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0. INTRODUCTION

A fundamental problem in classical physws is to describe the waves
produced in a medium by the action of prescribed sources. When such
sources have a sinusoidal time dependence (as is frequently postulated), the
resulting waves may be expected to have the same oscillatory behavior in
time, apart from a transient wave. The problem of determining this steady-
state response is usually called the steady-state wave propagation problem.

This paper deals with the steady-state propagation problem for elec-
,3 tromagnetic waves in a class of globally perturbed nonselfadjoint media.

Here, we shall consider the problem in a certain subspace of inhomogeneous
data.

Systems other than Maxwell’s equations may be treated using the methods
! of this paper and such will be the subject of future work.
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Up to this point integral (global) perturbations of Maxwell’s. equations
have received little consideration, to our knowledge. Our problem is a special
case of the more general problem

—i0,u + Au + Bu = f(x, 1), ~(0.1)
where A is the Maxwell operator and B is a term of the form

¢ | Bu)(x, )= [ Bx, y) d(y, 1) dy. 0.2)

A number of important results have been obtained in the case where B is a
(symmetric) matrix multiplier with compact support (see |6], e.g.). Systems

*The results of this paper form a portlon of a research report prepared for the AH Corp.,
Tucson, Arizona, .
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312 HOOVER AND SMITH

of the form (0.1) may be thought of as a generalization of the classes of
symmetric hyperbolic systems introduced by Friedrichs in [3].

The steady-state problem deals with the case where the source term hag
the form

S, H=e M f(x), AER'— {0} (0.3)
and a solution of the same form is sought:
u(x, ) = e~ w(x, 1). (0.4)
Thus w(x, A) must satisfy the equation
Au + Bu — Au =f(x). 0.5)

The function w(x, 4) is not uniquely determined by Eq. (0.5) alone and it is
necessary to add auxiliary conditions. Physically, a condition is needed
which guarantees that w(x, 1) behaves like an outgoing wave for |x|— oo. In
our case rather simple examples exist where no such condition can be given,
However, by excluding certain pathological cases, we can show the resolvent
R(&)= (A + B —¢I)7" exists as a meromorphic function in the upper and
lower half planes. Hence for ¢ > 0, it is possible to consider the limit

wix, A)= 1i13)1+ wix, A +ie) = lixgl+ R(A + ie) f (x). ~ (0.6)

The limiting absorption principle states that the steady-state solution is
w(x, 4) in (0.6). Physically, w(x, A + ig) is the corresponding solution in an
absorptive medium and is unique when A + i¢ is not a bonafide energy level
(eigenvalue) of the system. This gives a way of defining a unique solution of
(0.5) which can be thought of as “outgoing.” Of course it must be proven
that the limit in (0.6) exists in some appropriate sense (to be defined below).
In our treatment we have borrowed certain techniques from [4, 8], a fact we
greatfully acknowledge.

In Section 1 we establish the necessary background and notation. In
Section 2 we prove certain facts about the resolvent set and resolvent
operator. Then in Section 3 we prove that (0.6) makes sense and defines a
solution to the steady-state propagation problem for certain source terms

S ).

Since we are dealing with a nonnormal operator it must be expected that -

the spectrum of our operator has certain kinds of peculiarities: Physically,
eigenvalues occurring off the real axis indicate that the system is not conser-
vative.

It should be noted that 4 here is not elliptic. It has constant deficit, Such
operators may have several zero speeds which may coincide in various
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directions. The perturbations we consider (in order to avoid some of the
pathological situations already mentioned) will have roughly speaking, the
same ,,rank” as 4. This is not a very restrictive assumption as will be seen
below, but it does have a somewhat nonconstructive character.

e

1. BACKGROUND AND NOTATION

We consider vectors in C® as column vectors and write them generally as

| a pair of 3-vectors f'="'(f", /%), where t denotes transpose. If u(x,t) is a

| function of (x,£) € R* X R with values in C%, Maxwell’s equations in vacuo
may be written in the form of (0.2), where

l
| A(D)u—[”‘”“2 ]~iAD ‘ 1.1)
‘ __l".orul —j=] J .iu’ ( '
9 = —i0; = —i 0/0xj. u' and u? represent the electric and magnetic fields,
respectively. The symbol A(p) of A(D) is a 6 X 6 Hermitian matrix of rank
4 when 0 # p = (p;, py, p;) € R*. We have
0 ’
A(p) = l 3 P J (1.2)
b, 033
' with
y
0 —p; by
b= s 0 —p |. (1.3)
I —Pp, by O

' The symbol A(p) is of course obtained by the Fourier transform
7 A(p)= PA(D), where

O (p)=(m) [ e fxydx=f(p)  (JEL').

