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Abstract

The wave motion of magnetohydrodynamic (MHD) systems can be quite complicated. In
order to study the motion of waves in a perfectly conducting fluid under the influence of an
external magnetic field in a stratified medium, we make the simplifying assumption that the
pressure is constant (to first order). This is the simplest form of the equations with variable
coefficients and is not strongly propagative. Alfven waves are still present, The system
is further simplified by assuming that the external field is parallel to the boundary. The
Green's function for the operator is constructed and then the spectral family is constructed
in terms of generalized eigenfunctions, giving four families of propagating waves, including
waves “trapped” in the boundary layer. These trapped waves are interesting, since they arg
not the relics of surface waves, which do not exist in this context when the boundary layer
shrinks to zero thickness no matter what (maximal energy preserving) boundary condition
is chosen, We conjecture a similar structure for the full MHD problem.

0. Introduction

This paper continues our study [8] of linearized equations of magnetohydrodynamics
in the setting of a medium filling a half-space with the presence of a slab or layer of
“different” media near the boundary. This is what is meant by a “boundary layer”
in our discussion. This systém arises when the interest is in small deviations from
an equilibrium state. The pressure is assumed to be constant to first order; this is
the classical “cold plasma” condition. Many examples of systems behaving as cold
plasmas exist including interstellar clouds and portions of planetary atmospheres. The
type of “two fluid” or stratified media system treated here is a simplified version of

In our study, we consider a stratified or layered medium as the given fixed geometry
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196 William V. Smith 2]

and derive consequences from this assumption. This may be thought of as a local
treatment of a different geometry (spherical, etc.). See [4] to see how the kind of
simple geometry we consider here can be related to much more general situations.

The main result of the paper may be seen as conditions for the existence of trapped
waves in the layer (this happens when the phase speed of the layer is less than
that of the adjoining media—see the text following (2.5) for the definition of phase
speed) with their attendant structure, although no surface waves exist at the boundary.
Theorem 5.14 gives the result that, for initial data which can propagate, the solution is
delivered in orthogonal parts consisting of waves trapped in the layer, magnetosonic
waves and Alfven waves. One interesting result of this analysis is that the explicit
formulation allows us to see in advance how to or not to “launch” waves of a particular
sort by choosing the “right” initial data (see remarks below Lemma 5.5). Such
information can be useful in understanding or maintaining stability. Theorems 5.6
and 5.14 contain the/ technically accurate statements of these results.

The results given here do not stand in isolation. We believe that the techniques
developed here are extendible in a rigorous way to systems of greater complexity. The
next step would be to drop the cold plasma condition. A more elementary treatment
is possible for a system of the type considered here, but this is much less helpful in
determining what happens in the case where the pressure is not assumed constant. For
a system related to our problem see [5, p. 256ff].

Our study depends explicitly on the spectral theory of operators in Hilbert space,
but we have tried to keep some of the technical analysis in the background so that
technical requirements do not obscure the treatment. Two appendices contain most
of the proofs of theorems and other technical details. Formulae in Appendix I are
identified with a prefix A as (A1.1). We acknowledge here the helpful remarks of the
referees.

Part I of this paper [8] established some necessary facts about the system such as
a characterization of data which propagates and it introduced some methods useful
for wave motion problems posed in a stratified medium. The results from part I
which are referenced in this paper will be reviewed very briefly below. In order to
make reference easier for the reader, equations, theorems and definitions, efc. will be
numbered as a continuation of part I. Hence the next section below will be numbered
as Section 4 and formulae having number smaller than (4.1) are from part I and have
the numbering given there to make it simple for the reader to reference part I.

This work is based on [6] where a problem is treated involving one plane boundary.

While it seems to be true that “mixed” problems in exterior domains are relatively
well understood, less seems to be known in cases like the one studied here where the
boundary is unbounded. Again, in the present work, the geometry consists of a plane
boundary with a slab-like layer next to it with a half-space on the other side of the
layer.

Al

<



[3] Eigenfunction expansions 197

We will now review as briefly as possible some items of notation and some formulae
from part I which are used in this paper.
. The hyperbolic part of the linearized equations of MHD with the assumption of
constant pressure can be written as [6]

0

: M—E=V-X(VXH0),

¢ ot 0.1
3y 0.1)
pa=(VXH)XHO

The vector quantities v, H and Hy are the fluid velocity, magnetic field, and external
(applied) magnetic field respectively. Normally the condition div(H) = 0 would be
added, but in fact this condition is contained in (0.1) in the sense that data which
propagates essentially satisfies this condition. More details are found in [8] where we
also consider various cases for the external field.

Here our results will focus on the case where Hy is constant and parallel to the
boundary, specifically, Hy will be the vector (hy, ha, hs) with the choice i; = h; = 0,
h, = 1. In this case the choice of boundary conditions which are (maximal) energy
conserving is more limited than in other cases [8].

In the above equations, V = (3/dx,, 3/3x,, 3/0x3). The fluid is assumed to
fill a half-space written as R, = {x € R* : x3 > —a}, 0 < a < oo, where
the boundary {x; = —a} is energy preserving [8] while the density and magnetic
permeability are given by p, po and u, i in the layer R* x (—a, 0) and the half space
R:P={xe R?: x3 > 0} respectively. To formulate this problem, let E, and E denote
the 6 x 6 matrices

Eo = diag (polsxs, molsxs) and E = diag(plays, tlzx3) 0.2)

and define E(x) = x4 (x3)Eo + x_(x3)E, where x, and x_ are the characteristic
functions of R, = {x : x > 0} and (—a, O) respectively. Let A(D), D; = —id/dx;,
j =1,2,3(i = +/—1), be the 6 x 6 matrix differential operator

A(D) =) A;D;.
j

Our treatment differs from many formulations since we prefer to write (0.1) in matrix
form rather than in a Lagrangian form. We write (0.1) in terms of the matrices A; as

3
ou - ou
E-a-; = A; Py (0.3)
j=1 J
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The matrices A; are given by

(0 0 0 0 —h2 —hg—
1o 0o 00 n o
0 0 00 0 &
Ai=lo 000 0 of ™ 09
—hy By 0 0 0 O
| —hs 0 b, 0 0O O
0 0 0 h O 07
0 0 0 "—hl 0 ’-‘]7,3
0O 0 0 0 0 #h
A=l _m 0 0 0 0 ©.5)
0O 0 0 0 0 O
|0 —hs h, O 0 O |

As already mentioned, k, and h; are taken to be zero with A, = 1.

Formulae appearing below are numbered as they appear in Sections 2 and 3 of [8].
The linearized equations of constant pressure magnetohydrodynamics in the layered
half-space may now be written as

idu(x,t) = ET'(x)A(D)u(x, t) = A'(D)u(x, 1); ‘ 2.1)

where u(x, t) is the six-dimensional (column) vector (v, H), v is the fluid velocity and
H is the magnetic field vector.
We will write A’(D) as

A'(D) = x4 A°(D) + x-A(D) = x+ Eg'A(D) + x-E~'A(D). (2.1)

The problem now is to find a solution of (2.1) which is square-summable on R? | for
each ¢ and satisfies the initial and boundary conditions (see [8] for a-detailed discussion
of boundary conditions which conserve energy)

u(x, 0) = uo(x),
Bu(xy, xp, —a, t) =0, (2.3)
B =10,0,0,0,1,0],

for an external field (0, 1, 0). It means that the x, component of the magnetic field
must vanish at the boundary x; = —a. Another energy preserving boundary operator
in this case is given by 8, = [0, 0, 1, 0, 0, 0], which says that the vertical component
of velocity is zero at the boundary. We refer the reader to Theorems 1.4 and 3.7 of [8].

Let # be the space L,(R3?, C®), with the E inner product: (f, g)sr = {f, Eg)
({-, -) representing the usual L, inner product). % will denote the dual of the space
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S = S (R", C% of rapidly decreasing smooth functions on R", with values in CS,
The Fourier transform

@1 () = @0y [ exp(—ip - 0)f (1) dx
is an automorphism of . with inverse, ®}f (p) = ®,f (—p) which extends by
continuity to an automorphism of L,(R?, C%) and by duality to an automorphism
of &'. For any f in S# the quantity A(D)f € ', and an operator with domain
D(A) = {f € # : Af € s#) is selfadjoint with resolvent S(z) = (A — zI)™' given
by

S@)f (x) = /R S, y;2)f (v)dy.

Im(z) % 0 and S(x, y;z) = S(x — y;z) is the fundamental solutic;n
[A(D) —zI]1S(x;z) = 6(x)1, (2.11)
where I may be obtained from
S(32) = @m)POMA() —ZI17' @, (2.12)

Here we give some properties of A® and A. These will be stated for A. The
corresponding properties for A may be obtained by just affixing the index 0 to all
quantities containing the medium parameters. The transpose of a matrix M is denoted
by ‘M and the conjugate transpose by ‘M while the adjoint of an operator is denoted
by M*. The matrices E and E, generate equivalent inner products in C® by the rule
E(x,y) = Ex oy = 'xEy. In this inner product, the symbol A(p) of A(D) is given
by E7'A(p) with

0 0 0 py —p1 07

o o 0 o O O

1 0 0 O 0 —p3 p2
AP=| 0 0 o o ol 2.5)

-p1 0 —p3 O 0 0

L 0 0 p, O O O]

A(p) is symmetric. A(p) has the eigenvalues (p = (p1, p2, p3) not zero in R3)
Xo(p) = 0 with multiplicity two (the stationary speed),
A1 (p) = £po/(/p/1t) (Alfven speeds),

rir(p) = £|pl/(/P/ik) (magnetospeeds).
Let us define the phase speed ¢ by (\/p /1) = ¢
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The nonzero eigenvalues above each have multiplicity one for almost all p. Both
the Alfven speed and the magnetospeed may coincide for some p, hence this system
is not uniformly propagative. We see that it also fails to be strongly propagative
(for definitions of uniformly propagative and strongly propagative see [9, p. 327] and
[10, p. 36]), since A4, (p) may vanish for non-zero p. There exists a set of Lebesgue
measure zero, B, such that when p € R?\B, the eigenvalues Ao(p), Ar1(D), As2(p)
do not coincide [6]. We shall generally assume p € R*\B. Associated with each of
the eigenvalues are mutually orthogonal eigenprojectors Py; (p), Po(p) with respect
to the E inner product. They generate the resolution of the identity for A (p):

I = Py(p) + Py(p) + P-1(p) + Po(p) + Pa(p), (2.6)
Alp) =M@P)Pi(p) + A(P)P-1(p) + AP)P(p) + A2 (p) Po(p).
The Py;(p) satisfy the identities _
(EPy)=EPy, 8iPi=PP, AP@)Py{p)=2xr;@)Psp). 27)

