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The first-order systems describing wave propagation in classical physics have
many special properties. They may often be reduced to families of wave equations,
We discuss certain vector wave equations with matrix potentials which are quasi
long range and their relation to the equations of classical physics and the steady-
state solutions of these problems.  © 1987 Academic Press, Inc.

0. INTRODUCTION

One of the important problems in classical physics is the prediction
of the eschatological behavior of a wave transmitting medium or system
in which an oscillatory source acts. The wave transmission problems in
classical physics and certain quantum physics systems may be cast in
Friedrichs—Wilcox form:

—IiE(x) 0,u= A(D)u+ Bu, (0.1)

where A(D) is a first-order symmetric matrix differential operator and B
and E are matrices. Examples include Maxwell’s equations, the equations
of magnetohydrodynamics, the equations of elasticity, crystal optics, and
many other phenomena. ‘

In practice, the form (0.1) is considered somewhat unwieldy and can be
reduced in many instances to variations of the form

0,v=cdv (0.2)

which is simply the classical wave equation. Often, further examination
leads to the proposal of various perturbed versions of (0.2) such as

Oyu=ddu+q,0,u+q,u (03)
Here 4 is the Laplacian.
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We shall seek the answers to two questions in this setting. First, what is
the relation between the “simplified” models (0.3) and the systems (0. 1)and
second, can we then solve the steady-state problem of the opening
paragraph for the generalized form of (0.1) related to Eq. (0.3). We shall
allow anisotropic forms of (0.3) in our discussion with the condition that
the unperturbed medium involved is “strongly propagative” [5].

In order to construct a solution to the steady-state problem mentioned
above it will be necessary to introduce several types of function spaces and
review certain facts from Schulenberger and Wilcox [5] and Gilliam and
schulenberger [3]. We gather the material from [3, and 5] in Section 1, as
well as certain other restrictions, notations, and facts. We shall construct
our solutions by means of a limiting absorption principle. This method has
peen used by us for the classical form of (0.1) in [6]. It is perhaps
somewhat remarkable since the operators involved are not selfadjoint.
Because of the goal of relating the models (0.3) to (0.1), a different proof of
the limiting absorption principle is required (the extended version of (0.1)
must contain pseudodifferential operator perturbations instead of matrix
perturbations).

In Section 2 we develop facts concerning certain subordinate operators
related to generalized (anisotropic) versions of (0.2). The main proofs are
relagated to two appendices.

In Section 3 the steady-state solutions of certain families of equatlons of
the sort (0.3) are constructed. It is worth remarking that our hypotheses
concerning the behavior of the coefficients (at o) are somewhat weaker
than those studied heretofore in (0.3). We show the existence of solutions
to Eq. (0.1).

In Section 4 we cons1der in an elementary but justifiable fashion, the
steady-state problem for the suitable generalized version of (0.1). The fact
that A(D) in (0.1) is usually not an elliptic operator plays a limiting role in
what can be achieved. See also [6].

Before moving into the main body of the paper we shall review, in a non-
rigorous fashion, the relation of the limiting absorption principle to the
steady-state existence problem.

Suppose, for example, we wish to construct solutions of steady-state type
for a system

—id, f = Af, f=f(x1); xeR", teR.

To generate steady-state solutions, we induce forced oscillations into the
system by adding a term of the form g(x, t) = e ~*g(x), where A=A, + ie:

—id,f=Af + g(x, 1).

Of course if g is to be a genuine oscillator, we must take & =0. There will
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not be a unique solution in this case. However, let us assume that a steady.
state solution exists, with a form like that of g:

S, 1) =e"*fy(x, 1),
Inserting f(x, ¢) into the forced equation gives

—i0,e~"fy(x, 1) = Ae~"f(x, 1) + e~ Mg(x)

or
—de Mf = e TMAS, + e~ Mg
thus
—Mi=4fi+¢g
or
(A=2)f1=(—g).