¥ R3

The cigenvalues of A(p) are 0, |p|, —|p|=24g,A(p), A_,(p), each of
¢ multiplicity 2 and the resolution of the identity for A(p) is

I=Py(p)+P_y(p)+ Py(p) (1.4)

P; may be computed from the Dunford formula

. Py(x) = ~(2gz£)—1 [A(x)— 1)~ de, (1.5)

[Afx)—¢| =8
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where ¢ is small enough to exclude the other eigenvalues (see [12]). We
know

A(p) Pi(p) = Ai(p) Pi(P), - (L6)
PE(p)=Pp),  Pu(p) PAp)=0yyPyp), (L7

P (p) refers to the Hermitian adjoint of P,(p).

As usual Z(R", C™), Z(R", C™) stand for the rapidly decreasing and test
functions, respectively. @ is an isomorphism on .%” which extends to %/ by
duahty By the Plancherel theorem @ extends to L2(R", C™)(the measurable
square integrable functions on R" with range in C™). In any case we shal]

denote the ad_]omt of @ by @*. &*f(p)=Df(—p) f(p), and Q)gb*
@*® =1, We define BL(R? C?) as the completion of S (R? C?) in the
norm

1715 =] 121" 17(P)I* dp. (18)

The matrices Py(p), P.,(p) can be explicitly computed. Define p ® p as

P% DPy DiD3
DD, P% PaP3 | ' (1.9)

PPy DiP2 D3

Then
_ PRp 0545
Falp)= |p|? [03><3 P@P], (1.10
_ 1 =) #p.
P:{:I(p)_ |p|2 l: ﬂ:p,\ ___(p’\)z]' (111)
We define
P(p)="P(p)+P_(p) (1.12)

P(p) is an orthoprojector orthogonal to Py(p). We let H = L*(R?, C°) and
define the bounded pseudodifferential operators P, P, on H by

P=®*P(p) P, Py=@*Py(p) P. (1.13)
It is evident that P, P, are 'projections on H and we define

H,=PH, H,=P,H. (1.14)
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Thus if f€ H, f=f, 4+ fy=Pf+ P, f€ H, + H,. Note that P(p) and Py(p)

are homogeneous of order zero. Therefore, setting w = p/lpl, P(w)=P(p),

Py(w) = P(p). Define the matrix-valued functions a(), b(w) as

W W3 —W,
V2Wi+wh)aw)= | —w,wy, w, |,

wi+w: 0

' Wy —W W,
V2Wi+wh) bw)= | —w, —w,w, |,

0 wiiqw?

and the map ¢

0: BL(R®, C*) @ LX(R*, C*) - H

We define the space H°° to be

{ue &' (R°,C)|w,E, u€ H for all 4; PE, u=E u).

409/97/2-2

i\ . o

\
I by
* -
I fl 1/2 gp # 1 . 2
| 7 | [ =205 a0 ) 1600 )
l and
| o*: H- BL(R?, C*) ® L*({R% C?)
N by
[ 1
.l o |1 | =270 a0 7o), b0 o).
" Then it is easily checked that
| oc*P=0%, Po =g.
J Further, we note that
0 0 1 0
« . a0 0 01
DPo*D*A(p) PodP* =i P 0 0 0
0 |pl” 00

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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E,= ®*y®, where y € @(R*, C) such that supp(y) S A4 € R*\{0}, where
(y=w,)A €R>\{0} means 4 is compact in R*\{0}. It is clear tha
I{1 CHlloc. .

For BL(R?, C?) @ L2(R? C?), etc., we frequently write BL @ L?,

2. THE RESOLVENT

As noted above we will be interested in considering propagation through
antistationary data (data from H,). For f, u in H,, we have

A(D) + PBu = [(x). Q.1

In general B scatters data out of H, and it is partly this property that
makes the algebraic structure of B come into play. B may change rank
“discontinuously” and we desire to eliminate this complication for the
present. We will assume that,

(1) B is an integral operator with a matrix (perhaps composed with a
bounded operator) kernel

B = | Gy i =] Bewnind. @)

2) B(x,y) is (uniformly) square integrable in each variable.
(3) PR is a convolution kernel with the same rank as A(D), i.e.,

P(n) @,B(,y)d(y)=6(n) K(n —y) @,0*u, (2.3)

where K is a 4 X 4 matrix whose first and second rows are summable,
Actually assumption (3) is almost automatic because of the relations
between P and 6. The entries of K can be solved for by setting up certain
second order equations contained in (2.3). However, we require a certain
asymptotic behavior from K which restricts B somewhat further,

*

(@) (1 + |x)"2* R (x) € LA(R?, C'°), (2.4)

Eigenfunctions of 4(D) 4 PB will have global support in general.

