Handy Tests for Convergence of a Non-Negative Series Z a,
based on Comparisons with Geometric Series Z C":

The Root Test, for Nonnegative Series:

If lim /a,, =L <1, then a,
n=ny

If lim {/a,=L>1, then ) an,

n—aoo

The Ratio Test, for Positive Series:

a, >
+1:L<1, then Zan

n=ny

If Iim
n—oo ., e
If lim Ontl _ L >1 then i a
n—oo q, ? e n

1
(Whenever L equals 1, we compare with Z s etc., instead.>
T

converges.

diverges.

converges.

diverges.



Example:

3k
To test the convergence of :
5 T
using the ratio test,
3k+1 Sk—l—l
ag+1 _ (k+1)4" —1 3k 3
aig - 3k - A4 — 1 , 4
kdak — 1 (k + 1)4*
k 1

(if we apply L’Hospital’s Rule to the logarithm)

<1,



For the Root Test, we shall often use:

Inn
Since lim — =0, lim v/n =1, vn ~ 1
n—oo 1 n— 00
In (Inn
Since lim n (In ):O, lim vVinn =1, vVinn~1
n— 00 n n— 00
In (In (Inn
Since lim (In (Inn)) = 0, WIn(Inn) ~ 1
n— 00 n

etc.

Root Test for Convergence of Z L™ n? (Inn)? (In(Inn))":

n=ny

VI* nP (Inn)?4 (In(lnn))"~ L-17.19.1" = L,

which implies convergence for the series if L < 1

and divergence for the series if L > 1.
(The Root Test implies nothing if L = 1.)



For the Root Test, we can use Stirling’s Approximation:

n!' ~ V2 n" e "

(an)! ~ V2mwan (an)* e "
. B aana an
v (an)! ~ V2mwan (an)® e % ~ Vv (an)! ~
e’ e

a

Example:
=, (an)!
Root Test verifying convergence of Z ((bn;" if a < b:
n=ny )
a’n®
n (an)! N ed - aa ’n,a_b
(bn)!  bPn®  bbea-b "’
eb

which approaches 0, and is < 1, as n approaches oco.



For the Ratio Test, we shall often use:
n+1 In (n 4+ 1) In(In(n+1))
~ 1 ~ 1| and ~ 1

n In n In (In n)

Ratio Test for Convergence of Z L™ n? (Inn)? (In(Inn))":

D71 (n 4 1)7 (i (n +1)7 (1 (In (n £ 1))
L™ n? (Inn)? (In(Inn))"
L /n P/In (n 7/In (In (n "
N <+1><(+1))(((+))> ~ L,

L™ n Inn In (Inn)

which implies convergence for the series if L < 1
and divergence for the series if L > 1.
(The Ratio Test implies nothing if L = 1.)



With factorials, most people know only about the Ratio Test,
n—+1)! n + 2)!
(n+1) + 1; (n +2) = (n+4+ 2)(n+ 1); etc.

with = n ;
n! n!
1\3
Example: Ratio Test for Convergence of Z () :
3 (3”)'
(n+1)1)
(3(n+1))! ((n—l— 1)!)3 (3n)!
(n!)® n! (3n 4 3)!
(3n)! (n + 1)3 n3 _i< )
(3n)3 27

~ (3n+1)(3n + 2)(3n + 3)

| /)P Y@ (‘) 1
Root Test: (3n)! \/m 3353 o7 < 1.

63




More General Tests for Convergence of Non-Negative Series

a
Which Depend on Inequalities, not Limits, for /a,, and nl
An

Another Root Test, for Nonnegative Series:

If Va, < M <1, for n > N, then Z a,, converges.

n=ny

If </a,, > 1, for n > N, then Z a,, diverges.

n=mny

Another Ratio Test, for Positive Series:

® @)
An
If < M <1, for n > N, then Z a,, converges.
An n=ny
an > .
If ! > 1, for n > N, then Z a,, diverges.
an

n=ny




oo
How the Root Tests Assure Convergence of Z a,:

n=ny

If /a, < M <1, for n > N,

(which would be true if lim /a, = Land if L < M < 1)

n—aoo

then we would have a,, < M",

and Z a, < Z M?", which would converge.