If we consider the equation above thinking of f and g as elements of
suitable vector spaces then a solution f exists when the operator inverse
(A—2)""' can be defined on the vector space containing g. Of course
(4—2)~"is simply the resolvent of 4 and it exists, by definition, when 1 is
not in the spectrum of 4. The difficulty lies in the fact that the problems of
interest here contain the real axis in their spectra. We are thus led to
consider in what sense the limits

lim (4—2)""(~g)

e—0

may exist. There are really two limits here since A=A+ ie. (See the dis-
cussion in [2].) It is conceivable that if the topology of the domain of
(4—2)~" is strengthened and that of the range weakened then the set of 1
for which (4—A)~" exists may be enlarged to include the real axis or
perhaps some portion of it. (If A, is in the point spectrum of A this techni-
que will not work). This idea does indeed hold true. The idea of using the
limit(s) above to define a steady-state solution is called the limiting
absorption principle. The term “absorption” comes from the fact for >0,
A=2Ao+ie, g(x, t) damps out as ¢t — oo, x fixed.

Thus the limiting absorption principle is a way of attacking the existence
problem for steady-state solutions. Again, the fact that it can be applied in
our problem is somewhat remarkable since the appropriate A is almost
never selfadjoint (though this is by no means the first time it has been
applied to nonselfadjoint problems).
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1. PRELIMINARIES

Here we state some assumptions and review some results of [3].
without loss of practical generality, we suppose A(D) is of the form (see

(3)
0 " B(D)*
[B(D) 0 ] (LD

where B(D) is a constant coefficient first order rx k formal differential
operator matrix with B(D)* its formal adjoint, r + k =m. We shall define
A(D) by means of the Fourier transform & (here and below, n>2).

(@f)(p)=@m) """ | explixop) f(x) dx=](p). (12)

® is an isomorphism on & (R", C™), the space of smooth rapidly decreasing
functions on R” with values in C™. & extends by duality to %’ the space of
tempered distributions and restricts to the Hilbert space L,(R", C™), the
space of Lebesgue measurable square integrable functions, as a unitary
map (see [4]) with adjoint-inverse:

(2%f)(p)=(f)(—p). (1.3)

For pe R"\{0} and D;= —i(0/0x;) substitute p}; the jth coordinate of p
for D;, the jth coordinate of D, to obtain the symbol of A(D), A(p). Define
(2 = domain) '

D(A(D))={fe Ly(R", C™)| A(p) Ap) € L,}-

(14)
A(D)=d*A(p)®  on D(A(D)).

It is well known that A(D) is then a selfadjoint operator on L,(R", C™).
We write L, for L,(R", C™).
By A,(p) we mean the solutions to the equation (det = determinant)

det(A(p)—AImxm)=0‘ (15)
for fixed p, order these as (they are real by symmetry) (see Appendix C)

Ap)ZA_(p)= - ZA4(p)=Ao(p)=24_40)= - =A_([p) (16)

Write w=p/|p|, p=|p| w, 0weS"~*. It is known [5] that the ordering
(1.6) and (1.7) uniquely specifies the 4, p) with the possible exception of an
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S”~! null set of w values. By the symmetry of A(p), and since A(p) is first
order we may have

A=p)=4_(p)= —A,p)

1,
Alop) =al i p), a>0. (17)
The existence of a 4;=0 on a nontrivial set is a fact of life for the waye
equations of classical physics and therefore A(D) is not elliptic. We shqll
assume that A(p) is a C* function of p #0.

Further we assume |p|/4,(p)< oo (A(D) is strongly propagative). §, will
be a small neighborhood of O in C. Our assumptions imply that the slow-
ness surfaces

{plsig(j) A(p)=1}=S; - (1.9)

are smooth enough so that generalized polar coordinates may be defined
on them. Define

A 1
P(]) =3 (A( _2‘[/11xm -t dﬂ’?
AP) =5 £1—1,<p)|=«5,»<p> ?) :

where §,( p) is small enough to include 4; only.
By symmetry, {P/(p)} is a complete set of orthoprojectors for A(D),

1 A

Y PAp)=Lysms A(P) Bp)=4(p) B(p). (1.10)
j=—i

We write P,=P,+ P_, and # = L,(R", C™). Then ®*P(p)® =P, is a
selfadjoint projector on .
We define the “energy” partition of # as

H = OP,H = DH. (1.11)