LEmMA 2.1. H, NZD(A(D)+ PB) is dense in H,.

Progf. This follows easily from Lemma 2.2 and (3) above.

i
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LEMMA 2.2. Let u€ H,N\D(A(D)). Then there exists an SEBL®L?
such that

0*PBy = (B*K) f. (2.5)
Proof. In %' we have,
(0*PBu)(x) = 0*£(1) [ @,B(:, ) (») dy
=% f K(n ~y) 6¥udy
= (P¥K) [(x),
where f is the image of o*u in BL @ L*
We define the operators Ry (&) and R(&) by
oRy(8) 0* = ({I - A(D))™! (2.6)
and
oR()o* = (&I —A(D)— PB)™! (2.7)

when the operators on the right of (2.6) and (2.7) exist as bounded operators
on Hy. By 1.20 we have in .%'(R? C*)

2 o T
—r 0
|p|>— 42 0 |p|* =A%
0 A —1
OR() =1 | pP—47 |p|* =2 2.8)
0 - 2 *
|21J| 2 : O 22' 2 O
|p|*—4 |pI* =2
o 1o A
i |p|* — A% |p|* =A% ]

and for @ R', Ry(4) is a bounded operator on BL @ L?. Since BL @ L? is
dense in L?(R’, C?)@® L*(R*, C?), we shall consider Ry(A) (and R(1)) as
acting in the latter space for the time being.

LEMMA 2.3.  There exist matrices K ,(x), K,(x) such that

PHK = K, (x) Ky(x) = K, (x) K, (x) .9)
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with
K, € LX(R?,C") 2.10)
and
sgpfwlx—yl'zIKl(y)Izdy< 0. Q.11)

Proof. Factor @FK as
K@) =(+[x)7"" Lo (2.12)
K,(x) =K, (x)"'®¥K. (2.13)

Then (3) gives the result.

LEMMA 2.4. There exist bounded “operators” D, and D,(A) such that

RyA)=D, + D,(A) (2.14)
and D,, D, are generalized integral operators with “kernels”
0 0 0 0
~ 0 0 00 ~
= 2.1
Dl(x9 y) 5(x _y) 0 0 0 ( 5) v.
0 dx—y) 0 O
and
Dyx,y,4)=D5(x,y,4)  ImA<0,
=D} (x,y,A) Im A >0,
respectively, where
A 0 1 0
5 ; Alx—y) | O A 0 1 N
sx Ay i [ SXP(E 2.17
Dy(xy,d) =i 2 |x — | —A* 0 1 0 @17) |
0 4% 0 A |

Proof. The result follows immediately from taking the inverse Fourier
transform of (2.8).

P

e
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LEMMA 2.5.  Let K(x) = (ki}(x))i=1,2, and
(555 (6, 2, 4)) = Ky (x) D (x, 3, 2) Ko(9). (2.18)
Then
fﬁ j |57 (6 35 A) 2 dxdy < e(h) = M(im A) ! imA> 0
—NZHk |7, max{|A] 1} imA>0

(2.19)

a similar result holds for s~.
Proof. Suppose im 4 > 0, then

exp(—2im A |x —y|)
Ix~y|2

Z 64 () kiy(»)I*

sl = (7 )

X |k }(x)]?

< (£> exp(—2im 4 |x — y|)
A2 lx —yI°

X Jiey o) (élénw) (2 HOE), )

where 6, (4) = 1,0, 4, or A%. Equation (*) is equal to

& ( )exp( 2ImA1X=ID e ) 215, k()

i=1 k=1 |x — J’|2

Now,

7w oexp(—2imA |x —
Buh) P ﬁ P =D P 1 )P as

k3 . exp(—2im i |x —y|) )
< - max{|3| ,1}ﬂ P |)1+25dx|kk,(y)| dy
exp(—2 im 4 |x — y|)

dx.
P+ e

<Nkigloa - max|af*, 1) sup J

|
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We have

Jexp(——Zimﬂx—J)D » exp(—2im 4 |w|) dw
[ =y P+ x2S g WAL+ [w o+ p[) 2
J-°° exp(—2 im Ar) dr
0 (1+|r|)1+2s

and the result follows from this.

