply middle row by -1 and add to
bottom row:

(1 1

01//

0 0 0

Subtract second row from first row:
i 3/ _1
10 % IA
4
o1 4% N

00 0 O




2.

3
A=|-2 3 B=[

Consider the matrices:

1 0

1
4 1

0 1
-2 2 3 -1
C= D= 2 3| E={-3 1 4
4 1 0 5
-1 4 2

Compute the following (where possible):

a D+E
b) D-E

c) 34

d -6C

e) 3B+C
p SE-3D
g 34" +2C
h (D+E)"

Solutions:

a) D+ E=
b) D-E=

c) 34=
d) -6C=

-12
-6

e) 3B+ C=

(3 4 3 -1 20 7
-2 3 7 f) SE-3D= -18 -1 11
1 4 3 13 12 -1
-4 -1 g) 34" +2C= 7o 10]

4 1 -1 2 9 13
-3 4 1 1 4 -3
3 0 hy (D+EY'= |-4 1 4
-6 9 -1 -1 1
12 3

-18 6

0 —30}

Not Possible

Please fill in the missing parts.

P

(A-BY =4’ + B’

b. (A4+B)’ =
C. (A+BY(A-B)=
d. (A—B)(A+ B) ;(A + BY(A — B) explain your reasoning:



Solution:

a. (A-B)* =A>+ B> - AB—BA
b. (A+B)Y’ =A"+B* + AB+ BA
(A+ BXA—B)=A* —B* — AB+ BA

d. (A- BYXA+ B) =(4 + BY(4— B) explain your reasoning:

Order matters in matrix multiplication, so this would not
be equal. The left side of this equation produces a AB-
BA whereas the right side produces a BA-AB which are
not the same value.

4. Show whether or not the following resultant matrices (R) are
symmetric: (A and B are not necessarily symmetric)

a. R=(AXA")

b. R=B+B"

c. Are all symmetric matrices invertible?

a. R=(4)(4")
R" =((AXA4"))" =(4"" (4")=(A)(4")
By definition if R = R” than it is symmetric
b. R=B+B'
R =B+B"Y =B"+B")=B"+B=B+B’
Again by definition R is symmetric. Because matrix addition is
commutative, this ends up equal.
¢. Are all symmetric matrices invertibie?
No, the matrix 1x1 matrix [0] is symmetric, but not invertible.



4
5)  Find the A™ of A, solving with the identity matrix L.

1 2 0 6
13 2 7
LetA=
36 0 17
2 0 -7 16
Solution:

We want to reduce A using row operations and simultaneously apply the same
row operations to the identity matrix to produce Al

1 2 0 6/1 000

1 3 2 70100
LetAjl=

36 0 170 0 1 0

2 0 -7 16/0 0 0 1

Add -1 times the first row to the second,
-3 times the first row to the third,
and -2 times the first row to the fourth to produce:

1 2 0 6j1 000
01 2 1-1100
0 0 0 -11-3 010
0 -4 -7 41-2 0 0 1

Add -4 times the second row to the fourth row,
Multiply the third row by -1,
Switch the third and fourth rows to produce:

1 20 6/1 0 0 O
01 21-11 0 0
0 01 8-6 4 0 1
000 1353 0 -120



Add -8 times the fourth row to the third row,
-1 times the fourth row to the second row,
-6 times the fourth row to the first row,

1 2 0 0f-17 0 6 O
01 2 0f-4 1 1 0
0 0 1 0}-30 -4 8 1
0 0 0 13 0 -1 0

Add -2 times the third row to the second row to produce:

1 2 0 0f-17 0. 6 0
01 0 056 7 -15 -2
0 01 0f-30 4 8 1
0 00 143 0 -1 O

and -2 times the second row to the first row

0 0-129 14 36 4
0 0of 56 -7 -15 -2
1 0-30 4 8 1
0 1 3 0 -1 0

o o o =
oo - O

which is the inverse of A

6. For Ax = b, solve for x.
2 -1 6 -1 6
1 1 0 4 12
Let: A= b=
-1 2 -5 4 3
2 -1 8 -1

Solution:



01 2 1 0 0 1 1 3 3 4 1
a) |2 0 3 b) {0 2 3 ¢) {3 0 7 d {2 31
510 0 4 5 2 -1 4 1 11
Solution:
a,b,c L

8. Find the cofactor and minor matrices of A.

3 2 3
LetA=17 1 3
1 4 2
Solution: /\ . %\
-10 -11 27 -10 11 27
C=1 8 3 -10 M=| -8 3 10
3 12 -9 3 -12 -9

9. a) Find det(A).



Let A=

N o= N
S5 IR~ N N
S N -

Solution: /I
det(A) =2 ¢

b) Find 47 using det(A).

A7 = 1 adj(A)
detA) 7 s
L
4 4 -6] [-4 2 4
adi(A)=C"={ 2 -2 4| =4 -2 -3
4 -3 4 6 4 4
1—4 2 47 -2 1 2
a_ 1 _ Al 1 _3
AM=—1 4 2 —3l=| 2 -1 A
6 4 4| |-3 2 2

10. Prove that det(4™) = L
det(A4)

Solution:

m,%‘v"‘““"{w

det(A™) = ———#det(47")det(4 ) =1 when you multiply it out.
det(4)
Then since we know that det(A)det(B)=det(AB), so

det((ANA4™")) = det(]) = 1''Which is true, the determinant for the Identity
matrix is 1. ¥



1. Solve the following system of equations using Gauss-Jordan elimination:

w+ x— yt+2z=-4
2w + y+ z=4
3w+ 2x + z=-1

3x +2y—4z=-3.

Solution:

The system of equations
wt x— y+2z=-4
2w + y+ z=4

3w + 2x + z=-1
3x+2y—4z=-3

has the augmented matrix | 3

1
2

-1
1
0
2

W Do -

0

2 -4
1 4
2 -2
—4 -3

Using row operations we reduce the matrix to reduced row-echelon form.

-1 2 -4
1 1 4
0 2 -2
2 -4 -3

S W N~
W NN O =

R2=R2-2R1
R3=R3-3R1
__)

R2 —> —R2
R2 & R3

R3=R3+2R2
R4 =R4-3R2

—

S O O -

o O O =

o o o =

1
-2
-1

3

O O =

-1

3

3

2

-1
-3

-1
-3
-3
11

3
2

2
-3
—4
~4

2
~4
-3
-4

—4
12
10

27



11 -1 2 -4
R3 — -1/3R3 01 -3 -4 -10
- 0 0 1 -5/3 8/3
0 0 11 -16 27
11 -1 2 —4
R4=R4-11R3 01 -3 -4 -10
- 0 0 1 -5/3 8/3
0 0 0 7/3 -7/3
11 -1 2 -4
R4 —3/7R4 01 -3 -4 -10
— 00 1 -5/3 8/3
00 0 1 -1
Rl=R1-2R4 11 -1 0 -2
R2=R2-4R4 1 -3 0 -6
R3=R3+5/3R4 00 1 0 1
- 100 0 1 -1
1 1 0 0 -1]
R1=R1+R3
R2=R2+3R3 0100 -3
0010 1
~ 00 0 1 -1]
1 0 0 0 2]
Rl=R1-R2 0100 -3
- 0 01 0 1
0 0 0 1 -1]
Thereforew=1,x=-3,y=1,and z=-1.
2. If
30 1 1-10
A= 1 2-1| and B=| 2 3 2|,
-2 6 -1 1 0 4

Find (AB)" and (BA)".



Solution: Performing the requested operations we see that

4 -3 4 2 -2 2
(AB=| 4 5 0 (AB)T =| 5 18 -3
| 9 20 8 ~5 24 -3
4409 2 5-5

(BA)= | -3 5 20 BA)T =|-2 18 24|.
| 408 2-3 -3

3. Compute the product of

4000][631 25
0-100] 21-13 0|

0020|345 7-6|
0003||-112-2 3

Solution: Because the first matrix is a diagonal matrix, the solution comes simply as

2412 4 8 20

-2 -11-=-3 0
6 8 10 14 —-12|
-3 3 6 -6 9

4. Solve these two systems simultaneously

x—y+2z=5 2x-2y+4z=-2
a. 2x+y—-4z=-6 b. 2x+y—-4z=9
x+3y+z=3 x+3y+z=4

Solution: After dividing the first equation of the second system of equations by two we
see that these two systems have the same coefficient matrix. So we can solve them at the

same time by augmenting the coefficient matrix with the columns of constants on the
right side of the equations to get

1 -1 215|-1
2 1 -4-69
1 3 1,34



We then reduce the matrix to reduced row-echelon form by using row operations

1 =1 2|5|-1| R2=R2-2R1 1 -1 2] 5 |-1
2 1 -4-6/9| R3=R3—RI1 0 3 —8-16/11
1 3 1(3/4]> 0 4 -1-2|5
y L3R 1 -1 2 5 | -1
R2—>1/3R 0 1 -8/3-16/311/3
- 0 4 1| -2]5
R3=R3—4R2 R B
B 0 1 -8/3-16/3| 11/3
” 0 0 29/3|-58/3-29/3
1 -1 2 5 | -1
R3— 3/29R3 0 1 -8/3-16/311/3
- 00 1| 2 |-1
R1=R1-2R3 1 -1 011
R2=R2+8/3R3 |0 1 o001
N 0 0 12-1
1 0 012
Rl=R1+R2 o 1 dd1
~ 0 0 12-1

Sofora.x=1,y=0,and z=2,
and forb.x=2,y=1,and z=-1.