This is well defined since Pj is a measurable function of p, homogeneous of
order zero which can also be written (i0) [3]

aB(p)=Y. 1P p) (1.12)

j=

where the family {f{(p)}sL, is a complete set of (measurable [8])
orthonormal eigenvectors for A, (having multiplicity ¢;); ® 1is the
Kronecker product. d is a normalizing factor.
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We define the associated “energy” spaces E; by the || 5 horm com-
pletlon of #(R", C9)?,

1715= ] o) LFip)P+ 1ol d (1.13)

Ejisa Hilbert space.
In the same fashion as before, define

0 I
E~=.¢* cjx¢j i
= [—Aj(p)%,m, 0 ]dj (114)

on E;.
The main result of [3] is that there exists a unitary map ¢

=@ E > H O K, (1.15)

J#0

where ©(2(® 2)))=2(A(D)) and t=E;—»H (j#0). 2, is simply the
anisotropic version of (0.2) (spatial part).

If T is an operator on a normed space, then ¢(T), p(T) denote the spec-
trum and resolvent sets for T.

A(X, Y) denotes the space of bounded operators from X to Y with
uniform norm. C(X, Y) denotes the compact operators with uniform norm.

Our plan will be to construct a proof of a limiting absorption principle
for (0.3), mapping back to (0.1) via 1.

2. PROPERTIES OF RESOLVENTS

Define the operator A,(D)? on L,(R", C) by ®*A7(p) & in the usual way
It is easily seen that o(4/(p)®) is the set [a, oo] where a=inf{4,(p
peR"}, thus a=0. We define certain other Hilbert spaces and spaces of
distributions:

Lio={1| [, 0+ 1y )l s < ol 1)

(H O H)oo={veS |Eqve# O H;, PoE,v=0}. (22)

Here A is some compact set in R”, ¥ , is a smooth function whose support
isin Aand E = &%) . (# O #),. is a Frechet space with the obvious
seminorms.
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L,, is the Fourier transform of the Sobolev space 5#,. We define the
weighted spaces #, ; by the norm

ulzp=[ (4P S 1Dl dx (23)
lml < B

Then ue 5, 4 if and only if 4 € #} . It appears from (2.3) that a, f musgt
be integers but of course since ue #, <€ L,,, #, ,; is easily generalized
to all real o, . Note 5 =4 ,.

The norm in s, will be written | -[|o ,, while the norm in L, j is written

-1 -

Our first lemma concerns the operator 4,(D).
LemmA 2.1, For a> 4, ue D(A(D)?), Le C\(R, L)),
lull —o2 < CI(AD))> = A) ull- - (2.4)

The constant C does not depend on A, for A in the indicated region.

Proof. The proof is found in Appendix A.

LEMMA 2.2, For AeC\j; the resolvent (A(D)*—A)~"' has boundary
values (/lj(D)Z—/l);‘ on R.\P, in the sense that 1im iy, 0 imiso
(/1_,-(D)2 — A)~! exists as a bounded operator in B(L,_,, H gy (0>3) and the
maps - (A{(D)*—21)"", A— (A(D)*—2)3" are continuous B(L, ,, #.,)
valued maps and continuous C(L, o, L,, —o) valued maps.

Proo}”. The proof is found in Appendix B. (In fact, these are Holder
continuous maps.)
3. PERTURBATIONS

Consider the operators 2.

Lemma 3.1. Suppose A¢ R. Then

(&=
Cil) ¢
/'{2_/12 m Cjx ey
:¢* J J dj
A7 C5(4) Ci(4)

2o ke o

Cl(ﬂ‘) CZIz'jxc'j 2 2y — |:0¢-<><<'»Oc-><c~:|
= 2 (DY =2yt 4| DoxaPaxa| (31
[cmr Co(A) Jagpezg PPV =2 1 00 G-

eixei L%

2% 2¢5

(‘jX (:,'

where C,(1) is bounded on compact subsets of C.
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Proof. Induction on the size of ¢;. The details are left to the reader.

COROLLARY 3.2.  The spectrum of X, is R.