LEMMA 2.6, Let
(PFK)= (ky(x)).

Then

0 0 0 0 fi
0 0 0 0 £
kll k12 kl3 kl4 f3
k21 k22 k23 k24 f4

If % is bounded and O is not in the essential range of

(/l - kw)(’l - k24) - k14k23a

(K,D,K,) f = =27

then (AI —%")~" exists as a bounded operator in L* @ L*.

(2.20)

Proof. The proof is a direct computation. A more desirable result would
be obtained if some global conditions using the L% norm of .# could be
given (note that if || K||,, is smaller than |1|, then the conclusion of Lemma

2.6 holds).

A *local” condition on %" can be given, but it is more restrictive than the
hypotheses of Lemma 2.6. It is a rather curious fact that the spectrum of

Z® may be controlled via the L*-norm of .%". Note that
M—-Hf=¢
or
¥ X s
* * ‘
setting h=f, k=¢ we have
*
M~ F*h=k
or

%
k/A — /A5 *F = h,
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taking i, = k/4 as a first approximation, we form the series
P+t e,
where

¢n = hn - hn—-l »

1 X
h'2:hl _7%*};],

1 X
hn=hl_—;{—'jf*};n—la

i
{
l
J
‘ by the Schwartz inequality,
‘ ”¢n||oo < |"{|_1 ||¢n—1”2 ”‘%Hb
‘ SO

“l *

’ ”‘Y*¢n”2 :v”'zr¢n||2 < ”¢n||oo ||j37’“2

It follows that for |77, < |A], the series converges in L(R?, C*).
We denote by s(z) the operator generated by the kernel (5;(x, ¥, z)) on
L*@L”

LemMMA 2.7. Let z be fixed. Then

WM =T =)' =AU =F)" + M=) —s(z)A — &)~}
X s(z)A —:77)~ . ' (2.21)

Proof. (Al =% — s@)M — &)™ + AU — & — s(2)(Al — )"
= s~ )TN SO~ ) = T — s — ) +
‘ (I =8(2)M — )W — ()AL — %)~} s(2)M —#) 1 = 1.
|
|
t

A similar calculation shows the right-hand side of (2.21) to be the left
inverse as well.

LEMMA 2.8. s(z)(AI —.%")"" is an analytic operator-valued function of z
in the upper and lower half-z-plane. s(z)(AI — &)~ is uniformly continuous
on compact subsets of the upper (lower) half-z-plane together with the real
axis, extending to R' via D (D;).

Proqf. S(z) =K,D,(z) K,, and we have

L
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$(z,) — 8(z,) - K Dy(z,) Ky — K (Dy(z5) Kz-

zZ,—z, 15
_ KD+ Dyz,) — Dy + Dy(z,) K,
zZ,—1z,
K (Ry(z,) — Ry(2,)) K
_ KR ;)_ZO 2) 2= —K,Rq(z,) Ry(2,) K,,
1 2

by the resolvent equation,

Ro(z1) Ro(z;) = (D + D Dy(z,) + Dy(z,) Dy + Dy(z;) Dy(2,)),

SO
—K Ry(z,) Ry(2,) K, = =% — K, D D,(z,) K, — K, D,(z,) D, K,

—K;Dy(z,) D,(z,) K,.

Since K, is bounded, it suffices to show that D,(z) K, is a bounded
continuous operator-valued function of z, for im z = 0. It is easily checked
that Dy (z)K, is a Hilbert-Schmidt kernel for imz>e>0 (or
—imz > ¢ > 0) for all ¢ > 0. It remains to show D,(z) K, is continuous, We
may ignore the matrix portion of D,(z) for this (see (2.17)).