5. Find (A + B)C if
2 4 1 4
1 2 3 -2
A=|-10|,B=|7 -1|,andC= .
4 1-10
3-2 0 -1



Solution: Fortunately we can see based on the size of the matrices that the involved
functions are possible, so the solution is as follows:

2 4 1 4 3 8
1 2 3-2 123-2
-1 0{+|7 -1 =6 -1
41-10 41-10
3-2 0 -1 3-3
35 14 1 -6
=2 11 19 —-12|
-9 3 12 -6

6. Compute the following determinants:

2 1 7
a. Det(A)whenA=|3 1 6
0 5 2]
1 3 1]
b. Det(B)whenB=|3 6 2
5 4 2

Solutions:

For these problems we can use the method of summing the products of the rightward
lines and then subtracting the products of the leftward lines.

a.

Det (A)= (2%1*2)+(7*2*5)+(1*6*0)-(0*1*7)-(5%6*2)-(2*3*1)=4+70+0-0-60-6=8

b.

Det (B)= (1¥6*2)+(3*2%5)+(1*3*4)-(5%6%1)-(2*4*1)-(3*3%2)=12+30+12-30-8-18= -2

7. If possible, find the inverse of A using [A] I ]
4 -5 3
A=11 2 -=-2].
-2 3 5



Solution: We set the given matrix next to an identity matrix of the same size. Using
elementary row operations to solve for the identity matrix on the right we get

4-5 311001 2-2/010 1 2-2/01 0

A7 |1 2 -2/010|=[4-5 3|1 00 |={0-3711|1-4 0
-23 5001} {-23 5/001 019 1[0 2 1

't 2 -2 o 1 o] [t 2 -2 ] o0 1 o0

=0 1 -11/37|-1/37 4/37 0|=|0 1 -11/37|-1/37 4/37 0

019 1 0 2 1 0 0 246/37(19/37 -2/37 1

2 =2 0 1 0

1 -11/37-1/37 4/37 0

0 1 [19/246-1/123 37/246

2

1

0

0(19/123 121/123 37/123
0|-1/246 503/4551 11/246
1[19/246 —-1/123 37/246
1 0 0]20/123 1157/1517 26/123
=10 1 0|-1/246 503/4551 11/246
0 0 1)19/246 -1/123 37/246

8. Determine the determinant of A if

1 3 4
A=1-1 2 -1].

2 1 =2
Solution:

detA = (-4) +(-6)+(-4)-(16)-(6)-(-1)= -45

9. Calculate det (A) using row opporations.
3 6 12

A=3 3 1
1 3 2



Solution:
Start with A: actions on Det.
3 6 12

3 3 1 switchR1andR3 -1
1 3 2

1 3 2
1 R2-3R1 and R3-3R1 1
6 12

W

3 2
0 -6 -5 R3-1/2R2 1
0 -3 6

3 2
0 -6 -5
0 0 17/2

Now we can find that the determinate of this diagonal matrix is:
1(-6)(17/2)=51

Now we take into effect the product of the numbers we wrote down to the right.
51/-1=-51

10. Use cofactor expansion along a row or column of your choice to find det(A) if

0 3 -2 4

5 0-30
A=

-2-5 31

0 -2 0 0

Solution: It would make sense to choose row 4 because only one of the entries is not
zero. Expanding, we find that

0 -2 4
detA = (-2)|5 -3 0.
-2 3 1

We can then use the method that multiplies the diagonals downward, with positive
products going to the right and negative products going to the left. Therefore
detA =(-2)(0 + 0+ 60 — 0 —(-10) — 24) = -92.



Section 1.1

1.

Find the augmented matrix (2 pts each)

a.
3x —4x.=3
4x +3x:.=1
Tx+2x:=2
b.
2xi+2x:=1
Txi+x:—4dx:=7
3xi—2x:+6x:=0
2. For which values of the constant K does the system (2 pts for each part)
2x-y=4
4x-2y=K
a. have no solutions?
b. Exactly one?
c¢. Infinitely many?
Solutions
la.
3 -4 3
4 3 1
i 2 2
1b.
2 0 2 1
7 1 -4 7
3 -1 6 0

2a. No solution for all real numbers K# 8
2b. One solution is not possible because the lines never cross G 9
2¢. Many solutions are possible if K=8 because the equations will be similar



Section 1.2
1. Reduce these Matricies using Gauss Jordan
Elimination (4 pts Each)

a b
) 0 5 10 25 )
A= 1 2 4 2
36 9 3
0 5 10 25] SwapRows1 & 2 to getrid of
4 9 Leading 0 — ]
0
3 9 3
- - 2
1
12 4 2] R
0 5 10 25 g
L 6 9 3 | -3x 1" Row — 0
2
(1 2 4 2 K
0 5 7 25| DividebyS5
00 -3 -3 Divide by -3 — .
(1 2 4 0
2 5| Subtract 4x 3" Row 0
0 1 1| Subtract2x 2" Row — 0
20 =21 gubtract 2x 2™ Row — 1
0 1 0 3
0
00 1 1 K
1 0 -8 _
1 0 3 Done!
0 0 1 1
1
0

0 = B B o -

(Rl e

0
B= |2
1
1
7 0]
10 11
0 8]
7 0
10 11
0 8
0 8
7 0
10 -5
0 0

b = 0 -
(=
=]

Swap up 3™ Row
Swap down 1* Row
Swap down 2" Row —

Subtract 2x First Row
Subract First Row —

Divide by 10
Drop off 0 Row —

.

1]
Subtract 7x 3™ Row —

Subtract 4x 2™ Row —

Done!




2 3 -5 2 8
C= 4 -7 3 7 =2

2 3 =52 8 Divide By 2 —
4 -7 3 7 =2

1 3/2 =5/2 1 4
14 -7 3 7 —21| Subtract 4x 1* Row —

1 3 -5 2 8
0 -13 13 3 -18| DivideBy-13—

(1 3 -5 2 8 Subtract -3x 2™ Row
0 1 -1 -3/13 50/13)

(1 0 -2 35/13 50/13

0 1 -1 -3/13 18/13

2. Define Gauss-Jordan Elimination (3 Points) —
The process by which one changes a matrix into

reduced row-echelon form.  — 5 v \o ;3 n

\C\/\"‘VYQ——CV\HVCB



Section 1.3 Compute (4B)C+CC (15 Points)

1 -5 6
A=

-3 3 2

47 3 -2
B=|5 5 3 3]
96 -3 1
1 -6
-5 2
7 4
'3 -8

4 7 3 -2
55 3 3

[1 -5 6}
AB= X
9 6 -3 1

-3 3 2 =

{(1)(4) + O+ OO DD+ G+ OO DO+ B+ O)(-3) (D(-2)+ (-9)HB)+ (6)
33D+ O+ @O EIMD+ G+ 2O 3B+ B+ (A-3) 3)-2)+ B3+ (2(
13 18 -30 -11
) {21 6 -6 17}
1 -6
13 18 -30 -11] |-5 2
21 6 -6 17 ] 7 4
3 -8
3D+ ABK-5)+ (30X + (-11X3)  (13(-6)+ (18X2) + (-30)4) + (- 11X-8)
[ @CDMD + (6X-)+ (-6X7)+ (17X3) I-6)+ (6X2) + (-6XH+ (ATX-8)

320 82
21 0 -2

(AB)C= { =



cr-|.

CTCz{

-5 7 3
-6 2 4 -8

1 -57 3
-6 2 4 -

|

[ MM+ (-5 + (D> + 3’

COM+ )+ DD+ (-8)3)

< &4 -12
—i-12 120

(AB)C+CTC=

~320 8
o -2t

84
-12

120

o

|

1 -6
-5 2|
7 4|®~—
3 -8

ME6)+ -+ (DB + 3O
O+’ + @+ (-8)

-284 70
-12 98



Section 1.4: Inverses: Rule of Matrix Arithmetic

1. Given the following matrices, perform the indicated operations: (1 point each)

1 1 1

A=10 1 1
_0 0 1
(7 1 3

B=12 -1 1
_O 1 4
0 1 3

CcC=12 0 5
0 0 3

a. A+B
Simple matrix arithmetic provides the answer:

1 11 7 1 3 8 2 4
0 1 1|+12 -1 1|=(2 0 2
0 01 0 1 4 01 5

b. A+C'
First the transpose of C is found by interchanging the columns and rows of C,

0 2 0
c'"=|1 0 0
3 5 3
then add C" to A

11 11020
0 1 1|+[1 0 0
0 0 1] |3 5 3

and receive the sum:

13 1
111
3 5 4

c. (A+B)C
The sum of A+B has already been determined, so that matrix is left multiplied into C and the
product is:

8 2 410 1 3 4 8 46
2 0 212 0 5(=(0 2 12
0O 1 5[0 0 3 2 0 20



d. c’

C" is found by forming the augmented matrix [C | I]

and performing elementary row operation until the resulting matrix is of the form [I | B]
where B is equal to C’

01 31 00
2 0 500 1 0
_0 0 300 0 1_
(2 0 50 1 0]
0 1 3[]1 0 O Swap the top row with the second row
|0 0 3/0 0 1]
(2) (1) 8 (1) (1) _01 Multiply the bottom row by -1 and add it to the second row,
_0 0 110 0 1/3]| then divide the bottom row by 3
(2 0 00 1 -5/3
01 01 0 -1 Multiply the bottom row by -5 and add it to the top row
|0 0 110 0 1/3
(1 0 0[0 1/2 -5/6
01 01 O -1 Divide the top row by 2
L0 0O 10 O 1/3

2. Given A and B find (AB)" (2 points)

4 1 -7
A={0 9 6
2 -5 4
4 5 -1
B={-2 1 -10
2 3 =2

First the product AB must be found in order to calculate its inverse.
This product is given as:

0 O 0
AB=|-6 27 -102
26 17 40

since the matrix has a row of complete zeros, it is singular meaning it has no inverse.