It is easy to see that (X;,— —A) " E—2(X)). Note that since n>2, E,
consists of functions defined almost everywhere

LEMMA 3.3. Suppose C(x) is a bounded measurable matrix-valued
function. Then @*C(X) @ is a bounded operator on L, , for all real a.

Proof. This is an elementary consequence of the fact that L, ,, L, _, are
dual via the L, scalar product and that the functions P(k) e~¥2 are dense
P(k) a polynomial in k) in the spaces L, ,, L, _, and are invariant under
Fourier transform.

Now we are able to study the general anisotropic form of (0.3). Let us
assume that K, is a matrix-valued function of size 2¢;x2c;. Unlike
Schrodinger operators, a natural division between short and long range
asympotics lies at exponent 2 instead of 1. That is

K;=0(Ix|""),  [x|—o

is short range if y>2 and long range otherwise. This is simply a result of
energy considerations for X;+K,. However, since X;+ K, for most
physically interesting cases is not selfadJomt energy cons1derat10ns play a
small role in the general case. Henceforth, we shall assume
(1) K;is bounded.

) K;~O(|x|~'7*%), >0 (long range)?
(3) The first ¢; columns of K; have L., first derivatives.

)

(4) Let (kj,) be the first c; rows of K;. We assume the determinant

det | - N (3.2)

is locally nonzero in R”.

Remarks. Weaker assumptions are possible. (1) can be weakened
obviously. (2) may possibly be weakened by considering the Hermitian and
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anti-Hermitian parts of K. By localizing, (4) may be weakened but weaker
results are obtained (see [7]).

The limiting absorption principle for X;+ K; will now be established,
This in turn will (1) identify corresponding “natural” perturbations of A(D)
in the setting of (0.1) and (2) establish the existence of steady-state
solutions for them. :

We are interested in solutions of the equation

(o, 6] s
for im A= 0. Thus equivalently,
(&=D'K+Du=(Z,-4)"f (34)
or .
u(x, A) = ((I+ (2, D) 7'K) " H(Z) = ) [ (). (3.5)

LemMma 3.3. (I+ (Z,—l)_‘Kj)" exists as a bounded operator on L, _,
with <o <X+ 8 for 6 small enough, and A¢ M .. U%,;, where M . is discrete
in C\R and has linear measure zero in R.

Remark. To be precise, we actually mean that (I+ (2, — 1)~ 'K;) ™" has
two boundary values in R\(M . U7¥,) on the upper and lower “edges” of
R\(M ;. U¥,). It is single-valued in C,\M , and in C_\M _. Without loss
of generality, we assume im 4> 0.

Proof of Lemma 3.3.

(ZJ—/'{) kj
= Cl(l) CZI 2 92y—1 0 0
- <|:c3(/1) I Cl(l)jl (lj(D) A7+ [1 0:|> K; (3.6)
= [c/m(ﬂ,)](ﬂ,‘i(l))z—/12)—1](./_4_]?)_ (3.7)

Notice K,=L, _,— L,, by assumption (2) for a close to 3 Thus
(A4(D)*—A*)7'K; is a compact (Lemma 2.2) operator with compact boun-
dary values on:R\j; Further, by assumptions (1), (2), and (4), the
operator (1 —Kj)”’I is bounded on all the spaces L, _;. Note the resolvent
identity
U+(E-D7'K)™
=(I+K)+ (C())A(D)* = A7) 'K,) !
U+R) "'+ +E) "I+ T+ K) ™' CruA)(4(D) = 27) 'K 7.

(3.8)

e _ﬂv,_\,,ﬂ___u.__ﬂ
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Applying the Fredholm theory to the term
U+ +K)™ C(A)A(D)* - 2)T'K;) ! (39)

shows (see [7]) that inverse (3.9) exists except possibly for a discrete set in
C,={Alim >0} and a nowhere-dense set of measure zero in R\7,. (We
may shrink §; as much as we like.) The proof for im 4 <0 is identical. This
completes the proof.