The functions P will be needed explicitly. It is helpful to write “z” in place of
+A; = Aq; as appropriate. Let the notation |p|? represent p? + pZ 4 p2 and |p|] stand
for p? + p3. Then

1
Piy(p) = 737 X (2.8)
’ 2ulplilpl
ppllpl? 0 ppipslpl? wPpipaz —uPpilpliz wPpipapsz]
0 0 0 0 0 0
ppipslp? 0 ppllpl?  wlpipapsz —uPpslpliz pPpapiz
ppipapz O ppipapspz  ppips —upipalpli - wpipips |’
—upilpl3pz O —ppslplipz —upipalpli  wlpli  —ppapslpl}
Lupipapspz 0 ppapipz ppipips —ppapslpll ppipi
ppy 0 —pipaps ppiz 0 —pupipsz]
0 0 0 0 0 0
1 —pip2ps 0 pip: —up1psz 0 upiz
P. =—7 ! ! , (2.9)
w1:(p) 2palp? | pipz O —pipspz pap; O —pipaps
0 0 0 0 0 0
| —pipspz 0 plpz  —pipaps O pipa
0 0 0 0 0 0
0 lp2P 0 0 0 O
10 o o 0 O O
Po(p) = — . (2.10
o) pP |0 0 0 p} pip2 pips )
0 0 0 pipo p3 paps
10 0 O pips paps P% .
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[A(-) — zI17! may be determined by the spectral theorem from

[A@) =217 =) [Auk(p) — 27 Pua(p). (2.13)

To proceed, we need explicit formulae for S(-;z) on hyperplanes orthogonal to
the x5 axis. To get these formulae, write p = (£, 7), & € R?, and extend Ay (p) to
complex 7 by the requirement &= Re A,(p) > O upon replacing p by (§, ) where
T = 7 4 ik, Then Ay (p) becomes Ay, (€, T) with Py (§, 7) satisfying

AE, T) P (&, 7) = (€, T) P (€, 7).
For £ not zero define
T 0 =" (2 - 7)), (2.14)

where & Im 7., > 0 in the z-plane with branch cuts (—00, —c|§]), (c|§[, 00). Note
that Ay (€, T) is a constant function of T. Observe that

T42(€, 2) = —12(, 2), Ta (§,7) = —1t2(§, 2). (2.15)

The matrix [A(£, T) — zJ]7! is regular in 7 except for poles in the upper (lower) half
plane at the zeroes of det[A (&, ) — z[], that is at 7. (t_), and in a neighborhood of
these poles

[AE 7)) — 2] =) &, ©) — 27 Pu§, D). (2.16)

If we now apply @, to both sides of (2.12), we obtain, in %, the relation
D, 8(E, X333 2) = (2m) Pe™ " f TN, T) — 2] dr. (2.17)
R

In order to simplify the notation in the evaluation of this integral, we shall from here
on employ the definitions t = 7, 1° = rﬂ. An elementary computation gives
D, 8(E, —a;y;z) = i@m) ¢ Pe VT T P(E, 7, — 1),
D,8(,0;y;2) = iQm) ' c2e M ™zt P(€, 2, —T), —a <y <0, (2.18)
CszO(t‘;‘-, O,y, Z) — i(zn)-—lC(J—Ze—i)"feito)’szto_‘ PO(‘;J_-, z, —TO), 0 < ys.
Here P (£, z, 7) is given explicitly by (2.8) (with p; replaced by 7). In actual fact, a
trivial delta function term must be added to these functions to acount for the pI'OJCCUOnS

P.;. See (5.29)—(5.31) below for this term.
P(&, z, T) is a solution of

AE, T)P(E,2,1) =2P(, 2, 7). (2.19)
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PO(£, z, %) is obtained from (2.8) by replacing p and c with p, and ¢, respectively.
It satisfies

A&, D)POE, 2, 7% = 2P°§, 2, 7°). (2.20)
The identities
(EP(6,%,7(5,2))) = EP(,2,~7(§,2)) and (2.21)
(EoP°(,7,7°(5,2))) = EoP°€, 2, —7°(&, 2)) (2:22)
hold. |

The following results, proved in part I, are needed here.

THEOREM 3.7. A'is a selfadjoint operator in & (¢ is the space L,(R? ,, C°) with
the E inner product).

The interface condition used in this paper is condition (3.6) from part I. It is given

by (Lf = I(f3a fS))
Lf (0,0=) = Lf (o, 0+), (3.6)

in the sense of H™"/2, Note that this can be seen as a consequence of assuming that
A is selfadjoint: '

0= (A'f,®)x — (f, A'P)r = i [{Asf (0,04) — Asf (0,0-)}), ¢ (o, 0)],
for f € D(A’) (the domain of A’), ¢ € 2(R?,, C®), and thus Asf (o,04) =

—a?

Asf (o,0—) in the sense of Sobolev space H™'/2, If f also is smooth (say, f € D(A?))
then (3.6) holds pointwise.

PROPOSITION 3.10. A function f = (f1, f2, f3, fa, f's, fe: f1) in X is orthogonal
in X to N(A') (the null space of A') if and only if

fa=0 and  div(fs, fs,fs) =0 inL,(R%, C%) and (3.7)
‘ , in L,(R? x (—a, 0), C%)
and
(Ef )6(x',0—) = (Ef )o(x', 04), (3.8)
(Ef )o(o, —a) =0, (3.9)
inH™1/2,

This gives us sufficient background to study the resolvent operator for A’,
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4. The resolvent of A’

The purpose of this section is to work out the detailed analytic structure of a certain

Green’s matrix, To be more specific, the problekrn of representing the solution of (2.1),
~ that is, (2.3), in terms of the various modes of propagation reduces, by the spectral

theorem, to representing the spectral family of A’ in terms of these modes. This in turn
reduces to finding a convenient form for the resolvent of A’. The method was used first
in a similar setting by Ikebe [3]. Explicitly, if u(x, ) is the solution of (2.1), that is,
(2.3) with initial value uo(x), then the solution u is delivered by a unitary group U(t)
in X, u(x,t) = U®)uo(x) (see Theorem 5.14 below). If Fy = F(—00, L) = F(A)
is the resolution of the identity for A’, then (F(A) is taken to be continuous)

Ut) = / exp(—ith) dF;. (4.1)
. R '

F, is obtained from G(z) = (A’ — zI)~! by Stone’s formula:

F(b)+ F(b=) F(a)+F(a—) _
2 2 -

See Theorem 5.6 for the complete structure in (4.2).

To carry out this program, it is necessary to express the limit of [G(A + ig) —
G(x — ig)] in terms of the modes of propagation in order to so express u(x, ). As
advertised, this is done by considering an appropriate representation of the resolvent
kernel, G(x, y;z):

b
——1—_ lim /[G()»-He)—G(x—ia)] dr. (4.2)
2mi €0 J,

G@)f (x) = / Gy 0f O dy. “3)

v R

This suggests that the columns of G(x, y;z) should satisfy the boundary condition
of (2.3) and also the interface condition (3.6) at x; = 0 (that is, we expect G(z)f to
belong to D(A')). Further, since A’ is selfadjoint in J¢, the identity G(z)* = G(Z)
must hold. Hence (G(2)f, g) = (f, G(z)*g) = (f. G(z)g) and therefore

f [ f (.G(x,y;z>f(y)dy]'E<x>g<x>dx= / () / E()G(x, y:2)g(x) dxdy.
It follows that
EX)G(x,y;2) = "G(x,y;Z)E(®y). 4.4)

The interpretation of G(x, y;z) as the stationary field at point x resulting from a
superposition of unit point sources with coefficients f (y), y in the support of f (y),
further suggests that G(x, y; z) be written in a form

G(x,y;2) = X+ (3)G(x,y;2) + x-(33) G(x, y: 2) 4.5)
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= G.(x,y;2) + G_(x,y;2).

G.(x,y;z)and G_(x, y; z) correspond to this field, respectively above and below the
plane x3 = 0. They each contain a term associated with the P..; projectors of the form
consisting of kernels generated by x_-®*(A+(p) — 2) " Pui(p)®x-, x+P*(\(p) —
2)7' P2, (p)®x. These Alfven wave terms are just delta function terms and the part of
the solution they generate is elementary (see [6]) and is given later (see (5.29)—(5.31)
below). The equation [A (D) — zI1S(x;z) = 8(x)I, and elementary physics, suggest
seeking G..(x, y; z) in the special form

Gi(x,y:2) = x+(13)G(x, y; 2) (4.6)

= x+ () {x+ x3)[S°x, ¥ 2) — RO(x, y32)] + X-(x3) T (%, ¥3 2)}
where $°(x, y;z) = 8°(x, —y; 2) is the fundamental solution for A°(D) which may be
pictured as incident radiation from the point source at y, while R°(x, y; z) represents

the field reflected from the interface and T'(x, y; z) the field transmitted through the
interface x3 = 0. They should satisfy the equations

[A°(D,) = 2I|R(x,y;2) =0,  x3,y3 € Ry,

[A(D,) —zI]T(x,y;2) =0,  ys € Ry, x3 € (—a,0), @7
the boundary condition
BT, —a,y,;z) =0 4.8)
and the interface condition
LS°(x', 0+, y;2) = LR°(x', 0+, y;2) + LT (x', 0~, y; 2). 4.9)

In (4.8) and henceforth, f (x’, —a) means f (x’, —a + 0). Taking the Fourier
transform on the tangential variables x', conditions (4.7)—(4.9) become

[A°E, Dy,) — 2l [ ®2R(€, X3, y;2) =0, x3,¥3 € Ry, (4.10)

[AE, Dy,) — 2@, T (€, x3, y;2) =0, y3 € Ry, x3 € (—a,0), (4.11)
BO,T(E, —a,y;z) =0, 4.12)

L®,S°(E, 0+, y;2) = LO&,RO(E, 04, y;2) + LD, T(E, 0—, y; 2). 4.13)

Equations (4.10)—(4.12) are satisfied by

q)ZRO(Ss X3, ys Z) = (X(E, ys z)eirox:; PO(E’ Z, 7:0) CO(Es Z)s
O, T, x3,¥52) = a(E, y, 2)coc> {e "SI P(E, 2, —7)
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— "t Pp(E 7, 1) 0,) D'(§;2), 4.14)
O, T, x3,y;2) = a€, ¥, 2)coc > Q(t(x3 + a)) P(§, 2, —1)D'(§; 2).

