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Abstract

A model proposed in the literature for fish schools of relatively large size is studied for
mathematical and qualitative properties. Existence, uniqueness and positivity of solutions are
established and bifurcation properties relative to diffusion and alignment parameters are
studied.
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1. Introduction

In this paper, we perform the analysis of a model of animal orientation. The model
is close to one discussed by Grunbaum [4]. It represents the arrangement of a large
group of individuals, a fish school for example, according to a structuring variable
which is the angle made by the oriented axis associated to any given individual (from
tail to head), supposedly lying in horizontal position, with a fixed horizontal oriented
axis. The fixed oriented axis may be, for example, the direction of the gradient of
temperature, or generally it is a direction which a single individual would tend to
follow, when looking for a more favorable environment. The problem is that the
individual is not alone, it is surrounded by many others, and may have a lower
perception of the environmental cues; this is the price to be paid for being in a group.
But, it counts on the group to help it find its way towards a better environment. A
standing hypothesis of the model is that the group is very big and, homogeneous at
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some scale so that the state variable will be the proportion of individuals, per volume
unit, having a certain angle orientation. The scale defined by the volume unit is a
piece of volume within which all individuals can see each other’s orientation. To be
more specific, some definitions and notations have to be introduced. Throughout the
paper, the variable 0 represents the angle made by the tail-to-head orientation with
the fixed environmental gradient, and the population is described and structured by
the proportion density function at time #, u(0, 7): that is to say, for any 0y, 6,, with

0<0, — 0 <2m,
0>
/ u(0,1)do
0,

is the proportion of the population (per volume unit) which, at time #, points in one
of the directions 6§ of the interval [0y, 6,]. Clearly, u(0, ) must be periodic in 0, with
period 27. The problem to be investigated in Section 2 of the paper, designated as
(CP) (for Cauchy problem), is made up of the three Egs. (1)~(3) stated next

0 o?

—ﬁ%(u(@, ) { /0 G—I-nF(O’)u(G’,t) a0 — /0 ’ F(0)u(0', 1) d@'D, (1)

-7

(D(6)u(0,1))

for (0,7)eR x (0, o). The functions D(A) and F(6) are a.e. positive and periodic
with period 2z. Further, properties of these functions will be stated and discussed
next. The following equations specify the periodicity in 0:

u(0,1) = u(6 + 2=, 1),

0,1) 0+2m,t) on (0,00), (2)

0
50—u( —Bﬁu(

and the initial condition
u(0,0) = uy(0) in (0,2x). ' (3)

The above conditions together with the periodicity of the coefficients allow us to
restrict the study of the problem on the interval [0, 27) and extend the solution to the
whole real axis by periodicity,

Let us now discuss the model. In order to understand the rationale underlying
such a model, it is necessary to keep in mind that the population is so crowded that
any individual movement, even turning around its center of gravity, may impact on
other individuals around. In such a world, it is best to stay ‘“parallel”. But being
parallel to a bunch of individuals around means following these individuals, and
there is a risk associated with this. An orientation analog of the avoidance
mechanism leads then to a Fickian dispersion or repulsion mechanism contributing
to the flux by a quantity proportional to the gradient of concentration of the
population. Opposed to this repulsive effect are two other mechanisms: the first one
is entailed by some perception of the environment, it adds up to the flux in
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proportion to some gradient of favorability; the second one is the analog of a
gregarious effect, individuals tend to adopt the dominant orientation. It is modeled
by the second member of the right-hand side of Eq. (1). We will come back to it after
we discuss in a little more detail the first two effects. These are accounted for in the
first member of the right-hand side of Eq. (1). To see this, let us drop for a moment
the time dependence in this member. We may write it as

5 OO = 75 (DO 75u(0)) + 7D Ou(o).

Therein, -5(D(60)4u(0)) is the (Fickian) dispersive term and —4%(D'(0)u(0)) is the
environmental-induced advection. While there is no fundamental reason for these
two distinct processes to be modeled by a single function D(0), it may be the case
that it is so; for example, if the Fickian coefficient is approximately constant, large
compared to the environment coefficient, D may be defined as the sum of both. This
is the view taken here, D(0) will be assumed in the form

D(0) = Do + D1/ (0),

with Dy and Dy, positive constants, D; suitably smaller than Dy, f positive, bounded
and 2z-periodic, so that D be far from 0 and oo. For simplicity, we also assume that
fis in W>*(0,2x), or equivalently, the same property for D. On occasion, we will
use such a weighted scalar product with D as a weight

Cobdp = /0 " o(0)0(0)D(6) do. (4)

The notations {.,.>p and ||.||, will be used accordingly. With the assumptions on
D, the underlying Hilbert space is the standard space L?(0,2n) =4er X. The notations
<.,.» and ||.|| correspond to the usuval scalar product and its associated norm in X.
We now turn to the second term on the right-hand side of Eq. (1). For notational
purposes, we define the operator gr as follows:

0

0+n
4r(9)(0) = /0 F(O0)p(0') dO' — /0 F(O0)p(0) dO), (5)

—7n

gr is well defined as soon as F is a measurable, bounded function. We also assume
that F is continuous. It is then straightforward to check that gr sends 2z-periodic
functions into themselves. One can also easily check that in terms of the weighted
scalar product <.,.» p, it holds that

<gF((P)7lp>F:_<(PagF(l/l)>F (6)
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that is, gr is antisymmetric in the space of 2n-periodic functions endowed with this
weighted (not necessarily definite) scalar product. If, in particular, we take F = 1,

{, >y is just the usual scalar product ¢, > and we have

(!11)fk = =91 (7)

Evidently, g;(1) = 0, so using (6) with y = 1, we have, for each 2z-periodic function
@,

2n
/0 61(¢)(6) d0 = 0. (8)

The interpretation of gr is the following: for each 0, the first integral on the
right-hand side of (5) is the weighted integral of the population (in the volume unit)
whose orientation is on the ‘left’ of 6, and the second one is, accordingly, the
weighted integral of the population whose orientation is on the ‘right’ of 0. So, gr
gives the sign of the rate of change of the orientation as a result of gregarious
behavior, combined with an environment-induced preference modeled by F(0). If
F =1, the integrals are just evaluating the proportions of individuals whose
orientation is on the ‘left’ of 0 and on the ‘right’ of 0, and the effect modeled by g is
that individuals will tend to turn ‘right’ or ‘left’ dependent upon whether g; <0 or
> 0. The parameter f in front of the integral can be viewed as an intensity factor
which sets up the relative importance of the gregarious behavior compared to the
other factors.

Our goal in this paper is to perform an analytic study of (CP). Two aspects have to
be considered:

(1) Existence of solutions, that is, the Cauchy problem associated to the equation.
This is a quasilinear problem with nonlinearities in the first-order term, which can be

represented as an abstract Cauchy problem,

%”(f),,: Au(t) + BID'u(t) — Bu(t)gr(u())],

©)
u(0)y = upe X,
with u(#) used for u(.,1). The operator 4: P(4) =X — X is defined by
d d
Aw :d_() (D()EE) w,
D(A) ={weH*(0,2n): w(0) = w(2r) and w'(0) = w'(2m)}, (10)
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and the operator B: 2(B)cX — X by

Bw =§é14),
2(B) ={weH'(0,2n): w(0) = w(2m)}. (11)

H'(0,27) and H?(0,2r) denote usual Sobolev functions spaces [5]. 2(B) (resp.
9(A)) can be identified to the subspace, in H} .(R), of the 2z-periodic functions,
resp. the subspace, in H,ZOC(R), of the 2z-periodic functions. Throughout the paper,
we will use the Banach space structure endowed to 2(B) by the graph norm

(1o = I8l + H% .