3. Prove the theorem: (3 points)



7 [Ccl Z] Aw{

_ 1 [d -b (o © C ol
A ! = [ j] A
ad —bcl—C¢ @ QX’ \ﬂ\{ ‘A(/)( 4\1""‘(\)
~
This theorem can be proved by simply finding the inverse through the augmented matrix method
(a bll 0
¢ dj0 1
(1 Y 0. : .
IRAL %} Divide the leading entries by themselves
1 % 1% 0 ) Subtract the b from th
0 eyl _y Subtract the bottom row from the bottom row
(1 v/ 1
L% % 0 Multiply the bottom row by the leading
10 1|%aa — b
entries' scalar inverse
i _d b -
(1) (1) Yov-da  Veb-da Multiply the bottom row by -b and add to the top
i Seb-da  ~ Yeb-da a
a_|-Y% y . : T 1
A" =| 4 /ebds | Begin to reorganize and simplify A
Se-da  — Yeb-da
A =— L [d -b Factor out because of the properties of
cb—dal=¢ 9 | cb-da
scalar - matrix multiplication
_ 1 [d -b] . -1
A = Multiply the scalar by —
da-cbl™¢ @ Py >

4. Find a matrix M such a that (1) MB = MC and (iven: (
(2 -9 3

B=| 6 -2 7} q73((/7~

-4 1 5
(3 20
C=|-8 6 6
-5 4 1

Performing simple matrix operations, shows us that left multiplying both sides of equation 1 by



an inverse of M:
M'MB =M'MC

gives us IB = IC M %4‘, C/
orB=C. —

So as long as M is any invertible matrix (ie det(M) # 0) both equations 1 and 2 are true.

T A (/ML\,M@M.A ‘



Section 1.5

1.

Which of the following are elementary matrices? (4 pts)

01 0 3 03
V3 0 0 1
a. |1 0 O b.OlOc.0 d.\/50
0 0 1 0 0 1 1
2. Find a row operation that will restore the given elementary matrix to an identity
matrix. (2 pts each)
a. b.
0 0 0 1
01 00 0
0010 0 1
1 00 O
3. Use row operations to find the matrix inverse ([A| I ]) (5 pts each)
a. b.
2 6 6 1 2 3
A={2 7 6 B=12 5 3
2 7 7 1 0 8
Solutions
la. you could swap row 1 and 2 to show b 7' é?

l¢c. you could divide row 1 by NE)

2a. Swap rows 1 and 4 giving:

2b. Multiply

0
0
0
1
b

y -3 giving:




— N —
o o - ——— 9 2 T o T T
[ e
o~ N
00101001201_6<_JQM._
N —
O = O e
_,125125435m35
P b | — - —
—_ o o o [ \n N — o , _
o o U == ==
o~
T2 =T T N T o Iy Y o B S S R
I e T I = T = S R S S o S S I R
L L —1
1
<o~
| L
I 1
o0~ 00 ~ @ <@ - —
T R T
p—
—_ 0 O e © —aT T e O O = T
© O~ ™ O~ =0 o —~ O —
7,1|,.O
677377311010{
AN N~ N DO~ OO Mn

|

9
-3
-1

16
-5
-2

_40
B'=| 13
5



Section 1.6

1. True or False (3 points Each)

If A is invertible then Ax = b is consistent for every
n x 1 matrix b: True A 6WW\;(—
- N oX

If the reduced row-echelon form of A 1s I;: True

If A is invertible then Ax = b has infinite solutions:
False

2. Use the Following System of Equations to Solve
for x given b. (3 Points Each)

x-3y=b
3x+2y=by

@. b1:5 b2:7
b1:-5 b2:10

1 -3 2/11  3/11 ,7
A= Al= -
L 2} [—3/11 1/11} Q'D

A'*B=
4\

2/11 3110[s]  [31/11
~3/11 /117 ~8/11
x =31/11
y =-8/11

‘)

211 3/11][H] [4
~3/11 1/11j[10} |-1



Section 1.7 (10 Points)

Q: To what purposes can a diagonal matrix be used? What is the effect of left
multiplying a diagonal matrix into any matrix 4?

A: A diagonal matrix can be used to muitiply each row by an individual scalar. Whereas
previously we could only multiply the entire matrix by a single scalar we can modify
each row (or each column by right multiplying by the diagonal matrix).



Section 2.1

. . . "
1. Evaluate the determinate using the diagonal method.

(2pts each)
a. b.
36 4 8
2 5 1 3
(4 pts each)
c d.
1 0 2 010
4 6 3 2 0 3
1§ 2 5 6 1
Solutions

a. 3*%5)—(6%2)=3
b, (4%3)-(1*8)=4
c. (1%6%2)+(0*3*1)+(2*4*5)—(1*6*2)—(5*3*1) —(2*¥4*0) =25

A (0F0* 1)+ (1*3%5)+(0%2%6)—(5*0*0)—(6*3*0)—(1*2*1) =13



Section 2.2

1. Find All Minors & Cofactors for the matrix:

(5 Pts)
3 5 =7
A= 1 2
4 8§ -4
M]] ! 2 =20
8 —4

= 5
H&%
—_ L e W
I

~N

L 41 |

i Il

—_— (U8

~3 (&)

2
Miy ¢ 2o
..4 -4_
IE
M, S P
._4 —4.—
MJ 3 -7 =48
_6 -
M, 6 1 =44
_4 8_.
M23 3 5 :4
_4 8_
M/J3 3 = .27
_6 1_.
-20 -32 44
Minors=| 36 16 4
17 48 =27
-20 32 44

Cofactors= | —-36 16 -4
17 —-48 -27

2. Evaluate Det(B) with a Cofactor Expansion
(Spts)

1 k k°
B=|1 k k*
1 k k*?

ROR - KO + RO - R + UK KD =0



Section 2.3 (15 pts)
Q: Using row operations find the Determinant of the follow matrix:

2
-1
-4

1

1

i
[\ e R Y]
O O N W

A: Start by trying to create an upper-triangular

1 5 2 3 ()
3 8 -1 6
Lo 4 o?3kPR > (-3)
5 2 1 9 L
15 2 3
07 7 3
:>R1+R3—>R3:>05 _5 3 1
52 1 9




15 2 3
@R 07 7 3 -a-
= 5R, ;2 Ry = 00 49 3 (- )(&'
0 0 -91 39
15 2 3
6) 07 7 3
= IR, #A9R, > Ry> |0 o 40 %9)
0 0 0 2184

kdet(A)= det(B)
det(B)= (1)(7)(49)(2184)=749112

det(4)=749112/k  k=(-3)(1)(-5)(23)(-5)(-5X(7)(91)(49)=269212125

8
A — 4 = —_—
det(4)= 749112/269212125 2875



Section 2.4
1. If A is an nxn matrix and A™! exists, find det(A™): (4 points)
We know that A A =1, and also det(I) = 1 (determined by multiplying all the diagonal entries)
therefore taking the determinant of both sides of the equation gives us:
det(A A =det() =1
it is also know that we can break “distribute” the determinant operator:
det(A)det(A™) = 1
since determinants are scalar values we can divide each side by det(A):

oK"

det(A“Y&d oA which is acceptable because det(A) # 0, a fact because A 'exists
e

2. Which of the following statements are true? (4 points)
definitions: E-E, are defined as nxn elementary matrices
A and B are any nxn matrices

a: det(EB)=det(E)det(B)
False

b: det(B) = det(B")

true

c: a possible sokﬁo/n of-the producty
det(E,)det(E,)...det(Ey) is 0

false

3.a: How is the characteristic polynomial determined? (3 points)

A is an nxn matrix and x is a variable, then the c.p. is defined as:
det(xI - A)

b: What is the c.p. of: (4 points)

1 5 3
A=|16 9 7
2 8 4

set up the expression xI - A:

x-1 -5 -3
-6 x-9 -7
-2 -8 x-4

taking the determinant gives us
x3-14x2-38x-168

4. Which of the following is/are possible eigenvalue(s) of A? (5 points)

e

a:-1, 1 c: ([2+/2)2
b: -1 d: 1/2,-1
Only B is correct



1. a. Find the augmented matrix for the given system of equations.
b. Solve the system of equations using row operations.

X1 -3X2 + X3= -3
5X1 +X3 -X3 = 9
2x; +10x; -2x3 =26

Answer:

-3 1 1-3 1 -3 1 |-3 1 -3 1 |-3 1 -3 0]-7
A=5 1 -1|9 |=10 16 -6]|24 0 16 —-6|24|er0 16 0] 48
10 -2 26 0 16 —-4|32 0 0 2|38 0 0 1] 4

SO X1 =2, X3 =3, and x3 = 4.

2, List the three types of row operations and make a 3x3 elementary matrix for each
one:

, : , and

Answer:

Swap two rows, multiply a row by a constant, and add a multiple of one row to another
I 0 O 5 00 1 0 O
0 0 1 0 1 O 2 1 0
0 1 0

0 0 0 1 0 1
od

Examples:

o = O
—_ o O
W



1 0 -1

3. Find the solutions using A={2 3 0 |and B=
1 2 1

a. A+B b. A(A+B) c.tr(B)A"  d.B'A

Solution:

0 0

-]

|

[—y

4
—_— N =
[\ 2R 'S B e )
— W

S N B
NN
&
—_ O N
[a—
- s~ O

f

(9]

)

el

vy,

I
D N =
— N O
wo— N

Do A and B commute?

Solution:

6 2 -31 10 -5
21 = 5 =25 15
1 3 6 15 0

Il
N W

5
2
1

_— e N
>
o N =

Since AB is not symmetric A and B do not commute.