n=ny n=ny



oo
How the Root Tests Assure Divergence of Z Q,:
n=ny

If Va, > 1, for n > N,

(which would be true if lim /a, = L > 1)

n—aoo

then we would have a,, > 1,

a,, would not converge to 0,

oo
and Z a,, could not possibly converge.

n=ny



oo
How the Ratio Tests Assure Convergence of Z Q,:

n=ny

An+1
< M<1, forn > N,

If

an
an—l—l

(which would be true if lim =Landif L < M < 1)

n—oo @,

then we would have a,,,1 < a,M, for n > N,

aAN+1 S (LNM,

2
any2 < anpiM < anM?~,

3
any3 < ant2M < anM”,
antr < anyr—1 M < anM",

iaNM'r = aNiM'r < oQ.
r=0 r=0

IA

00 00
5 a, — 5 AN 4p
r=0

n=N



o @)
How the Ratio Tests Assure Divergence of Z Q,:

n=ny

an
I —2*t

> 1, forn > N,
An

. P An+1
(which would be true if lim

n—oo .,

=L >1)

then we would have a,,.1 > a,, for n > N,

The sequence of a,, would be positive and nondecreasing

It would not converge to zero.
oo

The series E a,, would not converge.

n=ny



How the Ratio Test Relates > - . @n to Geometric Series.

n=—mn
. Qpi1 .
If lim — L,andif m< L < M
n—oo .,
An+1
then, for all n > some ny, we have m < < M,
An
a
m < no+1 < M,
Qn,
a
m < no+2 < M,
a”I’Lo—I—]_
a
m < —" < M.
ang—l—'r—l
a a a
Multiply these to get m" < motlTmot2 | Tmodr MT,
ano a”l’b()—l—]_ ano—l—r—l
m" < Orotr < Mra

An,



oo
How the Ratio Test Relates Z a,, to Geometric Series.

n=ny

An
+1:L,andif m< L <M

If lim

n—oo @,

A+
for some ng, all » > 0, we have m” < ——— < M",
An

0

r r
an,m < Qpotr < ap,M",

d n—m n—m
for all n > this ny, a,m "< a, <a, M,

a/no a’n(]

mt< a, < M™,
mno Mo

a © @) oo a oo
Ny N
E m" < E a, < E M™

m™o "o

n=ny n=mny n=—mny

> a, is smaller than any geometric series larger than )~ L.

> a, is larger than any geometric series smaller than ) L".



oo
How the Root Test Relates Z a,, to (Geometric Series.

n=ny

If lim a, = L,andif m< L <M

n—aoeo

then, for all n > some ny, we have m < /a, < M,
m'< a, <M",

Zm"<2an< ZM",

n=ny n=ny n=ny

> a, is smaller than any geometric series larger than ) L".

> a, is larger than any geometric series smaller than )~ L™.

> ay is closer to > L™ than any other geometric series.



The limit L = lim +/a,, of the Root Test

n—oo
is equal to the least upper bound
a
of the numbers m which satisfy lim — = oo.
n—oo "

The limit L = lim {/a,, is also equal to the greatest lower
n—oo
a
bound of the numbers M which satisfy lim — = 0,
n—oo V™

This makes the limit L = lim +/a,, also equal to the limit

a n—oo
. n—+1
L = lim

n—oo .,

of the Ratio Test,

whenever both tests can be performed on the same series Z a,,.

What the Root and Ratio Tests accomplish
is to find the geometric series Z L" closest to the series Z Q.



Warning!
If you are confusing the words “sequence” and ‘“series”,

or if you are confusing any of the following sequences:
ag, the terms being added, which should — 0,

Sp = Z a, the partial sums, which should — Z ay,
k=c k=c

a
k+1, used in the ratio test, which approach a limit L,

ag
\/a,, used in the root test, which approach the same L,

y
time,

then you need to be devoting much more ¢ effort,

and thought

\
to this course right now, not later.

“Mene mene tekel upharsin!”