We will also use the well-known fact that 2(B) imbeds continuously in the space of
continuous functions, with

[0l e <472 10lg(),  V0ED(B). (12)

We point out that the operator 4 does not commute with B (unless D is constant);
this complicates the treatment of the problem (see also remark at the end of Section
2). However, the following easily derived formula relating 4 and B will be useful:

(Bu,DBu> = —{u,Au>, VueD(A). (13)

The main existence result will be derived using successive approximations in a space
of continuous functions from some suitable interval [0,7,] (where 7 > 0 will be
chosen later on) into 2(B). On occasion, we will use the notation Y =
C(]0,t], 2(B)). A crucial, while obvious, fact, when handling the nonlinearity, is
that gr : 2(B) - 2(B), continuously, so there exists a constant J, so that

97 (D)o <o|Plawm), VoeD(B). (14)

We will also prove a regularity result, namely if uye2(4), then the solution is
classical. Global existence fails in many nonlinear situations. It holds here for
nonnegative solutions. The fact, mentioned earlier in the introduction, that u(0, r) is
indeed a proportion, namely, that

" (;+2n .
u(0,1y=0 and /@ u(@,1)do =1, V0, vt=0 (15)

P

¥

At 4
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will be shown to hold when the same assumptions are made on wo: up(0) >0 and
2" uo(0) d0 = 1, V0 (Theorems 2.1 and 2.3).

(2) Asymptotic behavior and existence of a stable steady state. We envision the
situation as follows: Below a certain threshold value of the gregarious behavior
intensity f, the dispersion dominates and the population organizes itself
asymptotically as if there were no gregarism. The solution then should tend to a
limit, a steady state. For example, if we assume that D(0) = D (i.e., the mean value
of D(.), thatis D = 5- 2" D(0) d6) and F(6) = 1, U(0) = 4 is the only trivial steady
state, that is, an individual’s orientation is equally distributed in all directions. One
can see that this solution exists for all values of B, and is stable for § small enough,
but one suspects that past some f, stability is lost, and other steady states arise. This
is when the action of the repulsion moderated by the interplay of environment and
gregarism produces another structure. Although the program seems reasonable, it
involves a number of technical steps which make it difficult to complete in the most
general situation. As an illustration of the plausibility of the above-mentioned
scenario, a particular example has been considered. In order to describe what is
going on in more detail, we first restrict ourselves to the case when D(f) = D =
constant. We then perform the study in terms of the parameter A = %. We show that
the trivial equilibrium U = 5. is asymptotically stable if A<Z and unstable if 4 > Z.
So, the question arises: How is stability or instability affected at A = 7 =297 Using a
bifurcation theorem (see [1, Theorem 1.7]), we prove that (g, U) is an odd type [1]
bifurcation point. Therefore, a branch of nontrivial steady-state (A, U) branches off
from this point. We prove that the branch is supercritical and the solutions on the
branch near 4 = 4y are stable. Near A = Ay, the bifurcated solutions read

U(0) =§1%—{— Ccos0+0(C),

for some constant C = C(4) > 0. In terms of the model, this means that when the
ratio 4 exceeds some threshold value Ao, then the group starts to acquire a distinctive
shape with one dominant direction. We then briefly justify the fact that the local
branch can be extended to a larger branch which is unbounded in A, so that is, for
each A > Ao, there exists a nontrivial steady state.

The organization of the paper is as follows: Section 2 deals with existence,
uniqueness and positivity; Section 3 is devoted to the study of the stability of the
trivial steady state as a function of the parameter  and the onset of a branch of
nontrivial steady states, as well as the computation of some quantities (the average
angular orientation and the dispersion about it). Section 4 is the conclusion which, in
particular, has some comments about the interpretation of the result in terms of
spatial location and pattern: it may be useful to anticipate these and warn the reader
that there is no connection between space and pattern; more precisely, space has not
been accounted for in the model, thus, unsurprisingly, is not playing any role in our
results.
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Finally, a number of notations and assumptions that have been stated in the
introduction will be used throughout the text without further notice.

2. Existence, uniqueness and positivity
2.1. Preliminaries

System (1)—(3), (15) will be studied via the theory of operator semigroups. For
that, let us recall standard definitions and some relevant results of the semigroup
theory., We refer to Pazy [7], Engel and Nagel [2], Henry [5] or Friedman [3] for
further information on this subject.

Let X be a Banach space and let of be a closed linear operator,. with a dense
domain 9 (/). We consider the inhomogeneous initial value problem

(16)

with upe X and feL'(0, T; X).

Definition 2.1 (Dazy [7]). Suppose ./ is the infinitesimal generator of a C°-
semigroup T'(¢). Then

(1) u(t) = T(£)up + [y T(t — 5)f(s) ds is called a mild solution of the Cauchy
problem (16).

(2) u is called a classical solution of (16) if u is continuous on [0, c0), continuously
differentiable on ]0, oo, u(¢) e 2 (), t > 0 and u satisfies Eq. (16).

We now turn back to (CP).

Proposition 2.1. The operator A defined by (10) is the generator of an analytic
semigroup of contractions in X, (1(t));5¢, compact for t>0. The restrictions
T() Jap) Send D(B) into itself and are uniformly bounded in & (B) (that is, there exists
C1 20, such that, |T(t) g5\ p(sy < C1, for 120).

Proof. The first part is standard. We include a proof for completeness. 4 has a dense
domain, since C ([0,27]) =Z(A) and is dense in X. It is clear that if # and v are in
9(A), {Au,v) = {u, Av), via.integration by parts. Hence 4 is symmetric. One can
also easily show, using a standard argument [2] that R(I + 4) = X. So, 4 is
symmetric, maximal and has a dense domain, which implies that 4 is self-adjoint.
Thus A is the generator of an analytic semigroup (7'()),s. So T'(¢) is continuous in
the uniform operator topology for # > 0. In order to show that 7'(¢) is compact for
t >0, it is thus enough, by virtue of Theorem 2.3.1 [7], to establish that 4 has a
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compact resolvent, which follows from both 2(4) = H?(0,2r) and the compactness
of the canonical injection H?(0,27n) < X. ‘ ‘
Let us now prove the second part of the proposition. From < Au,u)> <0

?