Q, is the matrix diag(1,A,—1,1,1,~1) and «(,y, z) is a function chosen to
simplify the computations needed later, a(§,y,z) = i(2w) '¢; 2g-iy5+T 7707
O(¢) is the matrix diag(—s(¢), A, (@), —s(p), —s(¢), c(p)), with s(¢) = 2i sin(¢),
c(¢) = 2cos(¢). The matrices C°(§, z) and D'(&;z) will now be chosen to satisfy
(4.13). The matrix Q, has the property (A is arbitrary)

Q.P,z,—1) = P(§,2,7) Q. (4.15)

This ensures that condition (4.12) is satisfied. It remains to choose the matrices C°
and D' to satisfy condition (4.13). (4.13) now becomes

LP°(&, z,°) = LP°(€, 2, T C°(&, 2)+ c2c L Q(at) P (¢, 2,—T) D' (§;2). (4.16)
There are diagonal matrix solutions to this equation of the form
C°(&, z) = diag(ky, A, ks, kq, ks, ks) and D'(§;z) = diag(dy, A, ds, dy, ds, de)-

Each of the entries &y, ... , ks, dy, . . . , dg are functions of & and z; their full form is
given in Appendix IL '

At this point, we are mainly interested in the singularities of these matrix functions
since these singularities will determine the important trapped wave modes. The de-
nominators of the matrix entries are essentially the following functions as determined
by elementary linear algebra:

K (€, z) = ut cos(ar) (pl2 + r°2> — it sin(ar) (p]2 + rz) , 4.17)
J (€, z) = T cos(at)po (p‘l‘ +p2pl 4 2pd + 10+ 12 + 12102)
— ip sin(at)7’ (p? +p2 4 p2pd + ple? + ¥ pl 4 2) .

(J and K should not be corfused with the usual Bessel functions.) The zeroes of
these two functions determine the singularities of the matrices. We therefore need
some information about them.

By (2.15),

K (,2)=—-KE 2, JED=-JED2). (4.18)

In fact, by (2.15),

T42(&,2) = —12(§, 2), Ta (£,2) = —tx(§,2)
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and so
"C¢,7)=C"¢E2), D'(§,7) =D',z2), (4.19)

as can be seen from their formulae given in Appendix II.
In a similar manner,

G_(x,y;2) = x-(y3)G(x, y; 2) (4.20)
= x-Os) {x-xa)[H(x, y;2) = R(x, ;2] + x4 (x3) T (x, y; 2},

where H = I — F is the resolvent kernel for the half-space R? | which satisfies (2.13)
and the boundary condition (3.1), R(x, y;z) is the reflected field in the layer and
T°(x, y; z) is the field transmitted to x; > 0. They satisfy

[A(D,) = 2I|R(x,y;2) =0,  x3,¥3 € (=a,0), (4.21)
[A°(Dy) —21]T°(x,y;2) =0,  ys € (—a,0), x; €Ry,

thé boundary condition
BH (', —a,y;z) = BREx', —a,y;z) =0 (4.22)
and the interface condition
LH(x',0,y;z) = LR(x',0—, y;2) + LT°(x', 0+, y; 2). (4.23)

Taking the Fourier transform on x’,

Oy H (&, x3,y52) = P28, x3, y32) — P2 F (€, X3, ¥32), (4.24)
[A(£, Dy,) — 21 |®2R(E, %3, y32) =0, (4.25)

[A°(£, D) — 21| @2 T, x3, ¥32) = O, (4.26)

BD,H(E, —a,y;z) = BO,R(E, —a,y;z) =0, (4.27)
L®,H(E,0,y;2) = LOyR(E, 0—, y;2) + LO,TO(E, 04, y;2).  (4.28)

Employing Q, and Q we have from (2.18), (2.19) and (2.20),

D, F (€, x3,y;2) = B "I P (&, 2, T) Qo (4.29)
O H(E, —a,y;2) = ™[I — Q| P&, 2, 7), (4.30)
®,H(E,0,y;2) = BP(E, 2, 1) Q(t (3 + @), (4.31)

DR, X3, ¥32) = B[P, 7, —1) — €TV, 2, 1) Q] C(E, 33 2)
=B0(t(ys + @) P, z, —1)CE, y;2), (4.32)
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O, T(E, x3, y;2) = Bcicy2e™ @ PO(E, 2, T°) D" (€, ¥32), (4.33)
B =B(x,y;z) = ic 2 (2n) " exp(—iy'x + iatr) zz . (4.34)

(B is obviously not the set B defined after (2.5) and appearing in Theorem 4.1 below.)
Both ®,H and ®,R satisfy the boundary condition. The matrices C and D" are
" chosen to satisfy (4.28) which becomes

LP(, z,7)Q(r(y3+a)) =L Q(at) P&, z, —1) C+*c;2LP°(€, 2, 1) D”" (4.35)

Once again, there are diagonal matrices C and D" which satisfy this equation and
singularities are once again determined by the functions J and K above. The complete
forms are given in Appendix 1I. We have

CEy,D=C¢Ey0, DVEyD=D"Ern. (436

As noted in Appendix II,

C¢,y,2) = Q(r(ys + @) C'(§,2) = C'(5,2) Qv (y3 + a)) (4.37)

for the matrix C'(£, z) (with singularities determined by J and K) given there. Also
there is a matrix D% (€, z) (given in Appendix II) satisfying the equations
1 BT DY (£, y, 2) Eo = Qv (33 + @)D (6, 2)
= D"(5,2)Q(r (s + a))- (4.38)
The two matrices C’ and D satisfy the identities (4.35) (see Appendix II). We are

now able to obtain the facts (the terms corresponding to the projectors Py, are left out
and will be given later, but see (5.29)—(5.31))

E®)G(x,y:2) = X+ (3) [+ () [I° = R°] (3, %32) + X-(3) T° (¥, %3 D)} Eo,
E@)G_(x,y:2) = x- ) [x- ) [H —RI®, %: D)+ X+ ) T3, ;D E,  (4.39)

or equivalently,

E®x)®,G4 (€, %3, y32) = €% x, (33) [ x4 () @2 [I° = RY] (&, y3, %:2)
+ X_(x3)®2 T8, y3, %3 7)) Eo, (4.40)

E()®;G_(§,xy;2) = e % x_(3) {x-(xs) @2l H — RI(E, 3, %:)
+ X+ (x3) P2 T(E, y3, x;Z)}E.

By (2.17), (4.15) and (4.18),

e TE0,8%E, 3, x:2)] = Eo®28°(&, ¥3, %32, (4.41)



208 William V. Smith [14]

e——i(x’+y’)l;‘ r[E'OCI:‘Zli(%" Y3, X3 Z)] = EOQ)ZH(Ev Y3, x;Z).

From (2.17), (4.15), (4.19), (4.36), (4.37) and Appendix II, we have the following
important relations (called in [2] “paramutation relations”):

0. P, 2,7) = P, 2, —7) Quy (442)

Q.P°(£,z, 7% = P4, z, —7) Qa, (4.43)

C°(&, 2) P°(E, z, —1°) = PO(&, z, 1) C°(¢, 2), (4.44)

¢’ DY (£, 2) PO, 7, —1°) = ¢ 2P (E, z, —T) D' (£, 2), (4.45)
CE,2)PE,z,t) =P, z,—1)C' (£, 2). (4.46)

The zeroes of the functions J and K give the frequencies of the “trapped waves”. For
each such zero there corresponds a generalized eigenfunction of A’. Some properties
of these functions are given in the following theorem.

THEOREM 4.1. (Recall that p & B.) The zeroes of the functions J and K are all
real. In the case coc™! < —1, these functions have no zeroes for z # 0, |&] # 0. In the
case n = coc™! > 1, the zeroes of J and K respectively form two sequences {v; (£)}
and {w; (£)}. They have the following properties:

(1) {v; (&)} and {w; (&)} are defined for |&|>r;=( +1/2)ry, ro=ma™'(n*~1)""%
and they are positive, bounded away from zero, and there are exactly j + 1 roots for
r( +1/2) < |§] < (G +3/2)r;

(2) for each fixed &, the sequences {v; (£))}, {w; (&)} are finite and strictly increasing
Jor each fixed &,, &,; they are contained in the interval (c|§], colE|);

(3) v, w; — corj and vj, w; > cor; for || > rj. 0v; and dw; — co as |E] —> ;.
Thus v; and w; may be extended as C' functions of € to the left of r; by col&|.

(For the proof, see Appendix 1.)

The next theorem tells us that we are on the right track. The proof is given in
Appendix L.

THEOREM 4.2. For Im(z) # O the function G(x, y;z) gives a representation of the
resolvent G(z) for A, that is, if g € ¥ and

10 = [ cyingmdy,

thenf € D(A)and [N — zI1f = g.

Some important relations are given by the following two results. The proof of the
first is found in Appendix L.
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LEMMA 4.3. For G4 (x, y;z) above, and fived x € R® , in the sense of &' (R),

{A(Dy) =21} G (x, ¥32) ‘
= x: 02) [8(y —x) — 18 AYI°(Y, 0, x:7) — R°(Y, 0+, x; D) ]}
— ix-(x3) A8 (y) T°(y', O+, x3 2), (4.47)
{MDy) — 2T} G_(x,y:2)
= x-() (8@ —x) +iAs{8()[H(G', 0,x:2) — R(Y', 0,x;7)]
— 8+ a)[H(©Y', —a,x;2) — RG', —a, x;2)]})
+ x4+ (3)iAs[8(3) T, 0, x32) — 8(ys + )T, —a, x;2)]. (448)

COROLLARY 4.4. In the sense of &' (R),

®1G4(x, ;2 (p) [A°(P) — 2]

err  iEy'; _
= X+(X3) ['(—2—7[)_3/2 + ﬂ% [(DZIO(‘E’Osx;Z) - (I)ZRO(s’O’x;Z)] EOAg}
+ X ()i @) PET [@,T0(E, 0,x;2)] EoAl. (4.49)
Also,
P}G-(x, y;2)(p) [A(p) — 2]] (4.50)

= x-(x3) ((2m)2e?*
+i@m)PET e [0,H (E, —a, x;7) — 2R (E, —a, x32)]
— i T®,H(,0,x;2) — ®2R(,0,x:2)]}) EA;
Q) Py () B {9 @, T(E, —a, x;7) — DT, 0,x;2)1} EAs.

PROOF. Equation (4.49) is obtained from (4.47) by applying ®, to (4.47); take the
transposed conjugate and use the relation (4.39). A similar operation gives (4.50).

5. Representation of solutions by generalized eigenfunctions

This section is rather computational in nature. There does not seem to be any way
to avoid thése details, but the impatient reader may refer to Theorem 5.14 below for
the punch line. '

Observe that the right-hand sides of (4.49) and (4.50) are known explicitly. We
will express the resolvent operator in terms of these using certain density functions.
In order to establish the relation between the resolvent operator and these density
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functions, let ¥ € L,(R3, C®), ¥+ = x+¥ and f € . Then using the Parseval

identity for the Fourier transform (& = &) we have

(®y, Ee®x+ G@)S) .
=Y, Ee®Px+G@)f) = (Y4, GRS ) = (G()¥4, 8)
= (G(o, y,Z)W+()’)vf) = (‘D;G+(°a}’,z)(P)¢‘/f(P)af)

= Z,. (¢§G+<°’ y:2)(@) [A) () — 2]PP (D) E5 ' Eo® Y (p), [A)(P) —

=3 (W P E@y (), M) —
~

=Y (2v®). Ea[3(p) 7]

Therefore

where

and

In exactly the same way,

where

and

W00, piDEF ).