Since the remaining part of D,(z), call it Dj(z), is of the form
c exp(iz |x — y|)/|x — y|, we have (||| - ||| denotes the Hilbert—Schmidt norm)

|||D5(21)K2 —Dj(z,) K2|||2

= [[ 12000 1D3, 3, 20) — B, s 2,) | dxdy (222)
=[ (1K) By, 21) — D, p, 2,) | dvly
|y >R
+ (1P D3y 2) — Dy zo) P dxdy (223
[YI<R
=[P D3y 2) — Dy, 3, 2,)| dxdy
I¥I>RY|x|>R
[ RGP By 1) — Dy, p, 2 dedy  (2:24)
I¥I>R 7 |x|<R
UK 1Dy 21) — D,y 2,) | dedy
|[¥I<R “Ix|I<R

+J. J. |K2(x)|2|D~£(x>ybzl)_Dvé(x,yazl)vdxdy
IYI<RYIXI>R .

— .

iy
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by the Fubini theorem, those terms in (2.24) with one integral for |x| > R or
| y| > R may be made small uniformly in z;. For the term with integrals over
|x| <R and | y| <R we may use the estlmate

| D3, s 2,) — Dy(x, 3, 2,)| < |2, — 2, - (2.25)
This shows the required continuity.

The same type of argument also shows that s(z) is uniformly continuous
on compact subsets of the closed upper (lower) half plane.

LemMMA 2.10.  (See [10]). {I—s(z)(M —2)~"}~" exists except for a
discrete set of points in the upper (lower) half plane. When extended to the
closed upper (lower) half plane, it fails to exist on the real axis in ar most a
nowhere dense set of linear measure zero.

Proof. Let zOE R' and fix r so that if imz>0 and |z —z,| <r, then
[5(z)AL =)~ — s(2)(AI — H)” "1<3 (by Lemma 2.8). Since s(z,) is a
Hilbert-Schmidt operator, so is s(zo)(AI — %)~ (see [1,p. 1012], e.g.).
Therefore, there exists an operator s of finite rank such that

[s(zo)AL — %)~ — 5| < 4. (2.26)

Then
sGz)A— %) —5| < 1, |z =z, <1 (2.27)
Therefore (I — s(z)(AI'— %) "' 4 s) ! exists, and is analytic in the interior of

|z—zy| <7, im z > 0, by its Neumann expansion.
Set

G(z)=s(I —s(z)M—F)" ' 4+5)7". (2.28)
We have |
U =@M =) ") =~ GE)T s —F) +5)  (2.29)
and so there exists |

fla.f‘z a---&fn;
g17g29"'$ gns

(2.30)

such that

(&= (5e) S @31)
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where

(8.8)= JRS g(x) g,(x) dx.

Define
8&) = (U~ @A ~7) " +5)7' 2, (2.32)

we have

G(z)g = ; (6.8(@) /i (2.33)

and so {I — G(z)} ! exists if and only if
o(z) =det(, ., — ((f;>8(2)), ) # O (2.34)

(det = determinant).

It is evident that &(z) is analytic in the interior of {z||z—z,| <,
im z > 0}. 6(z) is therefore identically zero or has only a discrete set of
zeros. Set Z = {z||z — z,| < r}.

Furthermore, setting & =r~'(z — z,)

w=(E+i&+ 1) —i&+1)7, (2.35)

w(z) takes {z||z —zy| <r} to the unit disc in the w-plane with (imz > 0)
R'M {z| |z — z,| < r} going to the boundary of the disc. It is easily checked
that a subset of {w||w|=1} has positive circle measure if and only if its
inverse image has positive measure on 6Z. Define

M(w) = 0w~ '(w)) =d(2). (2.36)

Appealing to Theorem 15.19 of [7], we see d(z) vanishes on a set of
measure zero in R' (or else is identically zero in {z||z —z,| < r, imz >0}
Since d(z) is contituous in 4, ;= {z|zE R, |z —z,| <7 —& 0 <& <r}, then
Z(0)N A, is closed, where Z(9) is the set of zeros of 4.

It follows that the set of all z such that {I —s(z)(AI —.#)~'}~' fails to

exist is a closed set in the closed upper (lower) half-plane. Analytic

continuation gives the required result taking z, with im z, > 0.