YueD(A4), we conclude that T'(¢) is a family of contractions on the space X. So,

|T()||<1, Vi=0. (17)

To show boundedness in 2(B), it is convenient to represent 7'(¢) in terms of the
eigenvalues of A4, which we denote —co,?. To each eigenvalue —w%, an eigenvector };
is associated and it holds that

o0

Ap=3_ —wj{$, 00, $cD4) (18)

i=1
and
T(g=> e <h,¢;>¢;, ¢eX.
=1

Using the weighted inner product, defined by formula (4), one can easily check

IBT@0)I5 =D e |[< b, ;> PI| By |I3
Jj=1

oD

< D18 PIBY I

J=1
=||Boll5, VoeD(B),

which, leads to

IBT (1)pll< Col

o)y VD (B)

(for some constant Cy independent on ¢ and 7). This together with inequality amn,
leads to

IT(O)¢lam<Cildlowm, YPe2(B) (19)

(for some constant C; independent on ¢ and 7). This completes the proof of the
proposition. [

We now turn to (CP). The solving of this problem involves two steps: first, one
deals with local existence, which is shown to hold under very mild regularity
assumptions on the nonlinearity; next, a noncontinuation principle will be
established which will ensure solutions exist on as long a time interval as desired.
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To prove local existence of solutions for problem (9), we write it in integral form
by using the variation of constants formula

u(t) = T(Huo + AT T(t — s)B[D'u(s) — Pu(s)gr(u(s))] ds. - (20)

2.2. Local existence of solutions

This subsection is concerned with local existence of solutions to the integral
equation (20). For this purpose, we start by establishing some useful estimates.

Lemma 2.1. (1) Thére exists a constant M, such that, for all u, UEQ(B), we have
||Blugr (u)] — Blogr(v)]|| <M max(|u|g gz, [v]g ) |1 — vl (p)-
(2) There exists a positive constant Q, such that, for all ue 2(B), it holds that
|| Blugr ()] < Qlul5) ]|

(3) There exists a positive constant C, such that, for all ue X, it holds that

|wans%wm Vi > 0. (1)

Proof. Let u, ve 2(B). We may write the expression Blugr(u)] — Blvgr(v)] as
Blugi(1)] — Blogr ()] = Bl(u — )gru] + Blogr(u — v)
=B(u—v)gru + (u— v)Bgru
+ Bogr(u — v) 4+ vBgr(u — v).
Then

|1Blugr (u)] — Blogr(v)]|| < {I|B(u — v)[| + ||« — v|[}max(lgru| ., ; | Bgru

)
+ {11 Bol| + [[ol}max(|gr (4 — v)].; |Bgr(u — v)l, ). (22)
We now estimate each of the terms of max(|gru|,, ;|Bgru

)| o |Bgr(u — v)|,) of the right-hand side of (22) separately.
As a result of Hélder’s inequality, we get

w) and max(|gr(u —

|97l oo SV27IF | [Ju]] - and  |gr(u = v)] o <V27|F| o [l — o] (23)
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On the other hand, we have, via the inequality
|BgFu|oo <4'|F'|oo|u|cx)7

combined with (12) that

|Bgrul oo <E 7PN, lulgs and  |Bgr(u — o), <ErP2|F| |u— vl (24)
Then, inequality (22) becomes

|1Blugs (u)] = Blogr (0)]I| < M max(|ul gz, [v]g5)lu — vl

(for some positive constant M independent on u and on v), which is the desired
inequality. .

(2) To achieve the desired inequality (which is a slight improvement, compared to
the one just obtained), we write the expression Blugr(u)] as

Blugr(u)] = (Bu)gr(u) + uBgr(u),

which immediately yields

|| Blugr (w)]||<||Bulllgrul o, + ||ul| Bgrul,,.

From inequalities (23) and (24), we conclude that there exists a positive constant Q,
such that

|| Blugr (]| < Qlulg(g)llull, VueD(B).
(3) In view of (13), we have ‘
1Bl < CillAullllull, Vuep(a) (25)

(for some constant C; independent on u). Analyticity of the semigroup T(¢) implies
existence of a constant C, such that, for t > 0

&)
4TI <2 (26)
Then, it follows via (25), combined with (26) that
2 G ‘
BT (£)u])*< C, ~NT@ullll«ll,  VueX, ve>o.
This together with inequality (17), leads to

|BT(t)ul| <=||ul|, VueX, Vi>0 27)

(for some constant C independent on # and 7). This completes the proof of the
lemma. [
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Theorem 2.1. For every R >0, there exists to >0, to = to(R), such that, for each
uo € Ba3)(R) (i.e., the ball of radius R centered at 0 of D(B)), the Cauchy problem (9)
has a unique mild solution u defined on the interval |0, zg] Moreover, the map Uy —> U is
Lipschitz continuous from RBas)(R) into Y. Finally, fo (0,1)d0 = [" uo(0) dO for
all t>0.

Proof. The approach to be taken in the proof is based on the method of successive

approximations. Let upe 2(B) and define a sequence (u,),; by

un+l(t) = T(t)uo + /0’ T(t - S)B[D/un (S) - ﬁun( )gf(uli( ]dS (28)

Assume that the sequence u, is bounded in ¥, namely, that there exist 7o > 0 and y to
be determined later on, such that

|tn(D)| gy <VR, Vn=1 and Viel0, #).
We have from (28), combined with (17), that

[ttni1(2) — un (D] < t sup || B(D'thy(s) — D'1(5))|

0<s<t

+ [|B(Bu (5)gr (4 (s) — Pin—1(s)gr (-1 (s)))ll], V>0 and n>1.

Denote L = max(|D'| ,,|D"|,,), which by the assumptions made in the introduction
is finite,
Then, according to part (1) of Lemma 2.1, we have

|thn1(2) — un (0)|| <2(L + BMYR) sup |un(s) — un-1(8)|g(p), V120 and n>1.

0<s<t

We also have

1Bt (1) — (1) H<H/"BTr—@B[uA> B (5)g ()
~D'thy_1(8) + Bun—1(8)gr (tn—1(s)))ds||, Vz=>0.

which gives, in view of (21),

1BGna() ~ )l [ <= sup 1BD06) — Dns )

+ ||B(/3u”(S)gF(u,,(s) - /3”71—1(S)gF(un—l(s)))m ds, Vt=0.
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Using part (1) of Lemma 2.1 again, we arrive at

”B(un+l(t) — uy ()))|| < (BMYR + L))2CV/'t sup CAGRS ”H*I(SN@(B)‘

0<s<t

Combining the above two inequalities, .we obtain
|t (1) — un (1) o)

<[(BMyR + L))(2CVt +1)] sup  |uy(s) — tp-1(5)|gm, V=0 and nx1.

0<s<t

Then, by choosing #, > 0 small enough so that
[(BMyR + L))(2Cv/1o + 10)] <3, ' (29)

the sequence (1,41 (#) — u,(¢)) is the general term of an absolutely convergent series
in Y. To complete the proof of the theorem, we have to show that the sequence uy, (1)
remains bounded in 9 (B).

From (28), one has

|M11+1(t)|9(3) < sup |T(S)u0’@(3) + H/O T(r— S)B[D/“n(s) - ﬂun(s)gF(un(s))] ds

0<s<t

+ (| /0 Tt = B (5) — Pun(Ngr (] ds] |, ves0.