@60 ) = ¥, [0) 2] [ W pia By ) d
=2 e -7 ¥ @0,

WO(x, p;z) = ;G4 (x, ;@) [M (p) — 2] PP(p)E5"
‘I’}’f(p;z)=/ "Wx, p;2) EQ)f (x)dx, j =01, %2,
R?,

Ox-G@f ()= [} @) -7 f W (x, p; DE()S () dx
= e ~7 7 uf @0,

W (x, p32) = D1 G-(x, y;2)(p) [} (p) — 2] P (p) B~

U f(p;z) = f} W, (x, p; 2) E()f (x)dx.

z]”f)

(.1

5.2)

(5.3)

(5.4)

(5.5)

(5.6)
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The functions \1119 (x, p;z) and ¥; (x, p; z) are the density functions mentioned above.
Now (recall the inner product is defined with conjugation on the first place), for
z = A + ie we have from the resolvent identity and (5.1)—(5.6):

(G +ie) — G —ie)lf, f)

=—2ie (GO, F ie)f, GOL F ie)f)
=—2ig[(x+ GAFie)f, Eox+ GO Fie)f ) +{x-G Fie)f, Ex-GFie)f)]
=—2ie[(Px+ G\ F ie)f, Eo®x G(A F ie)f)

+(@x-GO Fie)f, EPx- G Fie)f)]

=_2zZ / { Ao(p) |qf;’f(p;x:tie)|";o
+ £
() = 3] + &2

where | - |z, and | - | denote the Ej and E norms in C®, Hence for any finite interval
(see (4.2)) (a,b) C R,

\\Ifjf(p;,\iis)ﬁ}dp,

27H(F )+ F®O)If, f)— (F(a) + Fa-)f, f))
b
= 151{51(2711')-‘ f (G + ie) — GO —ie)lf, f)dxr

b
=i -‘f / £ WOF (p; A % ie)|’
El{l(f)l?l' ; Zj R3[[)\.?(p)—)\,]2+82| jf(p lS)IEO

&
+ W f(psAXxie)|, ¢ dpdr
e pEn el H
=limn“’/ Z f £ |‘I/9f(P;k:!:i8)l2
el0 R § a [)\‘;)(p) _ )"]2 + 82 J Ey
+ 8 S Wit o u:za)yE] da.dp. 5.7
% (p) = A] +

By (5.1) and (5.4), ¥, [M(p) — 2] "W,/ (p12) and 3 [A2(p) — 2] WO (p;2) are
continuous L,-valued functions of z for Im(z) # 0. To obtain the desired represen-
tation of the spectral family, it thus remains to pass to the limit under the integral
sign in (5.7). The justification for this is based on explicit formulae for the functions
W, f(p;Azxie), \IIO f (p; A= ie) and their limits obtained by passing to the limite | 0.
Except for the Alfven waves (see (5.29)—(5.31) below), we can write these functions
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as

WP(x, piz) = x4 (xs) {(2m)2e?* P (p) Eg' + i(2m) 2 E!
X [®,1°(%, 0, x;2) — ©R(£, 0, x;2) | Eo AP (p) Ey ')
| A X-()i@m)TPET [0, T, 0, %, D] B AP (0) E; ', (5.8)
W, (x, p;2) = x-(x3) (@m) e Py (p)E™"
+iQr) " PET £ (D,H(E, —a, x;7) — 2R (E, —a,x;7)))
— [®:H(&,0,x;7) — ®2R(,0,x;2) |EA P (p)E™)
= X+ (x2)i(2m)PES ([ @, T (£, —a, x;7) ]
— [®,T(£,0,x:2)]} EAsP;(p)E™". . (5.9)

We need the following lemma which is proved by direct observation of the relevant
quantities.

LEMMA 5.1. With P(&, z, x1), P°(&, z, £1°) and P; (p), Pj"(p) as previously de-
fined (see (2.8)),

P, 2, £1)A3F;(p) = (0 F 1) 7'[A (p) — 2] P&, z, £7) P; (p), (5.10)
P, 2, £t AP (p) = (n F ) 7'M (p) — 2]P°(E, 2, £T°) P (p).

Using the forms of H, R, T, etc., (5.8) and (5.9), we now have

WOGx, piz) = ° %, ) POE, 7, —1°)

X+(X3) eixpl n efx'éeirox:;z }\,;)(p) —
(2m)3/2 c2t0 n+t°

0 N )
Aip)—z 0 1 x-(x3)e™z
— P(E,,f):“Pj(P)Eo T Qg
Mp) -z
+ 0
—(x3) i e”"%”’“z ian ix Aj
W (x,piz) = —()-(2—71)73/2 (e "I—T{e T P(x, z, r)[ p) ~
M) -z
n+t

et z(0; (p) — 2) e d
(2”1)3/262 [_ -() - 0l + a)CE, 2)

X Q(z (%3 + a) D (x, 2) ——"—— PO(E,Z, —tO)P,-O(p)EJI, (5.11)

—T

Qa]—Q(f(xs +a)PE 2, —r)%}) P, (p)E"!
n+rt

lt"x;

+ X+(x3)

Ey'D'(E, Z)E:I Pz, D)Wp; )P (p)E™, (5.12)
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e—iar - e—ian e—ian _ eiar

w H = + a-
(P;2) m— - 0

The plane-wave modes are obtained by passing to the limits z — k;.’z(‘p) +i0 =
joolp|l £10, z = Ajp(p) £i0 = jc|p| £1i0, j = 41, in (5.11) and (5.12). In so
- doing, it is convenient to observe the following facts:

7 (&, Aja(p) £ i0) = 2°(€, A%, (p) £ 10) = &j n],

A —

ﬁn(p_)—rz(ka(l?) +i0) = JT;—?XM,' ),

Aj2(p) — 2 ) i cn

L Ay 0) =21 0 ,
EEX (Aj2(p) % i0) lpIXR*"(")’ (5.13)
%(P)

—;—()‘Oz(P)i i0) = | IXRM(YI),

20 (p) —

—%F( % (p) £i0) = | IXR;,(”)

[nlxr, () =Fin, Inlxry M) = £jn.
From the first and last equalities it follows that
(£, Aja(p) £i0)xr, (M) =1 and (&, A2 (p) £ i0)xr, (n) = —
Hence from (5.12) and (5.13),
[A2(p) — 2] W(p; 2)(A;2(p) % i0)

L e 1)+ (1~ )] =

so that
‘I’jz(x, PiAj2(p) + iO)

X -(x ) ix . / ix! ja —ian ,inx
= B (T sgnn e [ P (p) i (1)

— (7™M Pja(x, ~n) Qu + Q(—n(xs + a)) Pj2(p)) xrey, (]} P, (0)E™".

Now O(—n(x3 + a)) = exp(in(xs + a))I — exp(—in(xs + a)) Q, and O, F;(p) =
P; (&, ~n) Q.. Hence

‘Iij(x’p;}"jZ(p) + iO)
_ X+ (x3) e —

- (277)3/2 eixp XRy; (77) - e—Zianeix’.E e—ix3r; QaXR:F] (n)
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— € xa, () + €N O xp (1)) Pra(p)E! =

Hence, no plane-wave modes with the phase speed c of the layer exist. Thus the
functions W; (x, p; z) contribute only to trapped modes of the layer R* x (—a, 0).
Consideration is now given to the limits W} (x, ps AM(p) £ i0). We define

n=ccl, 0 =n'e, weRand|w|=1 (recall Jop=c"). (5.14)
Let
~J1—=10'2, ifn>10orn<1and &> (n?2—-1)|

0, if n<1and 0 =@n?-1Dle,
—i/|0'P =1, if n<1 and o} < (n?—1)|e'?

andx = (Xls X23X3) = nlpl(gls 02303)7 so that |X| = nlpl‘ Then

b5

1l

i X3 if n>1, or n<1 and
. ®? > (n7? — 1)|o'|?,
(8,20, (p) % i0) = 3 |
—Xs = —n|p|6s
=in|p|l6s], if n<1 and &2 < (n7?—D]w'|%.

The third term on the right of (5.11) gives —xg,, (n)e™*” P;(p)E;" in the limit as
z = A, (p) £ i0 and thus

W, (x, p3 A% (p) £ 00) = W5 (x, p) = —xmy, MYH(, p), Jj =1 (5.15)
We can use this to compute the reflection and transmission coefficients in (5.11).
We define p = (pi, p2, —p3), then
lIJJ(.)z(x, p;)»j.)z(p) + iO) = \I’J(.)f(x, D)
ix'E itd 0 —
X+ (x3) ’e,.x,,l P [x,-@) z

= 1
220, (p)kio (27)32 cit® n+1t°

COE, ) P(E, 2, —7°)

AO -
n(”) PO, z, ")”P,-"z(pwal
X ()2 A(p) —

— —(27[)3/26(2)1_0 Q(T(JCS + a))DD,(E ) j + - PO(Es Z _TO)PjOz(p)EO—l

= ) xr,, () {x+(x3) [€"P1 — E*? C°(p)] Py(p)
+ x-(x3)e™* Q°(xs (x5 + a)) P; @) D°(p)} E;!
= (2m) > xr,; () { X4 (x3) [€"P 1 — €77 C°(p)]
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+ x-(x3)c 2™ Q(xs(xs + @) D(p)} Pa(p)Ey'

= (277)—3/2)(11;, (m {X+(x3) [eixp Pjoz (p) — e Pjoz(ﬁ) Co(p)]
T+ X_(xs)e 2 [ "X e Py(B) — €K e Py (6)] Qa}EO—‘. (5.16)

These formulae are valid for n > 1 or n < 1. The first formula is based on the
matrices C°(p), D°(p) and D(p) given in Appendix I and (5.14). The matrices
C%(p), D°(p) and D(p) being derived from C°(£, z), DY(&,z) and D'(£, z) also
satisfy the following relations which can be verified directly without difficulty from
the corresponding formulae found in Appendix IL:

QuPp(®) = Pip(@) Quy QuPy(@) = P(&) Qs (5.17)

C'(p) P)y(w) = PL(@) C°(p), ' (5.18)

¢ D°(p) P)y(w) = ¢ > P;2(0) D(p), (5.19)
L[C°(p) + Q%axs)D°(P)] = L, (5.20) °

[p0C°(p) + pQ"(axs) D’ (D)), = Po, (5.21)

(10 C°(P) + 1 Q°(axs) D’ (p)],; = o, (5.22)

C(p) = C°(p), (5.23)

Q%O (xs + a))D(p)] = Q°(xs(xs +a)) D°(), (5.24)

T (x3(x3 + @) D(p)] = Q°(xa(x3 + ) D(B). (5.25)

From (5.16) and the fact (j = *£1)
A(D)e™* P;5(0) = n|p|e™* A(6) P;2(6) = jen|ple™* Py (0) = k?z(P)eixxsz(G),
we infer that \I/;);_h (x, p) satisfies the equation
A (D)5 (x, p) = AW (x, p), 0 # x3 € (—a,0). (5.26)

From (5.16) and the definition of Q° from Appendix II it is clear that \lljf);c(x, P)
satisfies the boundary conditions

BY(x', —a, p) =0 andalso W (x', —a, pei = 0. (5.27)
The equations (5.21) and (5.16) further imply that
LY (x',0—, p) = LY (x', 0+, p). (5.28)

From (5.21) and (5.22) we also see that (3.8) is satisfied. Equation (5.16) also imme-
diately shows that the entries of the last three rows form six divergence-free vectors,
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and furthermore, the second row consists entirely of zeroes. Thus superpositions of
\I/}‘-)QE (x, p) on p which are square integrable satisfy the conditions of Proposition 3.10
for residence in the complement of the null space of A’ in £". Hence these solutions
do propagate.