THEOREM 34. Suppose feL,,, AeR\{M’/, U};} and K; satisfies (1)-(4).
Then there exists u, €L, _, so that

iy, +Ku, —(ALiO)u, =f (3.10)
Proof. By Lemma 3.3 and Eq. (3.5) we obtain (3.10). -
Now we note that (1)-(4) imply that X, + K;: 9(2,) — E,. Therefore
(Z+K,—4)""“E—>2(2))
thus
(Z+K—=A)""EnLy,»2Z2)nL, _,
and therefore E,tu , are well defined for fe E;n L, ,, since the symbol of
1, 118 ~A(p) (see [3]). Clearly E tu, e(# O #),. and tu, is a
solution (in distribution sense) of
2t*o+ 1Kt — v =g, (3.11)

g=1f. Therefore we have

THEOREM 3.5. Let g=1f, where feE nL,,. Suppose e
R\(Uj_; M'.(U;9,)). Then there exist incoming and outgoing solutions v .. to

AD)v, +Bv, —Ae (A+i0)v, =g, (3.12)
where vy € (H © H#p)ioe» B=1D K, T*.

4. EXTENSIONS

The results of the preceding sections indicate that perhaps one under-
lying reason for the study of Eq. (0.3) (in practical terms) is that the full
dispersion is too unwieldy. However, the proper form of the dispersion is
revealed by Eq. (3.12).

F
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It is easy to imagine though that a model like (3.12) does not completely
describe a given physical situation. Surely (though it may not be relevant in
a given problem) there will be transfer of energy between the ], even if
given assumptions on the problem make it very small so that it may be

“neglected.” Just as a boundary in an elastic medium may cause incident

pressure and shear waves to.become coupled, a dispersion may cause the
unperturbed incoming and outgoing waves to become coupled by “reflec-
tion,” etc.

Let us then briefly consider the parrtial “inverse” problem: If the disper-
sion couples (in a sufficiently weak manner) the energy spaces #;, does
there exist a steady-state solution of (0.1) (see again [6] for pointwise dis-
persion)?

We shall suppose that energy transfer is small in the sense that if G; is a
transfer from J# — #; then G; has compact support and bounded operator
norm. The operators tG; ¥ = E, — E; then have the properties

(1) TG{/T* =L, _,—L,,

2) | @TG,_',' T*f” Ly < C,:]-. (4])

TuEOREM 4.1.  Suppose the conditions (4.1) hold. Then steady-siate
solutions of (0.1) exist in (# O Hd)ioc-

Proof. Suppose fe ®L,,, a>3, etc. and i, j#0:

(®Z;+ @K+ @G t*—ANu=f (4.2)
[+ (®Z,—2) @K+ ®1G,t*) ] u=(®L,—A)"'f. (4.3)

The operator [ ] in (4.3) has an inverse in an L, _j space for f close to 1.
Thus tu is a solution in (# © )i -

The terms of the form G for i or j=0 are excluded. They cause a dif-
ficulty for low frequencies and the general case of (0.1) fails to have a
steady-state solution for low frequencies (depending on B), see [6].

SUMMARY

The purpose of this work has been to extend the classical models (0.1) to
certain problems arising in modern wave propagation theory and to prove
the existence of steady-state solutions for these equations.

These questions have been studied by means of perturbation theory of
certain pseudodifferential operators.

It would be desirable to extend these results to domains exterior to some
bounded set or to a halfspace. It would also be of interest to study more
general conditions on K.
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APPENDIX A: THE ProOF OF LEMMA 2.1

LEMMA 2.1, For o>}, ue 9(4(D)?), and 1e C\(R, U¥,),
lull —o2 < CI((AAD))? = A) u, .
The constant C does not depend oni A for A in the indicated region.

It is possible to give a direct proof, but we avoid this and take a short
cut.

Proof. First we note that an easy consequence of Weder [9, Eq. (2.9)]
is that

1(AD) = A) ull, = C llull —o, 1, u=(I— Po) u,
where ue 2(A(D)). Note also that since ‘
A(p) P{(p)=4{p) P,(p),
we have (assume without loss that j#0)
I(A(D)—2) Pjull, = C || Pjul _,,
or supposing u; € #;,
I(AAD) = D) wllo = C ]l _o s

Since for this argument A(D) is arbitrary (only 4, is fixed) we may take
A2 =2 for all k#0. Thus

[(AAD) = A) ull 4o = Cy lull _,
for all ». This shows that since

2(D)? — 22 = (2,(D) — A)(A(D) + 2),

~ (A.1)
I ((L-('D)zw’iz) ulla=Cy llull 2,

where C; depends on ; but not on A This is sufficient for the lemma.