Using this inequality, we will show that one can find y >0 and 7y > 0, so that
[tn (D) g3y <YR, ¥n=1 and Vre[0,1o]. In fact, let us assume that [tin ()| () S VR,
Vte[0,1]. Then, in view of (21), combined with (19) and (17), we obtain

a1 (D] oa) < CLR+ [t + 2V1CI( max{|grun(s)|o,, |Bgrun(s)] o } + L)

SUp [un(s)| gz V0.
0t

Applying (23) and (24), we éet
41 (1) |g ) < CLR + yR([to +23/5 Cl (B 7 |F| ,yR + L),  Vre[0, 10).
Therefore, by choosing 7, > 0 so that (29) holds and
[to + 2v/% CY(B £ 7**|F| R + L) <1, (30)
we arrive at

|u,,+1(l)|@(B)SC1R+%'yR, for 1< 1.
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The inequality will be extended to n+ 1 if we can choose both y large enough for

CiR+3yR<yR (which holds as soon as y>2C))

and 7o > 0 such that (29) and (30) hold which, once y has been chosen, can always be
accomplished. So, assuming y and 7, have been chosen as indicated, the first claim of
the proof is proved.

Now, let v be another mild solution of (9) on [0,#)] with the initial value
Vo E:@_@(B)(R).

From (28), combined with (17), we have

llu(r) = o(D)]|< lluo — vol| + 20 _sup [[[B(D'u(s) — D'v(s))||

<8<ty

+ 1B(Bu($)gr(u(s) = Bo(s)gr (o)), Vre[0, 1]
which gives, in view of part (1) of Lemma 2.1

[lu(2) = v()II< 1o = vol| + to(L + BMYR) sup [u(s) — v(s)|gem), Ve, to].

0<s<to
Using (21), we obtain
|1B(u(r) — o())]|< [1Buo — vo)|| + (BMyR + L)2C\/5021311<3m |u(s)
= (8)|g@m), Vtel0, ).

Therefore,

|u(2) — v(1) | g(5) < [0 — Vol

+ [(BMYR + L)(2CVt + 10)] sup [u(s) = v(s)|ge, Viel0, 1],

0<s<yy
which immediately yields

sup |u(s) — U(S)|9(B) < |uo — DO|9(B)

0<s<ty
+ [(BMyR+ L)(2CV1o + 10)] sup  [u(s) — v(s) ).

0<s<tgy

Then, for y > 0 and £y > 0 chosen as above, we have

[u(2) — 0(2)| o) <Itto — v0l () +5 sUP  |u(s) —v(s)
0<s<hy
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So,
(1) — v(1)| 55y <2lu0 — v0| gz,  V2E[0, 1),

which yields both the uniqueness of # and the Lipschitz continuity of the map uy—u
in the ball Bz (R).

Finally, by integration of Eq. (1) on both sides, from 0 to 2w, one can see that

2n
%/ u(6,1)do =0,
't Jo

that is,
27 2n
/ u(0,1) do =/ up(0) d6, for all £>0.
0 0

This completes the proof of the theorem. [

2.3. Continuation of solutions

This subsection is concerned with the extension of solutions to the integral
equation (20). Our first result in this direction is the following theorem.

Theorem 2.2. For every uye 9(B), the abstract Cauchy problem (9) has a unique mild
solution on a maximal interval of existence [0, tmax|-
If thax < 00 then

lim sup [u(z‘)l_@(B) = 0.

7= Inax

Proof. First, we note that a mild solution of Eq. (9) defined on a closed interval [0,7]
can be extended to a larger interval [0, + ], with § > 0, by defining u(t) on [t,7 +
d], as u(?) = w(z), where w(z) is the solution of the integral equation

w(t) = T(¢t — t)u(t) + /t T(t — 5)B[D'w(s) — Pw(s)gr(w(s))] ds.

Existence and uniqueness of solutions on a maximal interval of existence follow from
the noncontinuation principle; namely letting [0, fay) be the maximal interval of
existence to which the mild solution u(.) of Cauchy problem (9) can be extended, we
have the following alternative; either £y, = 00 or Imax < 00 and

m sup [u()| g5 = .

1= Tinax
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We will prove the second part of the alternative

if fpax < 00 then tlnn sup |u(?) |9 = 00,

Tmax

The proof is done by contradiction. Indeed, if f#pax<oo, and
101, - 1, SUP [4(7) |3y < 00, then [u()|g(z) would be uniformly bounded on [0, fiex|.

Let N = SUP0<s<t,,,,‘x |Df “( ) — Bu(s)gr(u(s))|g(3)
Given any p > 0, so that 0< p <t <# <fpax, Using standard algebra, we obtain the
following inequality:

u(#) — u(?) g < |T(t)“0 = T( ol g +1(T(p) = T(F — 1+ p))

. / ” T(t — s — p)B[D'u(s) — Pu(s)gr(u(s))lds
0

2(B)

+ /: (T(t —5) — T(¢ — s))B[D'u(s) — Bu(s)gr(u(s))]ds

2(B)

+ /"z T(¢ — 5)BID'u(s) — Bu(s)gr(u(s))lds (1)

9(B)
We now estimate each of the terms of the right-hand side of (31) separately. In view

of (21), there exists a constant C > 0, such that |T(#)u|y B)<%|u|9( By 0<t<tmax.
Therefore,

‘(T(P) —T( —t+p)) /OH) T(t — s — p)BID'u(s) — Bu(s)gr(u(s))] ds

2(B)
<VTZRCNI(T(p) = T(t = 1+ D)lage
[ @a=9 -1 - )BIDus) - puisrgrN | <2vpeN
1—p 2(B)
and
' / T(¢ — 5)BD'u(s) — pu(s)gr(u(s)] ds| ~<2NCVF—1.
2(B)
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Then, inequality (31) becomes
|(t) — u(?)| gy < | T (1o — T (' )uo| g5

+ 2PCN + i = pMN|(T(p) = T(f' ~ 1+ p)) g,
+ 2NCVF 1. (32)

Analyticity of T'(#) entails that #— T(¢) is continuous in the uniform operator
topology from ]0,-+co] into 9(4). So, |T()uy — T(#)uo|g(p)—0, and [(T(p) —
T —1t+p))| a(B) 088 1, ' — tygy. Since 0<p <1 is arbitrary, the right-hand side of
(32) tends to zero as 7, 1 tend to #y.4. Therefore

lim u(#) exists (limit in 2(B)),

1= fyax

which, according to the remark made in the beginning of the proof, would entail that
the solution can be extended to the right of 7, in contradiction with the definition
of #max. This completes the proof of the theorem. [

Global existence (i.e., the fact that the solutions are defined on the whole of 7 > 0)
is established for positive solutions. For that, we will show, the boundedness of the
solution u(7) in the 2(B) norm. This property, together with Theorem 2.2, implies
that fnax = 0o. Prior to this, we will prove that (CP) preserves positiveness, which
will be needed in the a priori estimates of the solutions.

Theorem 2.3. (CP) preserves positiveness, that is: ug >0 implies that u(., 1) >0 for all
1=0.

Proof. Let u(., t) be a solution of (CP) with initial value uy>0; u~ (resp. u™) denoting
the negative (resp. positive) part of u.