Up to now, we have not examined the Alfven modes. They arise from consideration
of the speeds A.;(p) and the projectors P.;(p). As will be seen, they have a trivial
structure and do not couple with the other modes at the boundary. Note that these
modes must automatically satisfy the boundary condition (!) (see (2.9)).

Since Alfven waves propagate parallel to the layer, there is no reflection from the
boundaries. Therefore we have (j = 1)

W (x, p) = x-(x3)e™ Py (p)E™, (5.29)
W (x, p) = x+(x3)e™ P (p)II°Eg _ (5.30)
A'(DY¥(x, p) = € A(p) P (p)E™" = &; (p) ¥ (x, p), (5.31)

where \Ilji (x,p) satisfies the boundary condition. (T1° is the diagonal matrix
diag(oo/p, A, po/p,1,A,1).) Furthermore, LW (x',0—, p) = L¥W/*(x',0+, p).
Also, the six columns formed by the last three rows of \I/j-i (x, p) and \I’fi(x, p) are
divergence-free vectors and the second coordinate of each column is zero, From this
we see that superpositions of these functions which are square integrable lie in the
complement of the null space of A’ in J£.

The case the n < 1 (5.14) and «* < (n™? — 1)|'|? corresponds to what would
be total reflection at x; = 0 if there were no boundary at x; = —a. The first term
of x_ (xg)\ll;.);E (x, p) in (5.16) corresponds to a transmitted wave and the exponential
factor in x5 decays from x; = 0 to x3 = —a. Now, howeyver, there is a wave reflected
at x; = —a corresponding to the second term of x_(x3)W/; (x, p) with exponential
factor which increases from x3 = 0 to x5 = —a.

We now need the following somewhat startling lemma.

LEMMA 5.2. J (&, z;) = 0 if and only if K(§, z1) = 0. The zeroes of K (and hence
J) are simple.

(Proof given in Appendix I.)
In the case n > 1, further contribution to the limit in (5.7) comes from the singular-
ities of the reflection and transmission coefficients in the density functions (5.11) and
(5.12), that is, from the roots v;; of J and K (Theorem 4.1, Lemma 5.2). Letj £ 1
and let 0O°(1) and O(1) be the terms from (5.11) and (5.12) not containing C°, DY,
C' and D'. Define the trapped modes as
7=

ik ;0 .
AT Vi P (532)

UCN HAMEDD
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Zeix’E z— v.k 20y
T @n)r +rJ° [X+(x3)el 'C¢

— () Qs + @)DV (E, D] G2 PUE 2, Ty + 0°(D),
S0, D) = Y, e (x, pi) (5.33)

[4 )\.g —Z
= % [—x-@3)T 7' e™ Q(z (x5 + @) C'(§, 2)

+ s B D/ DE | P& 2 WP, BT + O,

Also define the matrices
COE, vji) = (z — v;) C°(E, 2), D* (&, v;) = (z —vi)D'(§, 2),
DO(g,v;) = (z — vj)DY(€,2) and  C¥(§,vp) = (2 —v;) C'(§, 2),
D*(E, v) = (it%)” Eg'D¥' (¢, v) E and
CEE, vj) = — QF ) E“ o CF(E, vpp).

Passing to the limit in (4.42)—(4.46) gives important relations for these matrices.
Passing to the limit in (5.32)—(5.33) gives

20, p;vji % i0) (5.34)

- —% [ (x)e ™ COE, vy
PO(§, j v, —i7) By
ca(n+it)
B (x, piz; vy % i0) -
2m)?3?

+ x=(r3) Q° (1w + @) D°(§, vj0) ]

[ Gesyett ¥, vy0)

P(&,jor, —jw)Ep'
c2(n + ity)

+ x-(x3) Q° (1 (O3 + @) C*(&, vji) ] W= (p; vje)

and

n L e:Fiajrk _ eim) ) e—ian _ eﬂ:iajrk 536
W=(p;vjr) = W(p; v £10) = e i+ - Q,. (5.36)

The term x,, is the characteristic function on the interval (7, 00). Note that these
two waves decay exponentially away from the layer. They are true trapped waves and
not surface waves. This agrees with the results of [6] for the more complex system
studied there.
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Let

20, & v £10) = (n + it)) TO(x, p; vjp £i0)  and (5.37)
T, & 70 £10) = T (x, p; 23 vj £ i0) [ WE(p; Ujk)]_l O(£j).  (5.38)

We note the following relation, useful in verifying the properties of the functions
(5.37)—(5.38):

AE, —7) Qo = QuAE, ). (5.39)

Using the forms of C*(&, v;), D*(£, vjx), C°(, vjx) and D°(E, v;;) given in Ap-
pendix I, it is a somewhat tedious but straightforward problem to check the identities

(x3 # 0)

A (D)S°(x, &5 vj5 £ i0) = jvg(€)Z°(x, &; v, £ i0)  and (5.40)
A (D)E™(x, &5 23 v £ 10) = jvg(E)E™ (x, &; 2; v = i0). (5.41)

From the definition of Q° (see Appendix II), £~ and £ satisfy the boundary condition.
The continuity and jump conditions (3.6) and (3.8) are satisfied and the last three rows
form divergence-free vectors as columns (x; # 0). Hence superpositions of these
functions on x which are square integrable belong to ¢ . Observation of the functions
in Appendix II and the proof of Theorem 4.1 (given in Appendix I) shows that,
away from the neighborhood of B, the denominators of all terms in (5.35)—(5.36),
(5.37)—(5.38) are bounded away from zero.

Now suppose that g € 2 (R%,) and set g, = X+8, 8 = Xwo.0)(*3)g (X', X3, —a)
and p = (¢, —n). Define

Ve(p) = fRS W (x, p)E(x)g (x) dx

—a

(n) P ) ;

0
+ EO“D°(15)E/ Q°(x3+a)d>zg(§,x3)dx3}

= XRy; (TI)Pjoz(w) {<D38+(P) - Co(ﬁ)¢3g+(15)
+ D°(B)Ey " E [P38a(E, —x3) — QuP3g4(E, x3)1} - (5.42)

LEMMA 5.3. Forg € 9 (R3_a), \Ifj‘.]zg(p) € A (X means L, with the E, inner
product).

The proof is a straightforward application of the definitions.
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The following pertains to the case n > 1. See (5.14) for the definition of n. This
is the more interesting case where trapped waves exist; n < 1 is the same except that
the trapped mode terms are absent. For g € (R3_a), j = %1, k € Z,, recalling
(5.35)—(5.41), we define

2(o0)gp) = [ (. pivp) EGe)a6) dy
R} '

+

:[n—irfk(g)]’lf "20%x, &) E(r)g(x)dx  and  (5.43)

R3
=* (vii)e () = /3 B (x, p3 vjr) E()g (x) dx

*
R:

— Q@) TWH (i vy) /m B £ ) E@gl) dx.  (5.44)

Some routine formulae are required for computations. We state these in the fol-
lowing lemma. The proof is an elementary application of complex function theory.

LEMMA 5.4. With W*(p; v;«) of (5.39),

®° d g
/ 1= (5.45)
—00 7)2 —-|— ‘rk 'Ek

ee = sinaty)
/ W= (p; vie) W= (ps vji) dn = 4am | 1 — sin(2at) Q.| =2y ()  (5.46)
—o0 2aty
m)Twyi .
and / _(—’Z’Z’—") dn = 0. (5.47)
o NhtiT

The next lemma follows from (5.43) and (5.44).

LEMMA 5.5. If g € 2(R%,), then =°(v;,)g(p) € £ ° and T (vii)g(p) € X

The method of analysis we have used is based on writing the explicit Green’s
function in a form which represents the various “parts” (trapped modes, Alfven modes,
etc.) of a solution. The idea is then to write the spectral resolution in terms of these
parts. The following theorem gives this representation and, in addition, gives at least
an abstract method for deciding -how to (or how not to) “launch” a particular type of
wave. Recalling (5.7), (5.44), (5.45), (5.30) and (5.31), we obtain the following.

THEOREM 5.6. Let F(-) denote the (right continuous) spectral measure for A" and
letg € Q(Ria). Then for any finite interval (a, b) € R\{0}, :

2 0+ 2
|F(a, b)g|” = {f ¥,2(p) dp+f ¥ e(p)|, dp
Z UCoIPIE(a,b)ll 72 ‘E° -Ut’opze(a,b)ll ’ IE“

J=%l1
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+f |95 )], dp (5.48)
i ep2€e(a,b)}

20 i 2 + Z:l: . 2 d .
+ 3 /U  (Pensel, + P ewsel;) p}

Launching a trapped mode (only), for example, depends on selecting an initial state
in the subspace defined by the projector in the last term of (5.48). If no Alfven waves
| are wanted, we can avoid generating them by choosing data in the complement of the
subspace generated by the projector in the second term of (5.48), etc.

The next result is obtained by polarization from (A1.12) and (5.48).

COROLLARY 5.7. Let Py denote the projection onto the null space of A’ in A and
set X = (I — Py)X . Then for any f, g € X and any interval A C R,

i (F(A)f,8)= ) { /U - O f (P)EoY),g(p)dp (5.49)

j==£1 colpleA}

[ RS eYp + [ TV IPese

cop2€A) p2€A)

t2 fU , (Z@nf DES0,08(p)

keZ,

1‘; ' | + "2E*0f (p)EE*(vjk)g(p))dp} and

Fo=Y. { (U0, W) o + (VOF, W08) o + (W, f, Ug) ,,  (5.50)

j==1

+ Z [(ZO(Ujk)f, Eo(vjk)g)xo + (Ei(vjk)fs Ei(vjk)g)%:] }

keZ

In order to define eigenprojectors associated with A’, we need the adjoints of the
generalized transforms in (5.49).

