Splines
Spline: Continuity at knots
So(to) = yo
So(t1) = Si(t1) =

S1(t2) = S2(t2) = yo

Sn—Z(tn—l) = Snfl(tnfl) = Yn-1

Snfl(tn) = Yn

14+2(n—-1)+1=2n

Continuity for derivatives:

So(t1) = Si(t1) So (t1) = St (t1)

So(t2) = S5(t1) 57 (t2) = S5 (t2)

Z—2(tn71) = S;L—l(tnfl) Sg—z(tnfl) = Sx—l(tnfl)

n—1 n—1

Total 4n — 2 conditions:
still have two degrees of freedom

Determination of spline functions
SZ(Z‘) =a; + bjx + Ci1‘2 + di1’3, xr € [ti,ti+1]

S!(z) = 2¢; + 6d;z (LINEAR)

Let
Si(t:) = M unknowns
Si'(tiv1) = Min
then
tiz1 — T T —t;
S"(z) = M, [ 2L — 2 M e
i (@) ’ (ti+1 —ti M tit1 —t

Integrate twice and fix constants of integration using S;(t;) = y;, Si(tir1) =
Yit1:
Mi (tins = @)* | Migs (2 = )

Siz) =
@) 6 tiv1—1t; 6 tiy1 — 1




6yit1 — Mi1(tiv1 — t;)? (

- 6(tiv1 —ts) 2
6y; — M;(tip1 —t;)?
t, —
6(tiv1 — ti) (tisr — )

Thus if M;, M; 1 are determined, we have S;(z).

Determination of M;’s
Use continuity of derivative of spline function to find M;’s
(continuity of second derivative already assumed)

Sz{fl(ti) = S:(tz), 1= 1,2, vy U — 1

Since
M; (tiy1 —2)* M, —t;)?
S{(:L’) __Z( it1—T) + it1 (T i)
2ty — 2ty —t
+6yi+1 — My (tivr — ;)2
6(ti+1 — ti)
by — Mi(tiva — t;)?
6(ti+1 — ti)
50 t t t t
Sl(t) = it Tlig livl T lig . Yi+1 — Yi
z( Z) 3 % 6 i+1 + ti+1 —t;
ti —ti 1 ti —ti—1 Yi —Yi-1
! t:) = 24— M. i "= M
171(7/) 6 i-1t 3 Z+ti_ti—1
Determination of M;’s (cont’d)
Sofori=1,2,...n—1:
ti—ti_ tig1 — ti_ tig1 —t;
i 61 1Mi—1+ l+13 i 1Mi+ z+16 lMi—i—l

_Yi+1 — Y Yi—Yi-1
tiv1 —t;  ti—ti

Get n — 1 equations with n + 1 unknowns.
Need end conditions:

natural clamped specified
My=0 | S'(to) = f'(to) | Mo = f"(to)
My, =0 | S'(tp) = f'(tn) | My=f"(tn)

Note. other end conditions possible:
e.g. not-a-knot condition

Tridiagonal systems from spline functions



For natural splines get a symmetric, diagonally dominant tridiagonal system:

M1 U1
M2 (%)
A . — -
My 1 Un—1
where )
(5% Ehl
1 1
ghl U2 §h2
A= :
1 1
ghn—3 Un—2 ghn—Q

1
ghn—Q Un—1

hi = tigr —ti, u; = g(ti+1 —ti—1)

bi = (Yiv1 —yi)/hi, vi=Db;—bi

Natural Cubic Spline

|15 | 2| 3 | 5
| 0.67 | 0.5 [ 0.33 | 0.2857

1
fl)]1
With My = My =0,

0.3333  0.083330 My 0.3200
( 0.08333 0.5 0.1667 ) l Mo ] = l 0.1700 ]
0.1667 1 M3 0.1479
M, =0.9238, M, = 0.1448, Ms = 0.1237

In [0,1.5],
S(z) = 1.429 4+ 0.1868 2 — 0.9238 22 + 0.3079 2

In [1.5,2],
t; =1.5,t;41 = 2,y; = 0.67,yi+1 = 0.5,
M; = 0.9238, M;4+1 = 0.1448

S(z) = 3.345 — 3.645 7 + 1.630 2% — 0.2597 2

In [2,3],
S(z) = 1.295 — 0.5706 = 4+ 0.09347 z* — 0.003513 z*

In [3,3.5],
S(x) = 1.479 — 0.7541 = 4 0.1546 2> — 0.01031 2>