-

| From
L 2
‘ / u(0,1)do =1,
0
one has
2n 2n
/ W (6,1) dG—/ W (0,1)d0 =1,
0 0
that is,

0+n 0
/0 F(G’)u(@’,t)d0'~/0 F(0)u(0,1) d0'| <2|F ()|, (1 +2v2alju=(, 1)])).  (33)

i - e ——————

oo
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Now multiplying (using inner products) both sides of (1) by v~ (0, ¢), we have
iﬂ 8
/0. u= (0, t)a—tu(O, 1) do
21 82
= / u” (0, 1)—=(D(0)u(0,1)) do
0 o0
2n b 0+=n 0
—ﬁ/ %—(u((),t) [/ F(0u(0',t)do' —/ F(0"u(d,1) d()’])u‘(@,t} de.
0 [ 0—mn
Using the obvious identity
—lu* (07 t)|2 = M*(G, I)M(Q, t)’
and integrating from 0 to 27, we obtain

1d 2n B
_EEA |u (0,[)|2d0

_ /0 " o) [% w (0, z)] "0
2n 8

- | DOuo) [a—u((), z)} do

-7

We now have, via the identity,

|
|
‘ + B /0 i u(0, 1) { /9 0+nF(0’)u(0’,t) o’ — /o ’ FOu(, 1) do/ 5%u—(o,z) do.
|
\
\
|

ab<ea* —|—%b2, (34)

combined with (33) that

/h(u((),z‘) [ /0 OMF(G')u’(}G',t) a6 — /6 " PO, ) d@’}%u’(@, z)) a6

0 —7

<R (o OIPQ -+ 2Vl () + e

2

0
%u ('a t)

Moreover, one has via (34) and the fact that the functions D(.) and D'(.) in [0, 27] are
bounded that

2n 2

D/O0,) [ 0,0)| d0<ID OBl P+

0 _
%u (')t)

0

o~
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I'herefore,
d [ 0,1)[>do 2 anG 0 0 sz
— ~ 0< — —u (0,7 d
| /()|21‘ (.t ? __8 (1) 2
+ |D(. °°a|u SO +e 0% 7

4L IFOR -+ 29l (0l )P

8 2
of g (o)
which immediately yields
d 27 ) 8 2
— — < (— 3 —u (..,
7/, |u=(0,1)|°dO< (—2Dg + ef + &) 50" (., 1)

+ ORI (ol

+4DEOR, 0 2B (ol ol 39)

By choosing ¢ > 0 small enough, we can eliminate the term of the right-hand side of
(35) containing & u~(0, 7). We arrive at the differential inequality

Sl DIE < Lol (DI + (1P (36)
(for some constant L, independent on u~(.,7)). Let
o(f) = ||lu (., 1)
Then, inequality (36) becomes
() <Lov(t)(1 + v(2)),

so by integration, we get
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which, with

yiel(is that
v(f)<0, for all > 0.
Therefore
[l (., #)|| =0, for all r>0,
that is, u(.,#) =0, for all #>0, which completes the proof of the theorem. [

Using the above result, we can give an estimate of the solutions as follows:

Proposition 2.2. There exists a function K : R* —10,+ 00, nonincreasing, such that, if
u(.,t) is a solution of (CP) with uye2(B) and uy=0, then it holds that
|(t) | gpy <Ki(||to] ) vo| gy, Sor —all  t€[0,K(|[uol])], where Ki(x) =2[Ci +
exp(LiK(x))] (Moreover, |u(.,#)]| is uniformly bounded on bounded time intervals.)

Proof. The proofis done in two steps. First, we show that the solution is bounded in
X norm on each bounded time interval. Then, we prove boundedness in the 2(B)
norm, using the result for the X norm.

Multiplying by u(0, t) both sides of Eq. (1) and integrating from 0 to 2z, we obtain

1d 2n 5 21 6 8
24t ), u=(0,1) do_/o u(@,z)—a—o(D(())B—Ou(G, ¢)>d9

2n o ,
+ /0 u(0, )8—0(D (0)u(8, 1)) do
2n 0+m
+ ﬂ/o u(0,1) [/o F(o)u(o,t)do

‘ GF 1) d 0 0,t)do 37
= [ Pute. 1) dol uto, ) do. (7)

-7

Integrating by parts on the right-hand side of (37), we get

2n 27 2 21
%% /0 W20, 1)d0 = — /0 Do) ((%u((), z)) a6 + /0 w0, t)%(D'(())u((),t))d@

. /)’/Ozn u(0,1) [/GMF(U)M(G, Hdo

9 0
— A F(o)u(o, t)dﬂ] 5614(0, 1) do.

~7
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Using a similar argument to the one given in the proof of Theorem 2.3, we arrive at
the following inequality:

2n

2n b , 1 , 2n 0 . \
/0 (0, 1)55(D'(0)u(0, 1))d0< /0 W?(0,)d0 + ¢ D' () /0 (—551;(0,0) do,

and
B /0 2nu(0, ) [ /0 0+nF(o)u(a,t)do— /0 :F(o—) (¢, 0)d } u(0,1) do
<4€—|F(.)|io /Ozn 2(0,7) d0+[3£/02n (%u(@, t))zde_.
Therefore
é%/ﬂh u?(0,1)d0< (—Dgy + | D' (), + Be) /Ozn <§§u(0, z)>2d0
(4 IFQ)E, + é) / znuz(ﬂ,t)dO. (38)
0

By choosing ¢ > 0 small enough, we can eliminate the term of the right-hand side of
(38) containing % u(0,1). We arrive at a differential inequality of the type

d
S 1P <2Li e )P

(for some constant L, independent on ||u(., #)||), which leads to
[lu., )| < e |uo |- (39)
Combining (19) and (21), we have from (20)

1Bu(t)||< Ciluolagsy + CVI sup [|BID'u(s) — pu(s)gr(u)]ll, vi>0.

0<s<t
Then, according to part (2) of Lemma 2,1, we have

1Bu(t)]| < Ciluolg(s) + CV1 Sup L+ BO[u(s)]] Sup ()o@, V=0.

\S\ \S\
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Together with (39), we arrive at

»HBM0“<(1Wd@wy+qufuPU?+ﬁQeﬂXLﬂHWdH

BN

sup |u(s)|g), V=0. (40)

0<s<t
Define K(r), for r>0, as the unique ¢ root (positive) of the equation
CVHL + BOrexp(Lin)] =1
Using again estimates (39) and (40), we conclude that
[4(0) 5y <2(C1 + exp(L K lo]) ol for all re 0, K (o]

This completes the proof of the proposition, with K; defined as mentioned. [

2.4. Regularity

In Section 2.3, we have proved that if the initial value is in 2(B), then the solution
takes its values in 2(B). We can achieve a higher regularity of the mild solution of
(CP) if we assume more regularity for the initial value. This is done in the next
theorem.

Recall that a function /: I — X is Hélder continuous with exponent ye(0,1) on 1,
where [ is an interval, if there is a constant M such that [7]

[|A(r) — h(s)||< M|t —s|", for s,tel.

It is locally Holder continuous if every fel has a neighborhood in which % is Hélder
continuous.