S W N
>~ - O
I
P



14
Find the inverse (if it exists) when A=

oi84
1 4-5]-114-5
GX405x8)|-8 3| -32|.8 3
2
by L4 32

Does Not Exist because (1)(32)-(8)(4)=0

15
Use row operations to find the inverses of the following matrices:

a) 312
10 21 21
[l 6 10]~ [(1) 61;?],,[:)?11 1]~[(1)(1) 11 thereforetheinverseis[l 1]
31201 e 276 2°6 276
[1 23 6242
00 O
ply 3 46
Not invertible because of the row of zero's.
164
0-40
0 032 Lo
1647100 164120 164]
0-40[{010{~|010f0-7 0|~|010[0-70
032]001 032001 0020%1
100 1_% 2
164 1 100 )
~l010]0-7 0|~lo10]0-5 0
001 31 001
0g 7 31
REIP
therefore the inverse is |Q -% 0
3 1
03 2
16
Solve the system by inverting the coefficient matrix and using theorem 1.6.2
x+5y=2
6y+3z=7
-x+Ty-z=-20

150][x][ 2
~063yH 7
-17-1j{z] [-20

1507100
the inverse of the coefficient matrixis| 0 6 3|010]|~
-17-1]001



150100 150100 1sojt 00 4100
1o gol.{o;L]0% 0 Tt
017060~01_ 6 ~012 6 ~1010]"4 12 4
11 1 001]1 1 1
9.5 5 S
toof % ]
~1010 -T2 177 7 therefore the inverse of the coefficient matrix is -7
00111 1 1 1
2 6 "2 2
ft9m ultlgly thgt by the 3x1 matrix to solve for the variable matrix
7111_217*' 27 [265833] ~
I T3 7 7 1=]|-4.9167 f
1 1 1205 [12.1667
2 672

o~ Sl’" 5|u-

ENRY

j—

D= B



Find A™" using its adjoint.

Solution:

B Tor 2 ‘YA
€
Det A =(1)(2)(2) + 3)(-3)(2) + (D()(5) - (5)(2)(2) - GNH1)(2) - (DN(-3)(1)

= 4+18+5-20-6+3

=4
2
Cpj=det =7 Cp=-det =-1 C,=det =-19
1 1
Cy=-det =8 Cp=det =8 C,,=-det ;=8
1
C31=det2 =-3 C,,=-det =5 C,,=det =-1
7 -1 -197 7 8 -3
AdjA= 8 -8 8 = -1 -8 5
-3 5 -1 -19 8 -1
70, 3
4 4
A-l___l -2 2
4 4
-l -l
4 4



2 3 -4 1

1 -2 -2 1
A:

3 5 -6 2

2 -5 -4 2

Find the determinant of A

Solution:
Det A= 0 since by a theorem a matrix with two proportional rows or
columns has a determinant of 0 and column 1 of A need only be multiplied
by -2 to create column 3.

9. Evaluate the determinant of the following matrices by reducing the matrix to row-
echelon form.

31 5 4
4 8 12
2 6 2 8
ay |3 5 7 b)
0 7 1 9
2 3
1 2 3 4
Solution:
4 8 12 1 2 3 1 2 3 1 2 3
a) det|3 5 7 |[=(4)det|3 S5 7|=(4)det|0 -1 -2 |=(-4)det|0 1 2|=
2 3 4 2 3 4 0O -1 -2 0 0 O
(-4)(1)(1)(0)=0.
31 5 4 1 1/3 5/3  4/3 1 1/3 5/3 4/3
2 6 2 8 0 16/3 —-4/3 16/3 0O 1 -1/4 1
b) det =(3)det =(16)det =
0O 7 1 9 0 7 1 9 0O 0 11/4 2
1 2 3 4 0 5/3 4/3 8/3 0 0 7/4 1
1 1/3 5/3 4/3
(44)det 0 ~1/4 44)(DH)(D)(1)(-3/11)=-12
e = = —= -
0 O 1 8/11
0

0 0 -=3/11



1 2 3
10.IfA=|4 3 1/, finddet(A™).
05 2

Solution:
1 2 3 1 2 3

det|4 3 1|=det|0 -5 -11{=(1)(-5)(-9)=45, so det(A " )=1/det(A)=1/45.
0 5 2 0 0 -9



1.) (15 Points)

Find the solution set for the system of linear equations

2x+4y-6z =3
x+ y =3
3y+9z=18
Solution

The system of equations can be rewritten in matrix form:

which row-reduces as follows

- 10 3
2 -3 2

2

_ o1 =3

-1 0 3
39 18 | 0 0 18

9- —
60 0 = L0 o

27 | -
06 0 =

> 01 0

45
00 18 > | 00 1

Which is code for x= 3/4, y=9/4, z= 5/4

N[O

I
o W

N|3

Bl B|O bW

2 4
1

1

0 3

(6 0

0 6

18
—18

18

-6 3

3
18




2.) (10 Points)

{5 2
For Matrices A = B=
1 9

a) What is the product of AB?
b.) What is the product of BC?
c.) What is the product of CA?

Solution

a.) Undefined

3 1
4 1 8
b) | 4 6
5 2 1
11 7

c.) Undefined

W
~N &

@

i

17 6 25
46 16 38
79 25 95

4 1
5 2



3.) (20 Points)

Find the determinant of the matrix A =

Solution

(2 3 1 —4 6
4 9 4 1 9
6 -3 2 5 -8
2 7 10 6 4
7 3 1 0 7 |

Using row operations, make A into an upper-triangular matrix B as follows:

(2 3 1 —4 6 |
4 9 4 1 9
6 -3 2 5 -8
2 7 10 6 4
7 3 1 0 7
(2 3 1 —4 6
0 3 2 9 =3
0 —12 —4 17 =26
0 4 9 10 -2
(14 6 2 0 14 |
(2 3 1 —4 6 ]
03 2 9 =3
0 0 10 —6 6
00 0 1 =2
00 5 73 50|
(2 3 1 —4 6 ]
03 2 9 =3
00 5 —3 3
00 0 1 =2
00 0 0 199]

(2 3 1 —4 6 |
0 3 2 9 -3
~ 0 —12 —4 17 —-26
0 4 9 10 -2
14 6 2 0 14 |
(2 3 1 —4 6]
0 3 2 9 -3
~ 0o 0 0 1 =2
0 12 18 30 —6
0 —15 —5 28 35 |
(2 3 1 —4 6 |
03 2 9 =3
. 00 5 —3 3| _
00 0 1 =2
0 0 0 76 47 |

det(A) = det(B)/C where C = the product of the numbers
written on the side of the matrix reduction correlating to the
operations used (swap rows = -1, multiply row by nonzero
constant k = k, add the multiple of one row to another = 1).
Using this formula we get

det(A) = (2*¥3*5%1*199)/(119*2%3*-1*1/2) = -1990



4.) (20 Points)

For the following system of equations:

~3y+2z=8
3x=35y+ z= 2
X—y = 4

a.) Set up the corresponding augmented matrix
b.) Use Gaussian elimination to determine the solution, if possible, for x, y, and z.

Solution

a.)

[0-3 2 8]

[3-51 2]

[1-1 0 4]

b.)

[0 -3 81 [1-104] [1-1 0 4 ] [1-1 O 4 ]
[3-512]~[0-328]~[0T1-23 -83]~1[01-2/3-831]~
[1 -1 41 [3-512] [3-51 2 ] [0-2 1 -10]
[T-1 O 4 ] [T-1 O 4 ] [1-10 4] [1 00 32]
[01-23 -83]~[01-2/3-83]~[01028]~[01028]~
[0 0 -1/3 -46/3 ] [0 0 1 46 ] [0 0146] [0 O1 46]
Which is code for:

x=32

y=28

z=46



5.) (10 Points)
Compute det(A) using the definition that the determinant of A is the sum of all
the signed elementary products of A, when:

Solution
There are only two permutations: al1a22 and al2a21. The first is even and the
second is odd, therefore: det(A) =4(5) + (-1)(2)(3) = 14



6.) (20 Points)

Find the inverse of A using Gaussian elimination method, when:

A= [162]

[340]

[584]
Solution
[A[l]=
[1T62]100] [1 6 2| 1 00] [16 2 | 1 0 0]
[340[]010]~[0-14-6|-310}~1[01 3/7 | 3/14-1/140] ~
[584[]001] [0-22-6|-501] [0024/7|-2/7 -11/7 1]
[1T6 2 | 1 0 0 ] [160] 7/6 11/12 -7/12]
[013/7] 3/14 -1/14 0 1~ [010] 1/4 1/8 -1/8 ] ~
[00 1 |-1/12 -11/24 7241 [0 0 1| -1/12 -11/24 7/24 ]
[1TOO0]| -173 1/6 1/6 ]
[010] 14 1/8 -1/8]
[00 1] -1/12 -11/24 7/24]
Thus,
AN =[-13 16 1/6 ]

[ 1/4 18 -1/8 ]

[-1/12 -11/24 7/24 ]



7.) (10 Points)
Is the product of a symmetric and skew-symmetric matrix symmetric, skew
symmetric, or neither? Show why.

Solution

A is symmetric and B skew-symmetric if

AT =A,B"T=-B

So, (AB)"T = BAT*A"T = (-B)(A) =-BA

Therefore, AB will be skew-symmetric iff A and B commute.



8.) (10 Points)

Find a nonzero 3x3 matrix A, such that AT =A, and a nonzero 3x3 matrix B, such that
B~T=-B.