PROPOSITION 5.8. Suppose f € L, (R3, CG) has compact support. Thenforj = +£1,
k > 0, we define

wyt = [ WEepE O, W = [ W B 0,
wf = fR DB P dp, S’ = fR 2, b,y B () dp,

SEu'f = | 2E5x, pi w0 Ef (p)dp. (5:51)

RL
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Iff € & and {fy} C L, (RS, C-ﬁ) is a sequence of compactly supported functions
converging to f in #° and S, then, in the topology of X,

W' = lim Wi, W' = Tim WOy,
Wf = lim WEfy, B0w)'f = lim 0w fr, (5.52)

ZdE(Ujk)*f = 131_{120 Ei(vjk)*fN-
Furthermore, the ranges of \11192*, W, Wk, 20 )" and % (v;)" are contained in
H = (I — Py)X.
LEMMA 5.9. For each j = x1, k € Z., the operators
M (ve) = Z°(v;) T (v38) + TF(;0) T () (5.53)
are orthogonal orthoprojectors in X

The assertion can be proved in an entirely analogous way to that found in [2,
pp. 165-166]. We omit the details in the interest of space.

LEMMA 5.10. Let A denote the part of A' in K. Thenfor f € D(K),

WOAS (p) =jalplW)f (), J ==L (5.54)
LEMMA 5.11. Let A denote the part of A' in . Then for f € D(A),

WIAf (p) =Jjelp|¥)f(p),  J==%1, (5.55)

WAf (p) =jalp|¥f (), =L (5.56)
PROOF. The proof is similar to that of Lemma 4.9.

The projection operators in the resolution of the identity are computed in terms of
the generalized eigenfunctions. This is the content of the following lemma.

LEMMA 5.12. Define the bounded operators in K by

Mpof = W0, W) f, (5.57)
nof = wj@*w;’f and (5.58)
ILf = W, . - (5.59)

Then

() =0, jiJl==%1, (5.60)
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YT, =0, (5.61)
I,I1_, =0 and (5.62)
n®n® =o, (5.63)

wher‘e'l'ljz and T1; are projections in ), j = +1, Further, forany f € J, there is
the Parseval identity

f= Z [ij +I0f 4 Tjof + Z H(Ujk)f} , (5.64)

j=*1 keZ,

the components all being mutually orthogonal and the sum converging absolutely in
the norm of .

COROLLARY 5.13. For f € J the operators P,, P, defined by

P f =L+ To+ I +T)f, P.f =) M) +00)lf (565

kel

are mutually orthogonal orthoprojectors in X such that
P=XP+P,, (5.66)

where & is the projection in X onto K. The space X thus decomposes into the
E-orthogonal direct sum

H=PKHDP,H (5.67)
=13 + Mo + 1 F + 1,7 | @ [Me0F + -0,

kel

all component subspaces being mutually E-orthogonal.

PROOF. (5.65) and (A1.7) show that for f € X, |#,f| < |f, and hence 2, is

continuous. It now follows that 2 = &2, and P = P,. The rest follows from the
preceding results.

Finally, the main result concerns the make up of solutions to our problem. The
previous two results with this theorem tell us among other things how to launch the
various types of waves. This is given rigorously by the following theorem.

THEOREM 5.14. Solutions to (0.1) with the prescribed horizontal external field and
the prescribed boundary condition, are delivered by a unitary group of operators. The
solution is made up of orthogonal parts consisting of Alfven waves, trapped waves
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and “normal” waves. More formally, the orthogonal direct sum decomposition (5.64)
reduces the part U(t) of the unitary group U(t) = exp(—itA') in X which has the
representation

Tofx =y, [ﬁmnﬂf )+ TOILf @)+ Y TOLf (x)} (5.68)

Jj=%1 keZ,
with
T )of (x) = TS (x) = W, exp(—itj col - DYLf (x) (5.69)

and similar formulae for the other I1. The waves {ﬁ(r)l’l jof }, {—U(I)I'I if } and
{v(t)ﬂ(vj of ] are pairwise orthogonal in .

Further, f € D(K) if and only ifjcolpllllfzf (p) € jfo,_jcopz\ll;.]f (p) €
A, jop2Vif (p) € S, juE)Z0(0)f (p) € Lo(R, €F), jue(E)Z*(v;0)f (p) €
L, (RB, Cﬁ) and for such f (using an abusive but convenient notation)

A=Y [\Ifj-’z*j ColP W () + W] copaWOF () + W epa ¥y f () (5.70)

j==1

+ Y {20 uE) Z0 i) f ) + £F (00" ) F i) f (x)}} ,

keZ,

where the series converges absolutely in the sense of X. Forf € D(K), the solution
of the problem (2.1)—(2.3) is given by (5.68) (A denotes the part of A in ).

Conclusion

The structure of the solution (0.1) is rather simple, but considerable analysis is
required to get to this conclusion. Considering the complexity of this work, it is likely
that for the MHD system with non-constant pressure, much greater computational
difficulties will arise. For instance, the propagation speeds involve nested roots and,
therefore, the functions T are more complicated, requiring more complex branch cuts.
In addition, the expressions describing the reflection and transmission terms will be
of considerably greater complexity. The present problem, while interesting in its own
right, is extremely useful as a guide in working with the non-constant pressure case.
It would also be interesting to study the case of internal layers in a fluid of the type
studied here as well as for the case of a liquid semiconductor [7]. In the case of aliquid
semiconductor, it is possible to formulate the problem of two half-spaces, one having
nonzero conductivity. This is also an interesting challenge since the propagation
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speeds in the conducting half-space would be described by certain irreducible quintic
and cubic polynomials and hence it is difficult or impossible to gain direct access to
the propagation speeds themselves. We hope to examine these problems elsewhere.
We conjecture at this point though that the solution of the layer problem for the full
MHD system will display a structure very much like that seen here.

Appendix I. Proofs

Proofs, and in some cases, outlines of proofs for a number of the theorems follow.

Proof of Theorem 4.1. We show first that the roots of J and K are real. Suppose
that K (§, z;) = O with Im(z;) # 0. Then since 7; = ¢! (z? — *|£|)'/? and 1) =
¢, (2} — c2|&|?)'/? are real only on the branch cuts, we have Im(z;) > 0 and Im(z?) > 0.
We may form the functions

fogm) = [ — X () P (g, 21, 7)s(am) (Jg P + ) m

+ x-(x3) O(T1(x3 + a)) (|’§|2 + le) PS(E, zi, —TI)TIO}E'IX,‘S

and

Flxiz) = fR F 66 dE.

Here PS indicates the 6th column of P. Then F(o, z;) € LZ(R3_a, CS), BF(x', —a;
z1) =0and LF(x',0—;z;) = LF(x', 0+; z;) since K (£, z;) = 0. Further, [AO(D) -
z1]F(x;z1) = O for x3 > 0 and [A(D) — z;]F(x;2;) = O for x; € (—a,0). Set
Gy =AF(x),x3 >0,G_ =AF(x), x3 € (—a,0) and G = x, G, + x_G_; then
G € Ly(R?,, C%) and, for y € 2(R®,, C%),

(F, AY) =f

R:

=(G,1//)+i/

JR?

F(x)Ay (x) dx +f F(x)AY(x) dx
3 R

2% (—a,0)

{As[F&', 04 21) — F(x', 0—;2)]} v (', 0) dx’
- / T[A3F(x’, —a;2)Y (x', —a)| dx’
JR2
= (G, ¥).

Therefore Af = G € Ly(R%,, C®) and so F € D(A’). The same computation gives
[A’ — zl]F = 0 which implies that z; € o (A’); this is impossible sinse o (A’) C R.
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If it is supposed that J (£, z;) = 0 and Im(z;) # O, then the argument is the same but
with

fx.82) = {X+(x3)€ir'ux3P°3(§, z1, 7)) 7} caty) (p% 4 _L_?z)
— X-(e) Q0 (s + @) (o} + ) 7 P _r,>}e"x'5.

It is clear that J and K can vanish for z € Ronly if n > 1 and Re(z) = k €
(—coltl, —clE1) U (clEl, colt]), where T, k) = ic5'|le ® — k2| = icy"|z°] and
T(€, k=£i0) = L' [k — 02|E|2|1/2 = =|7|. The case of k in either interval is covered
by considering the intersection of the branches of (note that p? —|t°|* = k*c;*—p3 # 0
since p & B)

70 7| cot(at
Pt = |]rﬂ|2 - "‘:)l(zl% +(|-c|z> (LD
for K =0, and
17 (€17 = I12°1%) _ _ polt] (€1 + Iz ?) cot(ar) (A12)
pt = Ie°F p (P} + 1)
for J = 0 in the first quadrant of R? with the ellipse
Gl + Slel? = (¢ — &) &P (A1.3)

The jth roots &-v; and Z=w; of J and K respectively, determined by the points of
intersection (r}’u, 7;,) and (7}, 7j.) of (A1.3) with the (j + 1)st branch of (A1.2) and
(AL.)( =0,1,...), are found by computing

c? c?
(v;)? = — I}, + |Tju|2] and (w;)* = — [l'fjpwl2 + ITjw|2] (Al.4)
nt—1%4"7 n?—1

~ at the points of intersection. -
It is clear that v; and w; are increasing functions of &; and &, and (4.1) is geometri-
cally obvious. Note that ¢2v?(w?) = (1 + (7 u)/16 ?) and ;) is bounded
as |£| — oo. This completes the proof.

Outline of the proof of Theorem 4.2. Let g € J£'; set
G(z)g(x) = G+(2)g(x) + G_(2)g(x)
= [ Gz [ Gviasody
R3

R2x(—a,0)
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Writing out the expressions for G4 (z)g from (4.6), (4.14), (4,29)—(4.33) and using
Appendix II and noting that, for fixed z and large |£|, T (£, z) and 7°(£, z) are equal to
ilE| + o(1), it is possible to estimate each term with the result that

1G(@)gl < 1Im(2)||g* + C’(z)/ |®2g(0, y3)I7,dys = C2)lgl?,

and hence G(z) is a bounded operator on .#. We must now show that G(z)g is in
the domain of A’. Choose functions ¢ and ¢ € @(Rﬁa, C6), so that ®,¢ (o, y3) is
rapidly decreasing in |£|; then, setting ¢ = x+¢,

(4%, G 9) = (161 +2Go@aD +i [ e, 0) [ Aaf[s6,0,5:0)

~— R°(x', 0+, y;2) + T(x', 0—, y;2) | () } dy
= (¥, [¢+ + 2G4 (2)9])

by (4.13). Similarly, (A, G_(2)¢) = (¥, [¢- + 2G_(2)P)).