The following result describes‘the regularity of a mild solution of Eq. (9).
Theorem 2.4. For every uye D(A), the mild solution of Eq. (9) is a classical solution.
Proof. If we show that the function

J(@) = BID'u(t) — Bu(t)gr(u(1))]

is locally Hélder continuous from (0, co) into 2(B), then it follows from the theory
of nonhomogeneous linear equations (see [7, Corollary 3.3]) that the mild solution of
(9) is a classical solution. That £ is locally Holder continuous on (0, co) will follow if
we prove that the map 7— u(z) is locally Holder continuous, from (0, co) into 2(B).
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Indeed, let 0<t<1'<ty, with 7o = K(||ug]|) as in Proposition 2.2. Then

£(0) (1) = D"(ult) — u(?)) + D'Blu(t) - u(?))
— BIBu(t) ~ Bu(tYlgr(u(r)) — Blu(t) — u(t) Bgr (u(1))

= Blar(u(t)) — gr(u(?)|Bu(t') — BIBgr (u(1)) — Bgr(u(r))u(?),

which implies

1 (8) =N [u(®) = w() o) |9 74()| ) + max (D], |D"] )]

+ lgru(t) — gru(t) g () g : (41)
In view of (14), we have
|gru(t) — gru(t')| g <Olu(t) — u(t)|gm)-
The fact that 1, ¢ <y entails
llgru(t)]g(s) + max(1D'| o, |D"]5)] + 8lu(t)| g5 <&

(for some constant ¢ that can be chosen independent on u, ¢, ¢'). Then, inequality (41)
becomes

If (1) = <Elu(®) = u(?)l g

In order to estimate [u(f) — u(?')|g(z), we note that the quantity u(f) — u(#) can be
broken down into the sum of three, from which the following inequality is derived:

() — (0 oy < | T(t0 — T Yol

+

/ (T~ ) = T — ) BID u(s) — Bu(s)g (u(s)) s

2(B)

+ /rt T(¢ — s)B[D'u(s) — Bu(s)gr(u(s))]ds (42)

2(B)

The last member of the right-hand side of (42) is estimated using

N = sup |D'u(s) — Bu(s)gr(u(s))las

0<s<1y
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and (21). We obtain

SNCVH —t. (43)

9(B)

‘/{1 T(# = 5)BID'u(s) — Bu(s)gr(u(s))lds

In order to estimate

we divide this quantity into the sum of three

I< ‘ / $)(BID'u(t — 5) — Pu(t — 5)gr(u( — 5))]
— BID'u(t' — s) — pu(t' — 8)gr(u(t' — 5))]1)ds| 45,

-t
+ T(s)B[D'u(f +s) — Bu(¢ — s)gr(u(t — s))]ds
0 2(B)
t(
+ / T(s)D'u(f — 5) — Pul? — $)gr (u(? — 5))lds
' 2(B)
=L+ 5L+ 1.
In view of (21), it is clear that
LS CVY —1t sup |u(f —s) —u(t — )| g(p
L0<s<t
SCVE =t sup |u(o+1 — 1) — u(o)lyp (44)
0<o<t
L<2NCVEY —t (45)

and

L<2NCV7 —1. (46)
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On the other hand, with uye 2(A4), we have

T (o — T(t)ug = /ll T (s)Auq ds,

”
BT(¢)uo — BT (o = / BT(s)Auo ds.
t

Using ((17) (resp. (21)), we can see that

T (#Yuo — T(t)uo|| < (¢ — )| Auo]], ' (47)
respectively,
|BT (Yo — BT (£)ug|[2C(VT — /1)||Aug|| <2CVT — t]| Aug]. (48)

Combining (47) and (48), we obtain
|T (¢ Yo — T ()0 () < C3V 1 — tluho| g (49)

(for some positive constant Cj).
Consequently, from (43) combined with (44)—(46) and (49), we arrive at the
following inequality:

() — u(D) gz < CoVT — utal gy + 2NCVT -

+CVY —t sup |u(o+7 - 1) — u(0)| g5, (IENES RS Y

0ot

Then

sup [u(o +1 — 1) — u(0)|gp < C3VY — tlug| g g +2NCVE — 1

0okt
+ CVY —1t sup [u(o+1 — 1) — u(o)|yp),
0ot
Vo<1 <1p.
By choosing Ay > 0 such that

ho<1,
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we obtain

sup [u(o+1 — 1) — u(o)|gp <KV — 1, VOSISI<tg, 1 —1<ho

0ot

(for some constant K that can be expressed in the form of K, = K>(|uo|g(4))). which
leads to

u(t) — u(t)| g <KoVt — 1, VO<<t'<ty, such that £/ — 1<ho.

This yields Hélder continuity as defined from [0, 79] into 2(B), from which the
preparatory remark made at the beginning of the proof leads to the conclusion that u
is a classical solution. O

To conclude this section, we have proved that the Cauchy problem (9) is well
posed in P (B). Solutions there are fixed points of strict contractions; initial values in
9(A) yield classical solutions. This result has been obtained under a few assumptions
on the operators 4 and B that can be satisfied by a variety of examples: in particular,
there is no limitation on the dimension of the underlying physical space. The main
problem we faced here was the fact that 4 and B do not commute. If, on the
contrary, such a property is assumed (for example, by taking for B a fractional
power of (—A)) [5] and in addition, an estimate similar #, (21),

[BT (H)ul| < Ct™*||ul|, Vt>0 for some a<1,

holds, then the integral equation (20) can be solved in X.

3. Stationary solutions, stability and bifurcation

In this part, we deal with steady-state proportion densities. We investigate
existence and multiplicity of steady-state solutions in terms of the parameter . We
find that besides a trivial steady state which exists for all B, a branch of
nontrivial ones emerges by an odd type bifurcation (see [1, Theorem 1.7])
near a value f;,. We determine the direction of the bifurcation (supercritical)
and we show that the variance is going down along the branch, that is, the
obtained nontrivial steady states represent the beginning of group’s organization;
variance of a certain arrangement is a possible measure of cost efficiency of that
arrangement.

The proof requires a number of properties to be satisfied by the linearized
operator. It is rather technical. In order to avoid cumbersome formulas further

assumptions will be made from now on, namely: the functions D and F are supposed
to be constant,
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3.1. Fixed point problem formulation

With the above-mentioned simplifications on F and D, we consider the problem
made up of (1)(3) and (15) and we look for equilibria, i.e., for solutions of the form

u(0,1) = U(0), Vt. Such solutions must satisfy the system
_ 0+ 0
DU'(0) — pU(0) [/ U(o)do ~/ U(o) da} =7, (50)
0 0—7
where y is a constant to be determined, 6 (0,27), with boundary conditions
U0) = UQn), U'(0) = U'(2r) (51)
and
2n
U(0)>0 in (0,2r) and / U(6)do = 1. (52)
0

We introduce the following operator & defined by

F(U)(0) = /0 0%[ / Uy do' - / _ (o) da’]do. (53)

In terms of the operator g;, defined by formula (5) for F = 1, #(U) reads

0= [ awie)as (54)
which, in particular, in view of (8), yields |

F(U)(2r) =0. (55)
In terms of & (U), (50) can be written as

d dg~ 7
2 v0) - Oy S F OO =T

Integrating by parts and using the boundary condition, we arrive at
0
U(0) = U(0)exp AF(U)(0) + %5 / exp B(F (U)(0) — F(U)(o)) do.  (56)
0

Using the boundary condition (51) together with (55), we obtain

2n

0= % [ exp HF(U)(27) = F(U)(0)) do. (57)




432 M. Adioui et al. | J. Differential Equations 188 (2003) 406-446
from which we deduce that
y=0.
Heﬁce, (56) reduces to
U(6) = UO)exp HF (V) (0))

which, together with the normalization condition,
2n
/ U0)do =1,
0

leads to

U(0) = — SRBZ()O)
" exp B(F (U)(s))ds

=dger # (B, U)(0). (58)

Then, from (58), the search for steady-state solutions is equivalent to finding fixed
points of s#:

U=a#p,U). (59)

Remark 2. (i) We note that # is of class C® in (B, U).