THEOREM 2.11. Suppose 1 & (%) (cf., Lemma 2.6). The spectrum of
A(D) + B on H, is either the entire complex plane or consists of discrete seis
in the upper and lower half-planes together with the real axis.

e . -
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Proof.  Suppose the spectrum is not the whole plane. Adapting Kato [5,
p. 263], we see that

R()=Ry@) + Ry Kol 7 —s() K, Ro().  (2.37)

|

|

|

“ The right-hand side defining (uniquely) the operator 6*4(D) o + 6*PBg. In
1 fact, it is easily seen that (I — % — $(z))~! may be written in terms of R(z)
[ and since the operator oR(A)o* is presumed to exist for some A as a
‘; bounded operator on H,, Lemmas 2.7-2.10 imply the result,

|

l

|

Remark. There are a number of conditions that can be applied to prove
the resolvent set of A(D) + B on H, is nonempty. For example, if || ¥ K|, .,
is sufficiently small, then some point near the origin is in the resolvent set
(eigenvalues may still be scattered throughout the plane, however). If K,
commutes with ¢(4), where

A0 0

0 4 0
( ‘D=12 0 1 ol (2.38)
| 0 4 0 A

an admitedly rather strong condition, then the spectrum does not cover the

plane. Several other conditions also give the required result. In any case, the

\ algebraic structure of B plays a strong role in determining the existence of a
nonempty resolvent set and whether the steady state problem is well posed.

3. LIMITING ABSORPTION

'I The limiting absorption principle was used as a heuristic device in physics
for many years to solve the steady-state wave propagation problem and there
J have been a number of rigorous justifications of the principle, (see
[2,9,eg.). . ' " ‘
We let S denote those points on the real axis where I=s@E)(—2)"H!
fails to exist as a bounded operator. We assume that 1 & o(%") and ¢ > 1.

LEMmA 3.1..
K R(z) u € H*((a, b) X (0,d); L? @LZ),

where H? is the  Hardy space of vector-valued .functions and
—0<a<b<w,0<d< oo and -

L_‘ I
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fb 1K, Ro(a + iB) u|)” da < c(|ul]) < 3.1)

for 0<p<d
Proof. Using a modification of a result of Kato [5, p. 272], it is sufficient
to show that
| sup | ((Ro(2) — Ro(2)) Kyu, K u)| < co. (3.2)
z&(a,b) X (0,d)

ll#|=1

However, we see that

|(R(z) — R(2) K, u, K, u)|

————— e —

<[[1545,2) = D5 D E YDy (K@l (3.3)

(X, u)(y)(Klu)(X)I dydx (3.4)
lx—y| |

<cla, b, d) H |

—_—— — =

dxdy (j |ul? dx)z, (3.5)

c(a,b d) j 1——y|—

where c(a, b, d)=max,, ;2(A|* +2]A]*+2) with a<red<bd, 0<
imA<d. |

By Proposition 3.1, K,R,(a + if) u has “boundary values” at almost all |
points on the boundary of (a, b) X (0, d), i.e.,

,}i% K, Rya+if)u=K,Ry(a+i0)u (3.6)

converges in L?> @ L* Smaller values of ¢ might be used but this requires a
more circuitous path to our goal. This may be the subject of a future '

|
‘ investigation.
‘ | As we stated previously, we wish to prove that if

v(x, a) = Blil})l+ oR(a + iB) u(x), (3.7)

then v is a (uniquely defined) solution to
—A(D)u — PBu + Au=—f(x). (3.8)

Outgoing (and incoming) solutions may be defined from this limit.
It is not appropriate to expect that the limit (3.6) should exist in H, since

e
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R' € a(4(D) + PB). Instead we will speak of elements in H'\°°. H'\°° is given
the topology generated by the seminorms

P (u)=|E uy,l,- (3.9)
THEOREM 3.3. Let f€ H,, then f= og, where g € BL @ L2 Write

vp=Ro(a + if) g — Ro(a + if) K,(I — 7 — s(a + i)™’
XK,R(a+iB)g (3.10)

and suppose o & S.

Then limg_, ov, = 0v, exists in HY'® and ov, is the unique (“outgoing”)
solution of the steady-state propagation problem for frequency a, and source
function f.

Proof. We know by Lemma 3.1 that lim;,, K, v, exists in L?>@ L2
Further, v, € BL ® L% v, is therefore a tempered distribution since
K 'K vy=10, and |K | is polynomially bounded. E, is a bounded operator
on &’ and H,, and we have for all y, €9, E,(ov,)y,€EH, since
E, (ovy) v, =y, 00,* 177 15 OUF J;A is polynomially bounded and smooth.

Therefore ov, € H®°. Now setting up=o0v, we have —A(D)uy—
PBug + (a + i) uy = —f € H, and letting 8 | 0 and utilizing (2.3) and (3 5)
we have

—A(D)uy— PBu, + auy = —f (3.11)

and the proof is concluded.
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