Therefore, AG(2)f = E[¢ + z2G(2)$] € Lo(R?,, C°) and BG(2)¢(x', —a) =0
by (4.8) and (4.27). Thatis, G(z)¢ € D(A") and [A’ — zI]G(2)¢ = ¢. Applying
G(2) to both sides of this equation we have G(z)¢ = G(z)¢. Thus G(z) and G(z)
. agree on a dense set, are both continuous, and therefore coincide everywhere. This

completes the proof.

Proof of Lemma 5.2. First note that

J (&, z) = T cos(at)po (p‘l1 + P22+ 2+ 1P + 102 + 12102)
— ipsin(at)t° (p‘l1 + P2t + p2p? + p2r + 1%p2 + 10212>
= 7 cos(at)po <p§ + r°2) (P} +p3+7°)
— ip sin(at)1° (pf + r2) (pf +pi+ 102)
= 1 cos(at)pg (pf + 102) (€2 +7?)
—ipsin(at)t® (p} + 7?) (]‘g‘lz + roz)

2

= gz [ eos(@n) (pt + 1) —iorsintar) (o + )
0 .
2
Z
= LORE K(,2), : (AL.5)

the second to last equation resulting from the definitions of z, 7°, ¢, and c.
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We have

| 9, K = =2 (2;” + (p1 +T ) —2iciapot® (p? + 12)) cos(at) (Al.6)

o€

——————Z e . .
+ 25270 (—a/,w(z) (Pl + ) —ic’uo (P} +7%) — zcﬁuoroz) sin(at)
0

at z = vj, 0, K = 0 implies that (pf - 1:02) sin(at) = 0, which is impossible, since
p & B and K (¢, v;x) = 0. Hence, the zeroes of K and J are simple. This completes
the proof.

Suggestion of the proof of Theorem 5.6. Note that the inner sum is actually finite
because (a, b) is bounded.
First, consider the first integral in (5.7)

I=ﬂ”/
Jj==%1

=g} / dp +n! f dp. (ALT)
R3N{|n|>8) R*N{|n|<8}

We want to take the limit under the integral sign. The first integral is not difficult. The
problem arises in the second integral where || < 6 and |§| is near r;. In this region,
the singularities of the integrand coalesce. For |n| < & and col&1, colp|, vk(§) € (a, D),
a typical integral is now of the form

/-b ea (g, A £ ig)
(rolzln + t“lzi(k +ig) — vk{z

/a x°2() |wJ(p k:tza)l didp

dx, (A1.8)

where o (€, A +ig) i is an element of lz — ve|* 7C°C° or |z — v [* "DYDY. Suppose
for example, that a(§, A &+ ie) = a(§,2) = |z — v |? |C£6| (see Appendlx II)in a
neighborhood of A = v, (§).

Then

2
(€, z) = |isin(at)pet’ (pf + 7?) + pt cos(ar) (pl2 + 1'02>7 K| 72|z — vl
For z near v;, we have
a6, 2) = |K'| P43t |p? + 72 [ Is(az) P + o(D). (A19)

Further, it is easily seen (Theorem 4.1) that r,? K' is bounded away from zero for ||
near ry, so this together with (5.56) gives, for the critical portion of the interval (a, b),
a term proportional to

ve+8 8\.[0,2
/ dx 5 . (A1.10)
v—8 Initol Iz — ve|?
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Since, with generic constant «, for 7 small both |'r°|2 <k |c0" z—& H and In =+ r°|2 >
K |cg 'z — || l, this integral is bounded by

ve+8 e
dA—————— <. Al.11
./vk—s A —w)+er ™ 4 ( )

Similarly, for other possible « it is found that the critical portion of the integral can
always be reduced to one of the following forms:

, b
/a dief [iz - vk|2]2=xiis =7 /a dre/ [lz B CO|§|‘2]2=Aiis =7

uniformly in p in a neighborhood of n = 0 and ¢ € (0, &o]. It remains to evaluate the
integral from the well-known formula h

b
lim 77! dAG)

e (A —v)2+4e? dr = Xan (V)P V)

(¢ (1) is continuous). This results in the terms involving Z°(v;)g(p), =*(v;1)g(p),
W0,2(p), Wg(p) and ¥, g(p). We may obtain £*(v;,)g(p) from the second term in
(5.7) recalling that W;,(x, p; A;2(p) & i0) = 0. This completes the proof.

REMARK Al. If now f € ¢ is any compactly supported function and {f,} C
2(R®,) converges to f in J¢', then (5.48) also holds for f . Let Py = F(0) — F(0-)
be the projection onto the null space N(A') of A’ in . Then for any compactly
supported f € ¢,

[a-pPyff =Y {II‘I'}’zf o+ 197 g+ ;s I

Jj=%1

+> [uz“(vk)f Is+ |=*@os llz]]. (A1.12)
keZ .
The sum now is infinite but converges since the left side is finite; the double bars denote
the norms in 5#° and S#. If x), is the characteristic function of the ball {x : |x| < M},
M= la 2y 31 oo andf € '%/9 thens by (548), lp?zXMfo lI}JOXMf’ \Ilj XMfa EO(vk)XMf
and *(v;)xuf are Cauchy sequences in S#° and S# as appropriate. The maps

v, W, W, x%y) and T*(w) . (A1.13)

defined by (5.35), (5.36), (5.30) and (5.31) on smooth compactly supported functions
in & are bounded by one and thus extend by continuity to all of #". The extended
mappings we again denote by the same symbols. They are still bounded by one.
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Outline of proof of Proposition 5.8. Let f € L,(R®, C®) have compact support
which misses B by a positive distance. Suppose also that i € @(R{a). Then, for
example,

(h,Wf) = (Wyh, f ) oteo

=/ {f 7h(x)E(x)\IJJ‘?;k(x,p)arx}Eof(p)dp.
R,

The function ’ h(x)E(x)\I/ *(x, p) is absolutely integrable with respect to x with L,
norm depending in a bounded way on p € supp f . The order of integration may thus
be interchanged. This shows (A1.12) is correct. The others are handled similarly.
The fact that the operators lIJJZ, \IIO W;, 2%v;) and E*(vy) are bounded gives the
statement following (A1.12). The last statement follows from (5.48): if f € Py,

then

Z[H 0 o 9 4 [ [+ 3 [15000s [+ 24 | ]}

=+1 keZ

-

and hence ¥0,f = W)f =V, f = 0w f = T¥(w)f = 0. Thus, for example,
ifhes#and f € Po.)tf then (f, W%h) = (W},f, h)o = 0 and so the range of
lI/°§ is in (I — Py)J¢; similarly for the other maps. Notice that it follows from (5.48)
that if J : € — #° is the identification map Jf = f, then the range of X°(v;y) is
orthogonal to the range of J £%(v;,). This completes the proof.

Proof of Lemma 5.10. The multiplication operator M; in % M, f (p) = jcolp]
x f (p), with domain D(M;) = {f € 0 |plf (p) € S}, is selfadjoint and hence
closed. Let b(x) € 2(R®) be a radial function b(x) = b(|x|), such that b(x) = 1
for |x| < R and b(x) = O for |x] > R+ 1. Let f € D(A). Then the following
integration by parts is justified: '

W 5Rf (p) = f N (r, p) EG)DYA(D)S (1) dx
R3 .

—a

= / WO (x, p)Ex)b(x)A(D)f () dx
+ f W% (x, p) E@)b(x)A(D)f (x) dx
R2x(—a,0)
=if [A;W]5 (', 0+, p) — A3V, 0~—,p)]b(x 0)f (x',0)dx"
R2

+i [ WG pAbE, —a)f (e
JR?
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+ fm T[A"WEx, p)] Eob(x)f (x) dx

+/ "[AWE(x, p)] Eob(x)f (x) dx

R?x(—a,0)

+i [ N pAG D PRI ()
= jalpl /R W, p)EGBK (D) () d

+i fR | Yir 6 PYAG/ ) B )AD)S () dx
= jcolp|W),5f (p) + i%),82(p),
WEere gRQ_c_) = A(x/|x|) ¥'(x)f (x). Since as R — oo the functions ‘gz(x) — O,

bAf — Af in J and W}, is bounded, it follows that WP,gx — 0, W,bAf —
W Af in #7° and hence, in the topology of 7,

VRLAS (p) = lim jcolp| 9,51 (). (Al.14)

Now W,bf — W2,f in 5#° and this together with (5.50) and the fact that M; is
closed implies that ¥?,f € D(M;) and

V1,Af (p) = jcolp|¥),f (p) (A1.15)

for f € D(A). If now f is any element of D(A), let {f,} C D(A) as in Proposi-
tion 3.12 of [8] which converges to f in graph norm. We then have

0 0 2 0 0 2
[WRAsf = YA a0 + [WPof — WPt 0
< WA = AcfallZpo + 1 = Falllpo = O
as n — 00 and so by (5.66) we have, in the sense of J#°,
VRAf (p) = lim WL Af,(p) = lim jeolp|WDfo(P) = j colp | W0, (),

since the graph of M; is closed. The proof of the lemma is complete.

- Proof of Lemma 5.12. We write ¢ for £ NN (AN:. Letf € x satisfy (3.14)~

(3.15). From (5.67), (5.35), (5.36) and the fact that [vjiel < col§l, it follows that
I(v;)f € D(A). Also from (5.35) and (5.36),

D, ATI(vj1)f (&, x3) = jvj(§) P IT(v;0)f (€, x3);
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hence by (5.43)

WL ATI(W;0)f (p) = Jj o)V, f (P)-

‘Now the right-hand sides of both the above equations vanish for |§| < r and v¢(§) <
col€| for || > ry; subtracting the two equations thus gives lIJ;),ZH(vj of = 0. Since
the set of such f is dense in ¥ and this product of operators is continuous, this
establishes half of (5.48). The other half is entirely similar. Equiations (5.57)~(5.59)
are established in the same manner as well. By (Al.12) for f, g € o,

=Y { (W01, 90,g) o+ (W, 908) o+ (01, Wi8)

j==1
+ Y [(B° @S, B @)8) yo + (B @0, z*'(v,-k)g)”]} :
keZ

Taking f = g and using (A1.14), (A1,15) and (5.55) and the fact that the IT are
selfadjoint, we see that

3 nEf ] < oo (AL.16)

keZ.

Hence from (5.62)—(5.63), the idempotent property of the IT follows. This com-
pletes the proof.

