Intermediate Value Theorem:

If f(x) is continuous for a < x < b, and if f(a) < T < f(b),
then there is at least one number ¢ between a and b
Y where f(c) =T.
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Proof:
Let S be the set of ®’s in [a, b] having f(x) < T.

Let ¢ be its least upper bound.

To show that f(c) = T, both f(¢) < I and f(c) > T will be

eliminated by contradictions in the following:



Suppose that

)
f (c) were less than I. Cy=flo E__ ______
Let € equal T' — f(c), K
which would be > 0.
c— 90 c -C-j"‘s— ;

Continuity of f at * = ¢ would require that there be a & > 0 such

that ¢ < & < ¢+ 8 would imply that |f(x) — f(c)| < T — f(e),
that  f(x) — f(c) <T — f(c).
that f(x) < T,

that a belongs to the set S, so that & < c.

(A Contradiction)



Suppose that y = f(c)

-------------- -t-t-t-—q*--------------
f(c) were greater than I'. ) o=
Let € be f(c) — T, v=" }
which would now be > 0. P ! clo

Continuity of f at * = ¢ would require that there be a & > 0 such
that c — & < & < ¢ would imply that | f(x) — f(c)| < f(c) —T,
—(f(e) =T) < f(z) — f(o),
I'— f(c) < f(z) — f(o),
and that r < f(x).
None of these &’s belong to S. Thus ¢ — 9 is an upper bound,
and c is not the least upper bound of S. (Another Contradiction)



Intermediate Value Theorem:

If f(x) is continuous for a < x < b, and if f(a) < T < f(b),
then there is at least one number ¢ between a and b
where f(c) =T.

1Y
Example: f(x) = x>
f(1)=1,f(2):4 3 o—
1<3<4
There is a number c satisfying 51
fle) =3
c* =3

c=+3

Thus \/§ exists as a real number.




A function is said to be increasing
if f(a) < f(b) for all a and b in its domain satisfying a < b.

This implies for any ¢ and d that
f(c) < f(d) ife<d,

because f is increasing,

f(e) > f(d) ifc>d,

also because f is increasing, and

fle)=r(d) ifc=d,

because f is a function.



Since we have for any c and d that
flc) < f(d) ife<d,
f(e) > f(d) ifc>d,
f(e)=f(d) ifc=d,

to have f(c) = f(d) would require

that neither f(c) < f(d)
nor f(c) > f(d) could be true;

that neither ¢ < d

nor ¢ > d could be true;

but that ¢ must equal d.



For any increasing function f,

f(c) = f(d) happens if, and only if, c = d.
Any increasing function f is one-to-one:
For each y in the range of f,

there is a unique x in the domain of f

such that y = f(x).

Define f~!(y) to be this .



For each y in the range of f,
there is a unique @« in the domain of f
such that y = f(x).
Define f~!(y) to be this .

Clearly, f~'(f(x)) equals =
because £1(f(x)) = £ (y) = .

and f(f_l(y)) equals vy

because f(f_l(y)) = f(f_l(f(a:)))
= f(z) = v.

The inverse function of f is the function f1.

The inverse function of f~! is the function f.






Since f is increasing, we have for any c and d in the domain
of f that

fleo) < f(d) ifc<d,
f(c) > f(d) ifc>d,
fle)=f(d) ifc=d,

to have f(c) < f(d) would require

that neither f(c) = f(d)
nor f(c) > f(d) could be true;

that neither ¢ = d

nor ¢ > d could be true;

but that ¢ must be less than d.



For any increasing function f,
f(c) < f(d) happens if, and only if, ¢ < d.

For any a and b in the domain of f!:
a<b
is equivalent to f(f_l(a)) < f(f_l(b))
and f~'(a) < f7(b),

so that the inverse function f~! is also increasing.

Therefore:
Any increasing function f has an inverse function f!

which is also increasing.



Theorem: If f(x) is defined, increasing and continuous
for all £ on an interval a < x < b,
then the inverse function f~1, defined above,
is also increasing and continuous.

Moreover, f~! has f(a) < y < f(b) as its domain,

and f~! has a < = < b as its range.
Proof: Obviously, f_l( f (a,)) equals a and f‘l( f (b)) equals b.

For any y between f(a) and f(b), fla) <y < f(b)
the Intermediate Value Theorem assures the existence
of at least one ¢ between a and b a<c<b

for which f(c) equals this y.



Since f is increasing, and thus one-to-one,
there can be only one such ¢ where f(c) = v,

and f~!(y) equals this c.

So far, we have a<c =fy) < b
and  f(a) <y = f(c) <f(b).

To show the continuity of f~! at y = f(c),
consider WOLG any positive € smaller than both ¢ — a and
b — c.



To show the continuity of f~! at y = f(c),
consider WOLG any positive € smaller than both ¢ — a and

b — c.
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Br == ——m e — g -
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It would be sufficient to let 0 be any positive number
at least as small as the smaller of

f(c) = f(c—€) and f(c+€) — f(c), ie.