Solution

A= 1 1 1]

11 1]
1 1]
A= 1 1 1]
[ 1 ]
[ 1 ]
v A=A"T
B= [0 -1 -]
1 0 1]
[ 1 0]
BAT= [0 1 1]
[-1 1]
-1 -1 0]
B= [0 1 1]
1 0 1]
1 -1 0]



9.) (15 Points)

Find the solution of this system using A*-1. Hint(x=A"-1* b)

2x+4y+z =5

Ox +2y =3

xt3y+z =17

Solution

A= [2 4
[0 9
[1 3

B= [5]
[31]
[17]

The method of finding the inverse

[2 4 1)1
[0 9 2(0
[1 3 110
[1 3 1 |0
[0 1 2/910
[0 0 5091
[1 3 0] 95 2/5
[01 0| 2/5 1/5
[0 0 1]-9/5 -2/5
AN-1=[3/5 -1/5
[2/5 1/5
[-9/5 -2/5
x=-1
y=-11

z=51

0 1]
19 0]
2/9 2]

-13/5 ]
475 ]
-18/5 ]

15 ]
-4/5 ]
18/5 ]

l

[100
~1010
[001

— — —
o O =

| 3/5
| 2/5
| -9/5

Ao

N O W

O = W

-1/5
1/5
-2/5

]
]~
]

110 0 1]
210 1 0] ~
101 0 2]
110 0 1
2900 19 0

1 |-9/5 -2/5 18/5
-1/5 ]

4/5 ] ~

18/5 ]



10.) (20 Points)

Find the determinant of the following matrix D by reducing to row-echelon form.

o 1/

N — 7 o— N

<t Vv N o—

ANO AN — A

v — O O O

—~ Tocoo

[ S By S iy TR Sy N— )

Solution

ol B e B

(=]
31618

tT AWV o

NN AN — O

wn — O O O

—_ OO OO

e e e e

T e

[e)
31612

<t ONwn N —

AN O NN~

n — O OO

N0 — OO

nwn — O OO

— O O O O

et e b )

e —

[
31168

<t NN

NN —~ O

v~ O OO

o &
o 859 ,
" : A,)(

[ I e B e W T |

o o
3\111004

NN - O

NO — OO

- O OO

—_ O OO O

e e e eed

=640

det(d) = 1¥16*1*1*40



rgr}—:l 1. Consider the matrices

3 0 1 5 2 6 1 3
A=|-1 2/ B={-1 0 1{C=|-11
1 1 3 2 4 4 1 3
Compute the following:
a) 5(B-C)
b) -3(B+2C)
¢) (BA)'
d) tr(BB")
e) 2C" + 3B’
Solution
a)
1 5 2 6 1 3 -5 4 -1
Since 5isascalar wetake B-C=|{-1 0 1{-|j-1 1 2|={0 -1 -1j.
3 2 4 4 1 3 -1 1 1
~25 20 -5
S5tmes B-C=| 0 -5 -5\
-5 5 5

1 5 2] [6 1
b)-3(B+2C)=-3/|-1 0 1{+2/-1 1
3 2 4/ [4 1

This yields: - 3(B+2C)=-3/|-3 2 5 -6 -15|.

3

2

3
13 7 8 -39 -21 -24
4 10 -33 -12 -30



1 5
cffirstwetake BA=|-1 0
3 2

; 0 -2 11
Then taking the transverse we get (BA)" = .

12 1 8
dytr(BB")
1 -1 3
firstwefind B =|{5 0 2|.Then
2 1 4

1 5 2 1 -1 3 30 1 21
BB"=|-1 0 1|*|5 0 2|={1 2 1|

3 2 4 (2 1 4 21 1 29
Then the trace =30 + 2 + 29 = 61.

e)2C" + 3B
6 -1 4

Wegetthat C' =|1 1 1|, and from the previous problem we get B T
3 2 3

12 -2 8 3 -3 9 15 -5 17

N N -

Therefore2CT +3BT =12 2 2|+(15 0 6|=|17 2 8]

6 4 6| [6 3 12 (12 7 18



|

[Opts 2.)Find if the matrix has an inverse using the form [A]]] to get [I |47 ] If the matrix is

invertible, check your answer by multiplication.

1 0 1
a0 1 1.
1 10
Solution:
We start with
(1 0 11 0 0
0 1 10 1 O0|adding-1 timesrow 1 to row three gives
|1 1 0j0 0 1
10 1|1 00
0 1 1|0 1 O0]adding-1timesrow 2 torow 3 gives
01 -1-1 0 1
10 1|1 0 0
0 1 1({0 1 O}multplying row 3 by -1/2 gives
0 0 -2}-1 -1 1
101t 0 0
0 1 1{0 1 O ]adding-1timesrow 3 torow 1 gives
KB
1 0 of # 1
0 1 03t 1 | therefore the inverse is
0 0 13 3 3
T 3 3
3T 3 2
T 7T 7




— D

1
Checking this with multiplication gives A4~ = | 0
1

) [Spts 3. Solve the systenpsimultaneously.

L

x, - 5x, = b, a)b, = 1,b, = 4
where

3x,+2x, = b, b)b, =-2,b,=5

Solution

O e

YIS NY Ni_‘_

SlL W=
1l

o o ~

o = O

_ o O

¢ \nots

We start by creating the augmented matrix for the systemiand putting the so)@ns side by side

with the matrix.

1 -5]11-2

3 2 lals adding -3 times row 1 to row 2 gives
1 -5 1‘— 2}

multiplying row 2 by 1/17 yields

LO 17 1111

1 -5|1-2

i | 11 |adding 5 times row 2 to row 1 produces

LO 17|

Lol
CIRIE
therefore

x, =22/17
a)

x,=1/17

x, =21/17
b)

x,=11/17



A i
10pts 4. Solve the following system of equations by using the inverted coefficient matrix:

5x, +3x, +2x, =4

3x, +3x, +2x, =2

X, + xX3=5

Solution: This system can be written as Ax = b, where:

5 3
A4=|3 3
0 1

— NN
»
I
o
N
=
I

53201 00] s 3 2/t oo [53 2[/1 0 0] [53 2[]1 0 0
33201 0|~|0 % %% 1 0[~|0 1 %% % o|~l0 1 %% % 0
01 1o 0 1| o1 1/0 0 1] (01 1{0 0 1| |0 0 4|4 % 1
5 3 2/1 o0 o] [5 321 0o o] [530-2 5 -6
~10 1 %% % o|~l0 1 0% % -2|~l0 1 0% % -2
0 0 1|% % 3] [0 0 1% % 3 00 1% % 3
5 0 0% % o] [1 00y % o0 YooY 0
~l0 1 oF% % -2|~|0 1 0% % -2 AV =% % -2
L001%%3_[001%—%3 ¥ % 3

v 04 1]
x=A"b=|¥% % -2{2|=|-11

% % 35| |16 ]

Therefore,
x =1, x, =-11, x, =16.

20pts 5. Find the conditions that the b’s must satisfy for the system to be consistent:

X, — X, +3x, +2x, =b,
—2x,+x,+5x,+x, =b,
—3x, +2x, +2x,—x, =b,

4x, —3x, +x;, +3x, = b,

J|
Solution: All we need to do is set up a partitioned matrix and"golve:



1 -1 3 21]b] [1 -1 3 2] b 1 -1 3 2
2 1 5 1|b| |0 -111 5 |25,+b,| [0 -1 11 5
3 2 2 ~1|p| |-3 2 2 -1| b | |0 -1 115
4 -3 1 3|b| |4 =31 3| b 4 -3 1 3
1 -1 3 2 b, 1 -1 3 2 b, 1 -1
0 -1 11 S| 2b+b, 0 -1 11 5| 2b+b, 0 -1
1o 0 0 0|b-b+b| |4 -3 1 3 b, | |o 1
4 -3 1 3 b, 0 0 0 0|b-b+b] [0 O
1 -1 3 2 b, 1 1 -1 3 2 b,
0 -1 11 5| 2b+b, 0 -1 11 5| 2b+b,
1o 0 0 0|-2b+b,+b,| [0 0O 0 0|-2b+b,+b,
0 0 0 0| b—by+b, | |0 0 0 O b—b,+b,

We can see that the system will be consistent if and only if:

0=-2b, +b, +b,

. b =b, +b,
, Or re-written:

(=il

2b, +b,
—4b, +b,
b, —-b,+b,

1 1 -1 2
1 4 5 2
0 24 28 -12
0 -4 5 -

0=b,-b, +b, b, =2b, +b,
10pts 6. Solve the following system of linear equations using Gaussian elimination and back substitution.
wtx+ty-z=2
2w -3x-2y+z=2
w+2x-3y+4z=0
w +y-z=3
Solution:
First, we find the 1 1 1 -1
augmented matrix: 2 3002
1 2 -3 4
1 0] 1 -1
Next, we reduce the matrix to row-eschelon form.
1 1 1 -1 2 1 1 1 -1
0 -5 -4 3 -2 ~ 0 1 -4 5
0 1 -4 5 -2 0 5 4 3
0 -1 0 0 1 0 -1 0 0




’_"
—
—
!
—
[\
H‘
[um—y
—
1
—
[\
p—
—

~ |0 1 4 5 2| ~lo0o 1 4 5 2|~
(- (-
0 0 1 N6 Y 0 0 1 76 W% 0 0
0 0 -4 5 -1 o 0 0 % 1 0 0

This augmented matrix yields the following system of linear equations:

wtxty-z=2

Xx-4y+5z=-2
y-7/62=1/2
z=3

Using back substitution, we replace z = 3 into the equation above:
y-(7/6)*3=1/2 ~ y-72=1/2 ~ y=4

We then replace y = 4 and z = 3 into the equation above that:
x-4*4+5%3=22 ~ x-16+t15=-2 ~ x=-1

We then replace x = -1, y = 4, and z = 3 into the equation above that:
w-1+4-3=2 ~ w=2

Thus we have the solution set {w =2,x=-1,y=4,z=3}.

25pts | 7- Youhave the following equation: y = ax® + bx?> + cx + d.
By inspecting the graph, you see that points (0,4), (1,3), (2,6) and (-1,3) lie on the graph.
Solve fora, b, ¢, and d.