(ii) For any BeR, and any constant function U = ¢, we have #(B, U) = 517; In
particular, if we define U = 5, it holds that s#°(B, U) = U, for each B, thatis, U = U
is a trivial solution, for all .

3.2. Preparatory results

We just saw that the steady-state problem comes down to a fixed point problem
for a map # and that 5 has a branch of trivial steady states, U = 5-. We are going
to determine a branch of nontrivial steady states emanating from the trivial branch
at some value = f,. This requires a number of preliminary facts to be established,
about the linearization of the map #(B, U) near U. We start with a few notations
and definitions. On occasion, we will use the following notation:

Z(B) = Dyt (B, U). ' (60)
Straightforward computation based on formula (58) gives
1 2n
2B = 52| 7@ -5 [ #(©0) ] (61)

—— ~

;
T
|
4
|
¢
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We denote
' 2n
on{feX: f(s)ds:O}. (62)
0
For any operator G with values in X, we define the mean value operator, denoted G,
_ 1 2n
6 =3 [ 66 s (63)
21 0

and we denote Gy the projection of G onto the space X parallel to the constant
function space, that is to say,

Gy=G-G. _ (64)

Using (61), (63) and (64), we can see that the operator Z(f) reads as
_b 4
g(ﬁ) = 27_5./"0‘ (65)

In terms of g;, defined by formula (5) for F = 1, and .#, the antiderivative operator
defined by

0
Mﬁ@=ﬁfmﬁ, (66)

we have

1
ﬁ:—_jo . 67
D g1 v (67)

Lemma 3.1. ¥ maps Xy into X; g1 maps X into Xy. Moreover, it holds that

Fogr = g1oF + (Fog1). (68)

Proof. That.# maps X into X is a well-known fact about antiderivatives of periodic
functions. It has been observed in the introduction that g; sends periodic functions
to periodic functions and formula (8) expresses the fact that g; takes its values in Xj.
In order to check formula (68), it is enough to compute 7”’(; ogio# and notice that

d
Ef’glf’f = g1.

Applying the operator .# on both sides of the above identity, we conclude that, for
any ¢, we have

Fog1(@) = g1o# () + ¢
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for some constant ¢ = ¢(¢). Taking the mean value of both sides, and using the fact
that.g; maps into Xy, we arrive at the expression

¢ = (Fog1)(0)

from which the desired formula follows immediately.
Using the following obvious property, that is,

(Fog1) = Fogi (69)
and the fact that g;(1) = 0, we get the following:

Foog1 = g1oF9 on Xj. d (70)

Lemma 3.2. 4y and g, map X, into Xy. Moreover, the following hold:

(Fog1)y = Foogi, (71)
(Fo)* =—F0; (g1)" = —g1 on X,. (72)

Proof. That .#y takes its values in X follows immediately from the defining formula
(64). For g1, see Lemma 3.1. Formula (71) can be derived from the proof of Lemma
3.1 using (69). The fact that g; is antisymmetric has already been mentioned in the
introduction, see formula (7). Finally, the formula for £ can be checked by a direct
computation of the adjoint operator of .#y. [

We are now in position to draw the main consequences of the previous study for -

the operator Z(f).
Proposition 3.1. Z(f) is compact and self-adjoint on X,.

Proof. Expression (61) shows that % (p) is the difference of a multiple of % and a
finite rank operator. # takes its values in the Sobolev space H?(]0,2x[), which

imbeds compactly in X, Hence, the compactness of Z(B). From (65), (67) and (71),
we have

2(p) =55 500

and, in view of (70) and (72), we obtain, as a result of the direct computation of the
adjoint of Z(p)

(20)* = 5E5 @) = s gi0s0 = B g = 2. O

Y18 2D

————

o e T e e



-

g
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We end this preparatory section with a few computational remarks regarding 3.
- From

ool _pfp 10
# bz ) —%”(/307%17;14),

we obtain

o ] oy N AYEAY
Dk#(ﬁ,ﬂ-‘rll) —DL%(/)’O,%'FEM) (b,—O) ,

Dgf/[ <ﬁ,2—7T,+u> - (/);_0) Du%(ﬂmz_n"i_ﬁ_()u)

which, in particular, leads to

1 1 1 p p 1 p
Dgﬁ,}/f (ﬁ,—z—n—k u) = /},—ODM% (ﬁo,ﬂ_i_ﬁ(;u) + (/))0)2 Dié’f(/))m%"F[)TOu)u,

which gives

and

We also have

1 1 1
Dl (/3%> = B—ODM%(/J’O,%) (75)

Moreover,

1

1y 21 (1)) G
DuW(ﬁ,z—anr u)e: _ M(g,ﬂﬂ) o) BEB LA [ 2@ F

(BT (u))

(76)

with

& (u) = expu,

d(f) = /0 " (f(x))dx.
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Identity (74) for j = 1 shows that, if v denotes an eigenvector of D, # (S, ) for the

eigenvalue 1, then v is also an eigenvector of D,#(f,-) for the value % We again
have

21 T P
Dﬁ”(ﬁ,%jw)éé:ﬁz%(ﬁ,%#u) [97(5) _ " 2(pF ))‘/"(C)}

(
Uy" DB ) Z(©)([;" O(BF w))F (C”}. (77)
(

(B(BF (u)))*

These formulas will be used in the sequel with appropriate values of 8, &, { and u.
Furthermore, one can see that 5 is phase-invariant, that is, introducing the phase-
shift p,, defined on X by

P U(L) =U( +9),
straightforward computation yields
po (By-) = H (B, py(.))-

So, if U is a fixed point of #°(f,.), then p,U is also.
Changing now U into (¢U)(0) = U(—0), we find that

o (B, U) = #(p,0U).

So, #(p,.) sends even functions to even functions. This property will be used in the
sequel, when dealing with the bifurcation issue.