APPENDIX B: THE PROOF OF LEMMA 2.2

LemmA 22. For AeC\§j; the resolvent (A{D)*>—2A)"' has boundary
values (A(D)*—A)7' on R,\§, in the sense that LM iy ; 0 imai>0

(AAD)*—A)~" exists as a bounded operator in B(L,,, #,) (a>1) and

}__
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the maps A— (A(D)*—A)"' and A— (A(D)*—A)3' are continuous

J
B(L,,,, #,,)-valued maps and continuous C(L;,, L, _,)-valued maps.

Proof. Let f, geL,,. Then for Ae K€ \{RU7,}:
1D =) fl_a<C I fla (B.1)

and
(DY =A) S N<C ISl gl (B.2)

by Lemma 2.1.
Now suppose f, g€ CP(R"). Then

(D)= A)"'f.8)

¢ J(p)&p)
,_fw PP —1 dp

© t("_ 2)/2

1
ZEL 1—A le,(p>|=1

J(t'2 3 p)) (£ p)) do( p) dt.

Where we have used the fact that p— A(p) are C' etc, o; being the
appropriate surface measure, do;=dS;//|VA(p)l. dS; being the surface
element of the jth slowness surface [5]. It follows from Cauchy principle
value theory, that (in K)

lim  ((A(D)*—4)" ', 2) exists
+imi-0%
and is continuous in A e K having, perhaps, different values on the upper
and lower edges of R_ \§,;. By duality, we therefore have that

lim (A(D)*—A4)"'f  exists (B.3)

+im2i—0
weakly in L, _,. By Lemma 2.1, A€ K implies that
(D) =A)" feH ,s-

Since #._, , is a Hilbert space, bounded sets are weakly compact. Thus the
weak limit (B.3) is in #_,,. Thus, by the Riesz theorem (B.3) defines a
bounded operator(s) (A(D)*—A)y:L,,—>#_,,. Now let AeKk,
A= 4eKnC, (without loss of generality, assume AeR, ). Then since
H_n,5 L_,,is a compact mapping (Rellich)

im (A(D)*—A)"'f  exists

1
A= A

e e e e e e e S o
\ 1A N A I,

S
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in the L_, , sense. Taking f; — f in the weak sense we can show from (B.2)
that

lim (A(D)*—A)""f;  exists

i— o0
in the weak sense. Repeating the steps above shows that the limit exists in
the strong sense. An easy reductio ad absurdum shows in fact that
(4D —A)~ = (A(D)—A)7" in the uniform topology, Ly 4o Lo _4-
Now it can be checked that

J

(D) =)' =Ly —

—a,2s

is continuous in A for we must simply show that (4 = Laplacian)
A(A(DY? =N =Ly, > L, _, ' (B4)

is continuous in A. But 1?(D)/4 is bounded and invertible on L, _, (recall

A(D) is strongly propagative) so it suffices to check that
2 2 —1 - - : :

RO A W ol o W e

J J J "

compactness theorem completes the result for the' last statement of

Lemma 2.2.

APPENDIX C

We noted the inequalities
,112,1[_12 ;0;1_12 Y /

in (1.6). The following simple proof of this was pointed out to the author
by Professor Wayne Barrett.
Let S be a real nxn skew-symmetric matrix and suppose

[0 s_[o S]
- ST 0 B -5 0 2n><2n.

Since A is symmetric, its eigenvalues are real. Suppose n is odd and write
n=2k + 1 with the eigenvalues of S being

iipl’ iipZ& iip39 seey iipln 0

0 1
Az[—1 0]®S

But
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where

(2 -t

(A®B)(C®D)=AC® BD

Using the facts

and thus for Ax=4,x and By =41,y,

(ARB)x®y)=Ax® By =41 x®@ Ay =4 LL(x® y).

We have that the eigenvalues of A4 are

i])], il)z, iPSn ey ipk: 0 ’
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