Solution: To begin, create 4 linear equations, placing the (x,y) values of the points into the equation:

4 = a(0)* + b(0) +¢(0) +d
3=a(lp +b(1)? +c(1) +d
3=a(-1)* + b(-1)> + c(-1) +d
6=a(2)* + b2)* +c(2) +d

The first thing to notice is the first equation, which says d = 4.
Replace d with the value "4" in the other three equations, and compute to get:

atb+c=-1
-a+b-c=-1
8a+4b+2c=2

O -

12
5 2
(_

N6 Y
1 3




10pts

Solution:

Creat an augmented matrix for the system of linear equations:

1 -1 1 1 1 -1
-1 1 -1 -1 | Add the first row to the second: o 2 0 -2
8 4 2 _2 | '8 4 2 2|
Reduce: 1 1 1 -1 1 1 1 -1 1 1
0 2 0 -2 ~ 0 1 0 1]~ 10 1
0 -4 -6 10 0 0 -6 6 0
From the last two equations we have b=-1 and ¢ = -1 A
Placing these values in equation #1, wehavea-1-1=-lora=1. (3""
Soa=1,b=-1,c=-1, and d = 4. Placing these values in the original equation,
our solutionis: y=x*>-x*-x+4
8. Find the determinant 1 3 2 | using the definition of a determinant.
of the matrix A= -1 4 -1
2 0 -3

The determinant for matrix A = Z signo * (A(1),0(1))*((A(2),0(2))*...*(A(n),0(n))
for all permutations of ¢ in S(n).

In this particular matrix, n = 3. We will list the permutations for ¢.

=- sign=1 (0 d.o.
123 A(1,1)*A(2,2)*A(3,3) =1*4*-3 12 pairs)
132 A(1,D)*A(2,3)*A(3,2) =1*-1*0 =0 sign = -1 (1 d.o. pairs)
213 A(1,2)*A(2,1)*A(3,3) =3*-1*.3 =9 sign = -1 (1 d.o. pairs)
sign =1 (2 d.o.
231 A(1,2)*A(2,3)*A(3,1) =3*.1¥2 =6 pairs)
sign=1 (2 d.o.
312 A(1,3)*A(2,1)*A(3,2) =2*-1*0 =0 pairs)
321 A(1,3)*A(2,2)*A(3,1) =2%4%*) =16 sign = -1 (3 d.o. pairs)

Now we take the sum of the values multiplied by their respective signs:
-12(1) + 0(-1) + 9(-1) + -6(1) + 0(1) + 16(-1) =-19

Thus the determinant of A is -19. (,-?AA

1 -1
0 -1
1 -1




9. What is the determinant of the matrix AB, where A is an upper triangular matrix and

30pts B is a lower triangular matrix? (\’{/HA_%):_ el = nd s - 3l}

Solution:

Let matrix A = a b v and matrix g 0 0
B

0 d e = h 1 0

0 0 f j k 1

Then the matrix AB = agt bh+ ¢ cl
AB = j el
N —— ﬂ —_—

right of the matrix, as follows: ] bi + ck cl ag +bh+¢j
di +ek el dh +¢j

det(AB) = (ag+bh-+cj)(di+ek)(fl) + (bi+ck)(el)(f) A (cl)(dh+&)(fk) -
[(c])(di+ek)(§) + (ag+bhrcj)(ely(fk) + (bi+ck)dh+ej)(fl)]

= (adgi-+bdhi+cdij+aegk+befk-+cejk)(fl) + befil\+ cefjkl + cdthkl + cefjkl -
[cdfijl + cefjkl + aefgkl + befhkl + cefjkl + (bdhitbeij+cdhk+cejk)(1l)]

= adfgil + bdfhil + cdfijf+ aefgkl + befhkl + cefjkl + befijl + cefjkl + cdfhkl + cefjkl -
(cdfijl + cefjkl + aefgk} + befhkl + cefjkl + bdfhil + befijl + cdfhkl + cefjkl)

= adfgil + (bdfhil - bafhil) + (cdfijl - cdfijl) + (aefgkl - aefgkl) + (befhkl - bethkl) +
(cefjkl - cefjkl) + (befijl - befijl) + (cefjkl - cefjkl) + (cdfhkl - cdfhkl) + (cefjkl - cefjkl)

= adfgil+0+0+0+0+0+0+0+0+0
= adfgil
But adfgil is jugt the entries of the two main diagonals multiplied together.

ifant of the product of an upper triangular matrix and a lower triangular
matrix is the product of the entries in the main diagonal of both matrices.



15pts

10. Find A using its adjoint:

3 2 -1
A=|1 6 3
2 -4 0
Solution:
The cofactors of A are
CU =12 C12=6 C13:-16
C21 =4 C22=2 C23: 16

C31= 12 C32_—“-10 C33= 16

So the matrix of cofactors is
12 6 -16
4 2 16

12 -10 16
and the adjoint of A is

12 4 12
adj(A)=| 6 2 -10/.
-16 16 16
The determinant of A is

3 2 -1

det(A)=11 6 3l=afr 7! o !
et(A) = =2| 3-(-)1
2 -4 0

= 2(12) — (-4)(10) = 64.

Thus
24 1)
o4 1 |64 64 6
Ae L asay=L] 6 2 —w0l=|8 2 219
det(A) 64| i e | |64 64 e
- “16 16 16
64 64 64




1. For the following systems of equations, find the augmented matrix if the system is linear.
If the system is not linear, identify it as such.

3x, —2x, =1 x =1 xl+3x, +x, =1
a) 4x, +6x,=5 b) x, =2 c) x, +7x, —dx, =5
Tx, +3x,=0 x, =4 —4x, +9x, =2
Solution:
3 -2 -1 1 0 01
ayj4 6 5 b)|0 1 0 2 ¢) Non-linear
7 3 0 0 01 4
2. Find the inverse of 4 using elementary row operations [A | I ] - [I | A]
1 2 3
A=2 5 3
1 0 8
Solution:
1 2 3|1 0 0
2 531010
1 0 8/{0 0 1

2 3|1 00
0 1 -3[-2 1 0| Add-2timesthe first rowtothesecond rowand —1times the first rowtothethird row
0 -2 -5(-1 0 1

2 3 1 00
0 1 -3§-~2 1 0| Add2timesthesecond rowtothethird row
0 0 -1]-5 21

2 311 0 O
0 1 -3|-2 1 0| Multiplyrowthreeby—1
00 15 -2 -1

/0



2 0(-14 6 3
0 1 0| 13 -5 -3| Add3timesthethird rowtothesec ond rowand —3 times the third rowto the first row

0 1 0| 13 -5 -3| Add-2timesthesecond rowtothe first row
00 5 -2 -1
3. Given matrices [A], [B], and [C], compute the following if possible:
45 3 18 5
1 8 3 10 0 5
3 7 5
A=l6 4 9 B=|3 8 6 C=
10 12 21 3
2 7 5 1 7 9
5 10 3 45
a) 6(A—-4B) b) %(AC—BT)—(CA—BT) ) 2(BA+AT)T
Solution:
1 8 3 10 0 5} 1 8 3 40 0 20
6|16 4 9(-43 8 6||=6/|6 4 9{—|12 32 24
2 75 1 7 9 2 7 5 4 28 36
a) -
-39 8 -17 -239 48 -102
=6/ -6 -28 -15|{=| -36 -168 -90
-2 =21 -=-31 | -12 -126 -186
b) Undefined
— T T T
10 0 5|1 8 3] {1 8 3 20 115 554 |1 6 2
2[13 8 6|6 4 9|+|6 4 9 =2[163 98 111(+({8 4 7
)179275_27 61 99 111} |3 9 5
c
21 121 57 ! 21 71 64 42 142 128
=2[171 102 118 =2/1121 102 1081||=|242 204 216
64 108 116 57 118 116 114 236 232




ok Vol

4, If 4 and B are matrices such that 4B = BA then A and B are said to commute. Determine
which of the following commute. Then, using simple row operations, find an upper triangular
matrix ( 4. ) of the symmetric product.

6 8 1|7 0 0 42 16 7 2 2 31111 2 10 9 9
a)|8 0 2|0 2 0|=|56 0 14 b)y{2 3 2|1 2 1|={9 10 9
1 2 50 0 7 7 4 35 32 2\12 11 9 9 10

Solution:

‘a’ does not commute, ‘b’ does. To solve for an upper triangular matrix:

10 9 9 10 9 9
9 10 9 | ~ Subtract the third row from the secondto get~ | 9 10 9 | ~ Multiply the
9 9 10 0 1 -1
10 9 9
third row by -10 and add to the secondrow~ | 9 10 9 | ~ Multiply the first row by 9, the
0 0 19
10 9 9
second row by -10 and add together~ | 0 -19 -9
0O 0 19
10 9 9

Upper triangular matrix 4. =| 0 -19 -9
0O o0 19



5. Find 4™ by using its adjoint.

4 Byinspection: det4=1x2x3=6

1 3 5
A=10 2 4
0 0 3
Solution:
1 3 5
A=|0 2
0 0 3
2 4
o2 e
0 3
C, = 35 =-9
21 O 3
3 5
1=l 42
6 0
adj(A)=|-9 3
2 -4
= adj(A) =
det A 4

o 4
12 03
o |1
2203
s
2710 4
o]" [6 -9 2
ol =0 3 -4
2 0 0 2
1
6 -9 2
Lo 3 _4|=]o
6
0 0 2
0

0 2
Bl of
o |13
3 0 o]
c. =11 3|
33 02_



6. Find the inverse (A™), then the inverse of the transpose (A")", followed by the transpose

of the inverse (A™)" :
3 5
4 2

Solution:

We can find the inverse by using the theorem demonstrated in 1.4.5 of the text. To find A, we
calculate

d b 2 B 5
1 d-b| _|ad-bc ad—bc _ |-G 32)-H)
ad—bc |—ca ¢ a 3 4 3
ad —bc ad -be B)2)-(4)(5) B)2)-(H5)
L
= ; 143 is the A of the given matrix.
7 14

Performing the shift and then applying the same theorem as in the above statement, we can
calculate the inverse of the transpose as so:

[ . }
AT=15 2 , now to take the inverse, by (A" =

d b 2 B 4 1 2
ad—bc ad —bc _ | BG@)-A) 3R)=(@O) | _ 77

c a 5 3 5 3
ad-bc ad—be T 3)Q2)=(D)G) 3)2)-(4)5) 14 14

Now to finish the explanation, we will calculate the transpose of the inverse,

15 Sz
A-] — 7 14 — (A-I)T 7 7
2 3 5 3

7 14 14 14

We can determine that fbh(A™)" and (A™)" are equivalent.