5 < min (f(c) — f(c — &), f(e+€) — £())-



To show the continuity of f~! at y = f(a) consider WOLG

any positive € smaller than b — a.

Yy

f(a) f(a+e f(b)

It would be sufficient to let 6 be any positive number
at least as small as f(a + €) — f(a).



To show the continuity of f~! at y = f(b) consider WOLG

any positive € smaller than b — a.
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It would be sufficient to let 0 be any positive number
at least as small as f(b) — f(b — €).



Theorem:
If f(x) is defined, increasing and continuous
for all x on an interval,
then the inverse function f~!, defined above,
is also increasing and continuous.
The domain of £~ is the range of f.
The range of f! is the domain of f.



Theorem:
If f(x) is defined, decreasing and continuous
for all x on an interval,
then the inverse function f~!, defined above,
is also decreasing and continuous.
The domain of f~! is the range of f.
The range of f! is the domain of f.



A vertical line tangent to the graph of f will correspond to a

horizontal tangent for f—!:




A diagonal tangent line for one graph will become a diagonal

tangent line for the other graph, but with a reciprocal slope:



Theorem: With y = f(x), if f'(x) exists and is nonzero,
then ( f_l)’(y) exists and equals the reciprocal of f'(x).

Proof:
P =) (W) — (@)
vy vV— Y U= f(u) — f(x)
. U — & — Lim 1
= f(u) — f(x) = M F ) - F@)
B 1 1 )
T W@ T F

u—T uUu—



Theorem: With y = f(x), if f'(x) exists and is nonzero,
then ( f_l)’(y) exists and equals the reciprocal of f'(x).

Proof, using f(u) — f(z) = (f'(x) + o(1))(u — ) :

W f@

F/() + o(1)
R
ORFR R )10(1)< —y)
) = 170 = (G + o)) 0 - 9



Theorem: With y = f(x), if f'(x) exists and is nonzero,
then (f_l),(y) exists and equals the reciprocal of f'(x).

This can be interpreted notationally as:

oy _de 111
P =4 =4 = 5w = 7w)
dx
Example:

1 , 1 1_4 ’U;%_l ’U,l_Tn
flu) = u, fay=>"wt =" =%
—1 . n —1\/ — 1 — 1

)=y () () PO (i)
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Example:

y = f(x)

\

w?
ifo <z <1

xr+ 1,
ifl <ax <2

undefined,
if2<x<3

CB?
if3<z<4




2

\

= ' (y)

Y,
ifo<y<1

undefined,
ifl<y<2

y_la
Hf2<y<3

Y,
if3 <y<4




Example: For any positive integer n, and positive 2n + 1:

y:f(x):w2"+1for —ox << oo

d
— f(x) = (2n + 1)
dx
1
r=f'y) =yt 1lfor —oco<y< o
d ., de 1 1 L
dy dy ﬁ 2n 4+ 1)x?» 2n+1
1 —2n ( —2n ) 1 ;
<y2n—|—1> Y 2n + 1 y(2n—|—1_ )
- 2n + 1 - 2n4+1 2n + 1

for —co<y<0, 0<y< oo (y # 0)









Example: y = f(z) =z for0 <z < oo
d
&Y _ f'(z) = 2nx® 1
dx
( 1 )
—1 2n
z=f"(y) =y for 0 < y < oo
d dx 1 1 xl—2n
_f_l(y):—:d—: 2_1:
dy d ﬁ 2nx<n 2n
1 —2n
(2—> 12 (1 _ 2n)
Y n
B B Y 2n B 1
B 21 B 21 21

for 0 < y < oc.






Example:
y:f(w):,’L‘szPOSw<oo

d
y — f,(w) — 233 fOI'

dx
v=f"'(y) = Vyfor0<y < oo
d 1 dx 1 1
d_yf (y)_d_y_%—g
B 1
2\/y

for 0 < y < oo.






r=f"'y)=+vy for0<y < oo




Example:

y=f(x) =3x—2for —o0o < ax < o0

d
—y:f'(a:):3for—oo<a:<oo
dx
y = f(x) = 3= — 2,
y + 2 = 3z,
2
m:f_l(y):yj; for — oo <y < o
d | dx 1 1
d_yf (y)—d—y—%—g-



= f(x) =3z — 2




Example:

:f(:c):wz—l—Zac—lfor —1<x< o0

J
d
d_y:f’(a:):2a:—|—2for —1<2 < oo

xXr

r=f1'(y)=—-1+Vy+2for —2<y < oo
dx 1 1

) == =
dy y_dy_%_2m+2

1 1

T 2(—14+VyF2)+2 —2+2/yt24+2
1

p— fOI'—2<y<OO'
2/y + 2







Example:
y:f(w):m2+2w—1for —oo<xz< —1
d
_y:f,(w)=2m+2
dx

CE:f_l(y):_l_\/yﬁfor —2<y < oo

Ly =L 1
dy y—dy_g—g_Zw—Fz
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B for —2 <y < oc.
2y +2