Suggestion of the proof of Theorem 5.14. We use (5.60) to obtain the Radon-
Nikodym derivative of F. This gives the result from the abstract function calcu-
lus for selfadjoint operators (see [1]) together with the lemmas above (especially
Lemma 5.10):

f. Fig) = (f, Fug) = ) { /{, » mﬁv;’zf (P EoWe(p)dp  (ALLT)
¢olp|€(0,

j=kl

R R OLAAIOL
{j cop2€(b,1))
+ / WEF () EWEg(p) dp
{j cop2€(b,A)}

+ Z/ [Tzo(vjk)f (P)EoZ°(v;0)8(p)
keZ, {jvred, M)}

+ T2* () f PV EZ*(v08 ()] dp} :
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Note that the last sum is finite. The first term can be written as (7 v 0 means the max
of m and 0)

'Z/ N f () EoWhyg(p) dp
—21 Y licolple®,)

= xr, () / OF (1plw) Eo¥g (Ip ) p P do dp|
' vo

-—cb

e [ [ W (ple) B pl)lpF dodip),

_CO

with a similar expression for the second terms. It is permissible to make the change
of variable |£| — v(£) in the last terms of (5.51). Let u;(£) denote the C' inverse
of vx(§) where the latter is assumed to be extended to the left of ry by co|€|. Set
@' = (cos¢, sing) € S'. Then (note that £°(v;)g(p) and T*(v;;)g(p) depend on
ps in a trivial way by (5.38)~(5.39) and we may integrate this out)

S [ 00 OB 0080) + B 00f 0)EE0050)
=41 Y Uneed,))

u(A)

= xr, (V) fs TS (1) B 8 o)

bvO0

+2* (o f (|E|0)ES* (v)g(|€]e) do d|E|
u(—b)

b [ [ T 0f (61D B E -0 (El)

up(—A)

+ 25 (0n)f (E|0) EZ*(v-p)g(§l0) dg dl§|.

By Fubini’s theorem the absolutely continuous function (f, Fig) — (f, F»g) has the
derivative d(f, F,g)/dA. The Radon-Nikodym theorem allows the expression of
functions of A in the usual way. The formulae (5.68)—(5.70) now follow.

Appendix II. Singularities of matrices

1. First, the matrices C° D', D¥ and C are given.
CO(@", z) = diag(dy, A, d3, ds, ds, ds) and D'(&;z) = diag(ki, A, ks, ka, ks, ke);
0ot cos(art) (p% + roz) (161 + ?) + ip sin(at)7° (p? + 77) (I@’|2 + r°2)

dl - ’
J
i sin(at)puot® (p? + %) + put cos(ar) (pf + 1:02)

K ’

da
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dy=—dy, ds=di, ds=—ds;

0 2 2 2 2 2 0
kl=ruo(p1+t)p0(|§| +T)’ k3=T—k1,
poJ T
: po (€ + %) ud (p? + %) 7° 70
ke = . ks =ky kg= — k.
4 upK(lElz—}-‘L'oz) 5 4 6 T 4

IL. The limits of the foregoing matrices as z — A}, (p) = i0 are:

J(E, 2, (p) % i0) = £j [po(xs) cosaxs) (pT + n1?) (IE1* + x3)
+j ipsin(axa)|nl (p7 + x3) (1617 + InP*)],
K (&, 2% (p) % i0) = i[nluo (p} + xZ) sin(axs)
Fjuwxs (p} + Inl?) cos(axs),

CO(£, A9, (p) & i0) = C°(p) = diag(dy, A, d3, dy, ds, d), where
dy =Fj (po(xs) cos(axs) (p} + In?) (1€1° + x3)
+j ipsin(axs)lnl (p} + x3) (€1 + In?) /7,

dy = — (imo(=7 Inl) (P2 + x2) sin(axs) Fj uxs (p} + Inf?) cos(axs)) /K ,
d3 = _d]7 dS = '_d4y dﬁ = d4'

Also D'(&, A%, (p) = i0) = diag(ky, A, ks, ks, ks, k), where

& Inluo (p? + x2) p2 (IE1P + x3) In|
k] = 9 k3 el k17
upJ tjt
po (1612 + x2) ud (p? + x3) (i Inl) Inl
k, = > 5 , ks=ky ke= "7k
upK (€2 + nl? %7 (Fj xs)

The matrix D°(p) of the text is now given by Q’DO’(E, k?z(p) + iO) (compare
D'(£, M, (p) % i0)) and D(p) is given by Q'D'(£, M, (p) +i0), with Q' = O(j) =
diag(%j, A, 1, +j,£j, 1) if n>1lorlifn < 1. The matrix Q%4¢) of the text is
given by diag(s(¢), A, c(¢), s(9), 5(8), c(¢)).

III. The matrices DY (&, y,z) = diag(hy, A, hs, ha, hs, he) and C(§,y,2) =
diag(glq A’ 83, 84, 85, 86);

2up?c (6P + %) (p} -+ 1) sin(r @+ y)e
g] = - 9
opoJ
2up’t? (IEI”' + r°2> <p12 + 102) cos(t(a + y3))e~

&= HopPoTJ ’
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2u*pt (|§|2 + T°2> sin(z(a + y3)) (pf + 1:°2> P

= vopo (EP + T K :
. 2iu’pt (|§:|2 + 7:02) sin(z (a + y3)) (p% + 1—2) ( — e—iar)
BT hopo (EP + 1) K :
262p7? (IEP +1%%) cos(z(@+ ) (pF + 2% (— &™)
86 =

Hopot® (JE2 + 3 K ’
hy =isin(t(a+y3)) F/J, hs=cos(t(a+yy))F/J, where

2 2
F=_r°p(pf+rz)(pf+p§+r°)+pgr(pf+r°)(pf+p§+rz),

hy =isin(z(a + y3))G/K, hs=hs, he=-cos(t(a+ y3))G/K,

G = pot’° (pf + 1:2) - Ut (pf + r°2> .

[40]

where

IV. Thematrices DY (&, z) and C' (£, z) of (4.35)—(4.36) are now easily written down.
They are diagonal matrices of the form diag(h{, A, hy, h}, h, hg) and diag(g], A, g3,
84, 85, 8¢), respectively;

Also

By = —€“ pyroF/(2JptT), hy=—h], where

F ==t (p} +7) (p} + P2 +77) + oot (p1 4+ %) (3 + P2+ 7,

B, = —“ 1uot°G/(2Kut), hy=H, hi=—h,, where
) 2
G=uor°(p%+r2)—ur(pf+r°).

Il G o) (p} + 2% e

!

&1 =

b

HopoJ
, upc? (I«‘EI2 + T°2> (Pf + t°2> (—er)
H=T Popot®J ,
ot (6P +5) (pF + o) e
fa= popo (EP + ) K ’
/ 12pt (|§|2 + 1:02) (pf + 7:2) ( _ e-—iar)
£ = Hopo (IE + 72 K !
e (161 + %) (p? + 2) (= i)
-

topot® (IE* + 72) K

| Referring to (2.15) we see that the required identities (4.34) are satisfied.
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V. The limits of the matrices as z — vj at vj; = i0 are:

CO(‘Ea vjk) = llm(Z - vjk)co(gs Z), D:EB(%-, vjk) = llm(Z - vjk)Dl(g:a Z),
D¢, v;y) = lim(z — v;) D", 2), C¥(, vpp) = lim(z — v;0) C' (€, 2).

In the paper, the matrices D* (&, v;;) and CE(§, ;) are defined as

D*(€, v;x) = (it%)” Ey'D* (¢, vj)E and
CEE, vjp) = — Q( & j)e ™ 1) CF(§, v1).
Here J' and K' represent 3,J and 9, K (evaluated at z = vj; &= 70). We have used

the abusive but convenient notation of writing zj), for l k] and 7; . for £ 4.
We have

d] :—Zpsin(a‘cjk) jk (p] )(lglz_'tjpkz) /J’, d3=-—d],
dy = —2sin (arjk) Hofjk (p1 + Tjk) /K', ds=ds, ds=—ds,

k= itjﬂkuopg (P% + rjzk) (ISIZ + Tj2k) , ks= —1——(1 ki,
ppJ’ Tik
— ipou%'[jok (I";:‘2 + szk) (p% + rjzk) ke = —ik ke = tiok. k
4 wok (-2 0w

W, = —iemk g r9 \F/ (2]";1—“) h; = —h{, where
F=—it)p(p}+ )(|§|2—rj,L )+Porjk (Pl Tk >(|§|2+Tj2k),

arT; 2
iel Muofjk (l,u,o e (p1 - rjk) KTk (p% - rjpk ))

hl — 3
4 —2K'utji
. i, . . ‘ 2
/ le:arjkuor;]k (l/"forjok (p% -+ 'L'jzk) — UTjk (P% - ‘L'jok )) ' /
hs — : _2Klur.k ) h'ﬁ = —hs:
J
2 2 iatjy
/ _ﬂpzfjk (Iglz - ijk > (P% B rjok )le ” / Tik
g =i papel’ B
jk
2 2 iarir
12T (|§|2'“ Tk ) (p% — Tk ) PR 7'
g=— 3 g=_lg’ g=__g'
4 HoPo (IEP + Tj2k) K 5 4 6 1:191( 4

The identities |£[* + 7 = ¢ and [§1* — T} = ¢ 2v?, are useful in simplifying
computations with these matrices.



236

William V., Smith [42]

Acknowledgement

This work was partially supported by a faculty research grant from Brigham Young
University and the Centre National de Recherche Scientifique, France.

[1]
[2]

(3]
[4]

(5]
[6]

7
(8]
9]

[10]

References

N. Dunford and J, T. Schwartz, Linear Operators. Part II (Interscience, New York, 1963).

D.’S. Gilliam and J. R. Schulenberger, “Electromagnetic waves in a three-dimensional half-space
with a dissipative boundary”, J. Math. Anal, Appl. 89 (1982) 129-185.

T. Ikebe, “Eigenfunction expansions associated with the Schrédinger operator and their application
to scattering theory”, Arch. Rational Mech. Anal. 5 (1960) 1-34.

P. Lax and R. S. Phillips, “Local boundary conditions for dissipative symmetric lingar differential
operators”, Comm. Pure Appl. Math. 13 (1960) 427-455.

A. E. Lifschitz, Magnetohydrodynamics and Spectral Theory (Kluwer, Dordrecht, 1989).

W. V. Smith, “Waves in a perfectly conducting fluid filling a half-space”, IMA J, Appl. Math. 43
(1989) 47-69.

W. V. Smith, “The analysis of a model for wave motion in a liquid semiconductor: boundary
interaction and variable conductivity”, SIAM J. Math. Anal. 22 (1991) 352-378.

W. V. Smith, “Wave motion in a conducting fluid with a boundary layer, I. Hilbert space formula-
tion”, J. Math. Anal. Appl. 188 (1994) 680-699.

C. H. Wilcox, “Transient wave propagation in homogeneous anisotropic media”, Arch. Rational
Mech. Anal. 37 (1970) 323-343.

C. H. Wilcox, “Asymptotic wave functions and energy distributions in strongly propagative
anisotropic media”, J. Math. Pures et Appl. 57 (1978) 275-321.