7. Find the determinant of the following matrices:

H
a)A= 2 7

4.5 6
389
®)B=11 2 o

Solution:

For part (a) we start by applying methodology of section 2.1.3. This states that the determinant of
a 2X2 matrix can be found by the equation:

det(A) = aj1az; + (-1)apa2; = ad — be.
By inserting the various entries from the matrix we can find the determinant. Shown as, @
det(A) = (5)(7) — (8)(2) =35 - 16 =19, 19 being our solution.
For part (b) we will use the format of solving a 3X3 matrix demonstrated in 2.1.4 of the hand-

out. Using the given theorem we can find the determinant, keeping in mind that each variable
describes an entry in matrix B:

det(B) = aei — ath + bfg — bdi + cdh — ceg.

{ n
Now we insert the entries from B that will satisfy this equation,

det(B) = (4)(8)(0) — (4)(9)(2) + (5)(9)(1) — (5)(3)(0) + (6)(3)(2) — (6)(8)(1)
det(B) = 0 — 72 + 45 — 0 + 36 — 48
det(B) = -39.

Therefore our solution, det(B), equals -39.



8. Given the following matrix, find the characteristic polynomial that results from:

2 1 1
-3 6 -3

Solution:

Using the definition of a characteristic polynomial, we can solve for x in order to find the
resulting polynomial. We can do this by taking the determinant as follows,

det(x] — Z).
First we compute the value inside of the determinant declaration:
x—-2 -1 -1

3 x-6 3
xI-Z= -1 4 ga)(

Next we solve the determinant for a 3X3, this time calculating the expressions with x involved as
an entry. Using the given equation for the determinant:

det(x/ — Z) = aei — ath + bfg — bdi + cdh — ceg
det(x] - Z) = (x-2)(x-6)&f — (x-2)(3)(4) + (-1)3)(-1) - (-DB3)(0) +
(-DB)A) - (-1)(x-6)(-1)

detx/-Z)=0-12x-24+3-0-12-x-6
det(x] — Z) A;13x -39.

Thus, the characteristic polynomial for the given matrix is -13 9.
9. What is the determinant of the following matrix?

1 k* &k
A=|0 1 0

0 £ 1
Solution:

By theorem 2.9:



1 kK & 1k &
detA=kdetl0 1 O|=kdetf0 1 0 =kG€-)=1
0o 1 L 00 L
k k

10.  Solve the following system of equations by Gauss-Jordan Elimination, or show that it has
no solution:

6x, + 4x,+x, =20
X, +4x,+x, =10
X+ 2x,+x, =8

Solution:

Put into matrix form,

6 4 120
1 4110
1 218

Use elementary row operations:

I 0 12]

0 2 0 2| Subtract the third row from the first and second rows.
- 8 -
E 0 10

2 0 2 Subtract the second row from the first and third rows.

(1 0 0 2]

0 1 O 1| Dividesecondrow by two, divide the first row by 5..
(1 0 0 2]

0 1 O 1| Subtract the first from third row.
0 0 1 4]

The solution is then, x; =2, X, =1, x3 = 4.



/)

343 Midterm I

1. Solve the system of equations using Gaussian elimination (15 pts.)

3x+2y—z=-15
5x+3y+2z=0
-3x-2y+z=15
3x+y+3z=11

Solution: The augmented matrix of the system is

3 2 -1 =15} (3 2 -1 -=15] [3 2 -1 -15
5 3 2 0 0 -1/3 11/3 25 0 -1/3 11/3 25
-3 -2 1 15 0 0 0 0 0 -1 4 26
'3 1 3 1] |0 -1 4 26 (0 O 0 0
3 2 -1 -15] [3 2 -1 -15][3 2 o -7
0 —-1/3 11/3 25 0 —-1/3 11/3 25 0 -1/3 0 -13/3
0 0 -7 =56|1{0 0 1 8 0O 0 1 8
0 0 0 0 ][0 O 0 0]0 0 0 0
3 2 0 -7][3 0 0 =33 1 0 0 -11
010 13/|/01 0 13 01 0 13
0 01 8 0 01 8 0 01 8
000 O 000 O 0 0 0
x=-11
Which is code for y =13
z=§
2. Solve the system Ax=b using A~
/5 1/5 =2/5 X, -1/5
A=| 2 2 1 x=|x, | b=| 3
1/5 —-4/5 1/10 X, -33/10

Find 4™ by adjoining A with I and reducing A to I.



1/5 1/5 =2/51 0 0 1 1 -2/5 0 0
[4r]=| 2 2 1101 0[~[2 2 1]01 0}~
1/5 —-4/5 1/1010 0 1} {1/5 —4/5 1/1000 0 1
1 1 =25 o0 o] 11 =2 0 0
0 0 5|-10 1 0|~|0 1 -1/2| 1 0 —1|~
0 -1 1/2 -1 1llo 0 5 |-10 1 0
11 -2|5 o o[t 101 2/5 o0
01 -1/2l1 0 -1|~{0 1 00 1/10 —-1|~
00 1 |-2 15 0| |00 1]-2 1/5 0
1 0 o1 3/10 1
01 00 1/10 -1
0 0 1]-2 1/5 0
3/10 1
A'=| 0 1/10 -1
~2 1/5 0
1 3/10 1] =1/5 ~13/5
A7'b=| 0 1/10 -1 3 |=| 18/5
-2 1/5 0 ||-33/10
x=-13/5
y=18/5
z=1
3. Given the following matrices
1 3 4 -1 2 4
0 3
A=|7 2 6|, B=|-6 -5 7|, C= }
2 4
9 8 5 -12 -3 -1
Find
(a) A+B
(b) B-A
(¢) 2C  (15pts.)



Solution: Matrices of the same size—such as A and B—can be added or subtracted
from one another by adding or subtracting its corresponding entries.

1 3 4] [-1 2 4 0 5 8
A+B=|7 2 6|+ -6 -5 7|=|1 -3 13
9 8 5] |-12 -3 -1| [-3 5 4
1 3 41 -1 2 47[2 1 o0
A-B=|7 2 6|-|-6 -5 7|=|13 7 -1
9 8 5| |-12 -3 -1] |21 11 6

The product of a scalar and a matrix is found by multiplying the scalar to each of the

entries of the matrix.
0 3] 0 6
2C =2 =
2 4| 4 8

3 5
4. For the matrix 4= L 7} ,compute A, 47>, and A> +34 (15 pts.)
Solution: A4”is found by multiplying 4 to itself.
5 3 513 5 29 50
42 = _
4 714 7 40 69
A7 is found by taking the inverse of 4°.

L [29 501" (69 -50] [69 —50
A2 = = (1/(29 % 69 — 50 x 40)) =
40 69 —40 29| |-40 29

A* +34is also easily found.
, 29 50 3 5] [29 50] [9 15| [38 65
A" +34= +3 = + =

40 69 4 7 40 69 |12 21} |52 90

5. Find A™" using elementary row operations (15 pts.)

/5 1/5 =2/5
A=| 2 2 1
1/5 -4/5 1/10

Solution: Adjoin A with I and apply elementary row operations:



'1/5 1/5 -=2/5]1 0 © 1 1 -215 0 0
2 2 1 10 1 of~ 2 2 110 1 0|~
1/5 —4/5 1/10[0 0 1| |1/5 —-4/5 1/1000 0 1

11 =25 ool f[1 1 =2/5 0 o0
0 0 5|-10 1 0|~l0 1 -1/201 0 =1|~
0

-1 1/2/-1 0 1|00 5 |-101 0
11 =215 o o1t 1 01 2/5 o0
01 -1/2/1 0 -1|~/0 1 00 1/10 -1|~
00 1 |-21/5 0|00 1-2 1/5 0
1 0 o1 3/10 1
0100 1/10 -1
0 0 1-2 1/5 0

1 3/10 1
A'=| 0 1/10 -1

-2 1/5 0

6. Solve the system of equations simultaneously

x+3y+5z=b,
-15x-30y = b, (15 pts.)
2x+S5y+4z=>b,

by=1 b =0 b=-1
When b, =0 , b, =15 , b, =—15
by=-1 b,=1 b,=0

Solution: Adjoin the coefficient matrix of the system with the coefficient matrices of
b:



! 3 sltlol=1] 1t 3 slijol-1]]1 3 s5|1lo-t
~15 =30 0/0(15-15(~l0 15 75/15115-30|~|0 1 5|1[1]-2|~
2 5 4-11] 0 0 -1 —-6-31] 2 0 -1 —6-3l1 2

1 3 s5l1lo-1] [1 3 sjijol-1] [1 3 o-910]|-1
0 1 5|1]1]-2]|~{0 1 s1f1|-2]~f0 1 0-9[11|-2|~
0 0 —1-2210 | |0 0 1220 |0 0 1]2}-2 0
(1 0 0)18]-23 5

0 1 0-9/11|-2

00 12]-2]0

7. Prove that the product of 2 lower triangular matrices is another lower triangular
matrix (15 pts.)

Solution: Let 4= [a,.jJ, B= [b,.jJ, and C = lqu for C = AB where C is the product
of the lower triangular matrices A4 and B . By the nature of lower triangular matrices,
C is lower triangular if ¢; = 0 for i < j . Therefore, by the definition of matrix

multiplication
c; =ayb; +ayb,; +..+a,b,
Assuming i < j, this can be regrouped intg o
c=al;f’(iabf-(l~/+a p2¢ 4 +..+a,b
i Caf T by T T GG Gy TP T T finn
Row # of b is less than column # of b Row # of a is less than column # of a
So¢; =0.

8. Compute det(A) using the definition of a determinant.

A—12 15 pt
=13 4 (15 pts.)

Solution: The definition of a determinant is

det(4) = Z SZN(O)) 51y Ao (ny

oes,

Where sgn(o) is -1 multiplied by the number of inversions ino .
Permutations of n are (1,2) and (2,1).

Using o (1) =1, o(2) =2, the elementary product is a;,a,, or 1x4=4.
Using o(1) =2, o(2) =1, the elementary product is a,,a,, or 2x3=6



There are no inversions in (1,2) so its signed elementary product is +4
There is one inversion in (2,1) so its signed elementary product is -6

The sum of all elementary products is -2. So det(4) = -2

9. Find det(A) using cofactor expansion on the 2nd row (15 pts.)

>

Il
R e
N O

3
1
0

Solution: To find det(A) using cofactor expansion on the i” row, use

det(A4) = Z’;:] a,;C;

First find the minors of the second row:

4 3
M, =det =-6
3]
M, = det_2 0| =-6
4
M,, =det =-4

Then find the cofactors of the second row:

C,, =DM, =6

Cy = (_1)2+2M22 =—6

C,,=(-)"’M,, =6

Plug the numbers into the original formula to get

3
det(A) =), a,,C,
=2(6) + 0(-6) +1(6) =18



10. (15 pts.) Compute det(A) by reducing A to an upper triangular matrix

A=

-3 1 -3 0

1 9 3 2
Soulution:
(3 3 0 5 3 3 0 5 3 3 0 5
2 -2 0 -2/1]0 -4 0 -16/3| 1|0 -4 0 -16/3
31 -3 0|lo 4 -3 5 |lo o -3 -1/3|
1 9 3 2]1(0 8 3 1/3 0 8 3 1/3
(3 3 0 5 3 3 0 5
0 -4 0 -16/3| |0 -4 0 -16/3
0 0 -3 —1/3|]0o 0o -3 -1/3
0 0 3 -31/3] |0 0 0 -32/3

The product of the main diagonal of A reduced to upper triangular form is

3x ~4x~3x (~32/3) = -384

Because the only row operation we used to obtain a matrix in upper triangular form
was adding a multiple of one row to another, we do not need to multiply the product
of the main diagonal of that upper triangular matrix by any constant. So

det(4) = -384



Answers and solutions =

1. (15 pts.) Place the following set of linear equations into an augmented matrix
A and solve using the Gaussian- Jordan elimination process.

3x+5y-z=13
x— 10y +2z=-12
7x -2y +2z=24

Solution:
~
(3 5 1 13
A= | 110 2 -12
(7 2 2 24
(1 210 2 -12)
A= |7 2 2 24
3 5 -1 13
(
1 10 2 -12)
A= | 0 68 -12 108
L0 35 -7 49 )
s ~
1 -10 2 -12
A= | 017 3 27
o 5 -1 7.
f ~
1 -10 2 -12
A= |0 17 3 27
0 0 2-16
(1 -10 2 -12))
A= | 0 173 27
(0 01 8
(110 2 -12 )
A= 01 0 3
0 0 1 8
(1 0 2 18 )
A= 01 0 3
00 1 8 )

Interchange row 2 for row 1
then, new row 2 for row 3

row2 — 7(row 1)

row2x 1/4

row3x 1/7

17(row 3) — 5(row 2)

row 3 x-1/2

row 1 + 10(row 2)

row 1 — 2(row 3)

/2



1 0 0 2 x=2
61 0 3 => y=3
00 1 8 z=8
7
Al

2. (15 pts.) Prove v;h{ if 4A? is an invertible symmetric matrix, then 21 + 2A™'A
1s also symmetric.

Vic- -
Solution: 2T 424 A= 7.0 SO
4A2 21+2A7'A — Ll L =(uT T
[ 4(AA) 2[1+21 ] x A™ g QLL)
4(ATIsA%A) 2IA™ +2IA™

41A 2AT +2A™ - \
4A 4;'1 T Ao C((?Q\‘ }\”

Based on Theorem 1.7.3 “If A is invertible symmetric matrix, then A™ is
symmetric.” 4A™ is the inverse of the invertible symmetric matrix 4A; therefore,
if 4A is a invertible symmetric matrix, then its inverse (4A™) must also be
symmetric.

{ /l

3. (20 pts.) Find the inverse of the followmg set of linear equations and solve
the matrix for x, y, and z using A™

w+x+4y+4z=3
w+3x+7y+9z=5
x—2y-3z=4

w-2x—-4y—-6z2=3

o 1\
Answer: |A|l] = |I| A™ |

Solution:
1 14 4/1000
1 37 910100 add -1(R1) to R2
2 1 -2-310 001 add -1(R1) to R3
1 -2-4-6(00 01

A I
114 411000 swap R2 with R3 then,
023 511100 add -2(R2) to R3
01-2-3i1001 0 add 3(R2) to R4
0-3-8-10/-1 0 0 1




swap R3 with R4 then,
add -7(R3) to R4

multiply R4 by -1/24 then,
add -5(R4) to R3

add 3(R4) to R2

add -4(R4) to R1

add 2(R3) to R2
add -4(R3) to R1

add -1(R2) to R1

1
4. (15 pts.)‘ Solve the previous matrix for x, y, and z using A™ .

Theorem 1.6.2 “If A is an invertible n x n matrix, then for each n x n matrix b, the
system of equations Ax = b has exactly one solution, namely, x =A™ b.”

1144 1000
012310010
00711 ]-11-20

(001 5 [4301

71 144|100 0)

0 1-23/0 010
0 015/|-43 01
0 0 0-24| 27202 -7

g _/

(11 4 0]112-1083 -13 -7/6
01 2 0|273 52 5/4 78
00 1 0|138 -7/6 -5/12-11/24
00 01| -98 56 1/12 7724

\ _/

100l 43 a3 213)
010 0] -1/8 1/6 5121724
001 0] 138 -7/6 5/4 -11/24

000 1|-98 56 112 724)
100 0| -8 76 1112 1712
010 0|-18 U6 512 12
001 0] 13/8-76 5/4 -1172
000 1| -98 56 112 77

I AT
Solution:
78 76 11/12 1724 3

18 1/6 5/12 1124 5
13/8 -7/6 5/4 -11/24 4
9/8 5/6 1/12 714 3

AT b =

#

£
o

N < ¢
oy
N‘Lu



5. (15 pts.) If A and B are both invertible, symmetric matrices, and k is some
nonzero constant, is C an invertible, symmetric matrix? T
Explain your reasoning. C={[kkA+B?]™"} }

Answer : Yes
Solution:

a) A nonzero constant k times an invertible, symmetric matrix A results
in an invertible, symmetric matrix. Theorem 1.7.2

b) Two invertible, symmetric matrices added togethezrTesult in a A\ J)Vk( v
invertible, symmetric matrix. Theorem 1.7.2 ,..\

¢) If a matrix A is invertible and symmetric then it’s inverse is also S; X ("3’
invertible and symmetric. Theorem 1.4.10 and 1.7.4

d) If A is an invertible, symmetric matrix, then it’s transpose is also - D)
invertible and symmetric. Theorem 1.4.10 and 1.7.2

6. (15pts.) Giventhat Aisannxnmatrixand B=A +ATandC=A - AT, prove
that B is symmetric and C is skew symmetric. Hint: that means that B=B" and C = -
cT

Solution: BT=(A+AT)T=AT+(AT%T=AT+A=B
C'=(A-ADT=AT-(AN'=AT-A=-(A-AT)=-C

7. (10 pts.) Is it possible to have AB =1 if B # A™'? Justify your answer.

Answer: Yes
Solution:

IfA= [100 and B= 1 0
010 0 1
97 67

ThenAB=Iand B# A"

8. (20 pts.) Find the inverse of matrix A using its adjoint.

A=(5 3 -1
2 1 -4
1 2 -6

Solution:
1 adj(A)
AT'= det(A)



det(A) : 5(-6 - -8) = 3(12 - -4) + -1(-4 - 1) =-33
Cofactors for adj(A)

Co=(C-D+""Mu=(1)[6--8]=2
Ce= (-1)1+2M12 = (—1)[-12 - -4] =8
Cu= (-1)l+3M13= (1)[-4 - 1] =-5
Car = (-1)2'Ma= (-1)[18 - -2] =-22
Cz = (-1)%*Maz= (1)[30 - -1] = 31
Cxn (-1)2+3M23= (-1)[10 - 3] =-7
Car = (-1+'Msi= (D[-12 - -1] =-11
Caz= (-1 M= (-1)[-20 - 2] = 22
Cs= (-1)3+3M32= (1)[5 - -6] =11

I

Cofactor Matrix
2 8 -5 2 22 -11
-22 31 -7 adj(A) = [Cofactor Matrix]" = | 8 31 22
-11 22 11 507 11

-2/33  22/33 11/33
A™ = |-8/33 -31/33 -22/33 |
5/33  7/33  -11/33

9. (5 pts.) What is the determinant of the following lower triangular matrix A.

A

W~ wn N
(% I SN R ]
A= OO
NO OO

Solution:

The determinant of a triangular matrix is the product of the diagonal.

det(A)=(2x9x1x2)=36 7

Z
10. ( 10 pts.) a) Find the determinant for matrices A and C by inspection.

Solutions:
2 0 00
A 01 00 det(A)=2
0 010 Elementary matrix —row 1 x k
0 0 0 1