3.3. Spectrum

As a result of Proposition 3.1, we know that D,#(f,-) is a compact and self-
adjoint operator, so the spectrum of .#(f) is reduced to a real point spectrum. Thus,
the eigenfunction problem reduces to looking for ée X — {0}, and ueR such that

L(B)(&) = ut. , (78)

Such a function is necessarily differentiable, and taking the derivative we obtain

%[ /0 Mé(a) do— [ 40) da} = ué'(0), (79)

0—n

—e

e — e T —

O P P — e

®




T T
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-
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that is
L 0@ =20 (50)
2nD

It is clear that uée Xy, which allows the possibility that u = 0 or f02 meE (a)‘ do = 0.
Therefore,

2n
if pea(ZL(P)), p+#0, then Lgl (&) = pé&' and £(0)do = 0.
2nD 0

Exploiting the fact that £(0 + 2n) = £(0) and f02 " £(0)d0 = 0, we obtain

0+n 0
/ o)do=— [ &) do. : (81)
0 0—=n
Consequently, Eq. (80) becomes
2nuD 0
l/’;—f O=-2 ¢o)do, (82)

which yields, using (81), that

2nuD

; [£(0) + &'(0 4 m)] = 0.

Then
EO)+E0+7) =C,

where C is a constant.
Since 2" £(0)d0 = 0, it follows that C = 0, thus

£(0) = —¢(0 + ). (83)
On the other hand, differentiating (82) and using (83), we deduce
2nuD
(0 =—40). (84)

The solutions of Eq. (84) can be written as
£(0) = 4e* + Be™, (85)
where 4 and B are constants and w? = ;;—25 27 £(0)d0 = 0 yields that

A 27 B =201 __ _
S —1) - (e 1) =0.

B
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Using the fact that & is 2z-periodic, we get via (85)

A" — 1)e®® + B(e™" — 1)e=®? =0, for all 0, with w#0.

So A(¢**™ — 1) = 0 and B(e 2*" — 1) = 0. Then
" = 1.
Thus
20m = i2kn, k=1,
then
w=ik, kz=I,

Consequently, we arrive at

2B

e = Dnk?’

Via (85), the eigenfunction corresponding to py, is
fk(o) :Aeik() _I_Be—i/c()’
that is
& (0) =pcoskl +gsinkl, p,qeR.

Moreover,

2(B)(cos(k))(6) ==L (1 - (—1))cos(k),

L(B)(sin(k.))(0) =<L—(1 — (—1)*)sin(kp),
which in particular leads to
Z(B)(cos(2.)) =0,
Z(B)(sin(27.)) =0,

Then the spectrum of .#(B) is given by

= —$ ¢ U
O'(.,Z)(ﬁ)) - {/’leﬂk _DE(ZIC—I— 1)21 k 20} {O}a

(86)

and the eigenfunctions corresponding to y;, are generated by {cos(2k + 1)0, sin(2k +

1)6}.
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3.4. Stability and bifurcation

We will now apply the results gathered in Sections 3.2 and 3.3 to the study of
stability and bifurcation of steady states of problem (59). Using an observation made
at the end of Section 3.2, we are going to work in a space smaller than Xj, namely,
the space, denoted X", of even functions, defined as follows:

X5¥ =A{feXy f is even}.

The restriction of Z(f) to X§¥, denoted Z.,(p), is still compact and self-adjoint.
Then, in that case, the eigenspace for the eigenvalue p, is reduced to {cos(2k + 1)8},
and g, has algebraic multiplicity equal to 1 (86). We are now seeking nontrivial
solutions, possibly emerging from U = U at some value of  where this solution
becomes unstable. This goes through a bifurcation analysis starting from the study
of the linearization of Eq.(59) near U = U. Let us first recall the following
definitions and a classical stability condition:

Definition 3.1 (Iooss [6]). For a linear bounded operator L, the spectral radius of L,
denoted by r(L), is the supremum of {|A|: Aea(L)}.

(b) The fixed point 0 of a map K: X —X is (Lyapunov) stable iff for every
neighborhood % of 0, there exists another neighborhood ¥ =% of 0 such that
K'(?) <%, Vn=0.

(c) The fixed point 0 is exponentially stable iff there exists a neighborhood ¥~ of 0,
y >0 and ke(0,1) such that 0 is Lyapunov stable and Vxe?", ||K"(x)||y <yk",
n— 00.

Lemma 3.3 (Iooss [6]). Let K X — X be differentiable at 0 and satisfy K(0) =0, and
let D(K)(0) = L be its Frechet derivative at 0. If the spectrum of L lies in a compact
subset of the open unit disc, then 0 is exponentially stable.

From the analysis made in Section 3.3, one can see that

'l r(gev(/})):%

corresponding to k = 0, Let (= ”—ZD) denote the value of the parameter for which
r(Zev(B)) = 1. Then, according to Lemma 3.3, it follows that the equilibrium - is
exponentially stable if f<f, and unstable if f > f,. We are now in a position to

conclude on bifurcation.

Theorem 3.1. (By,=) is a bifurcation point of steady-state solutions of Eq. (59), that is

to say, in each neighborhood of (By,=) there exists a pair (B,U), UL, such that
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Proof. Differentiability of s# together with (61) and (65) allow to write 3, near
(Bo, U) as follows:

#(B,0) =5+ ﬁﬂ Lo(Bo) (U — 0) +9(B, U),

in which limg ., g )”U U“ =0. jev(/)’o) is compact and r(ZLe(fy)) =1 is an
eigenvalue with odd 1nu1up11c1ty (equal to one). Then, the conditions of a classical
bifurcation theorem [1, Theorem 1.7] are fulfilled, thus a bifurcation of nontrivial
steady states takes place at (fy,5-). This completes the proof of the theorem. [

3.5. Computation of the bifurcation branch, the expectation and the variance

We will now give more detailed information about the bifurcation branch
emanating from (f,, 2—172) and we will compute the expectation and the variance on the
local branch. We will first show that one can represent the branch in terms of a
smooth function f = f(s). We will then compute a few derivatives of f(s) at s = 0.
The computation requires some care, due to the fact that f(s) is known implicitly
only and depends heavily on the preparatory results collected in Section 3.2.

3.5.1. Computation of the bifurcation branch
As we have already noticed in Section 3.4, it will be sufficient to restrict ourselves
to Xg§'. Thanks to Proposition 3.1, Z.,(f) is compact and self-adjoint. N(I —

Loy is one dimensional generated by v =<3 and so, compactness and self-
0 y 7 T

adjointness imply that, if we denote S = R(I — Ley(fy)), S is closed and is a
supplementary subspace of Rv in X§¥, invariant through Ze, (), and I — L, (B,) is
an isomorphism from S onto itself. Finally, S is just characterized as the orthogonal
space of Rv, S = {v}*

By writing U = % +u and u =sv+ o, with geS, the equation U = (B, U)
breaks down into two equations:

{S:<U,%(ﬁ,ﬁ+&v+0)—%ﬁ>, (87)

0= H (P + 50+ 0) — 5 — {0, H(B, 5+ sv+0) — L.

Applying the implicit function theorem to the second equation of (87), we can solve
it for o near (f,0): it yields o = o(,s), (f,0) = 0. Differentiating the second
equation of (87) with respect to s, we obtain

oo 1 oo 1 oo
T e (,},_) (” Wm) - <”’ W(’J”z—n) (” *‘a@s:o) >”

oo
=b yf(ﬂ ’27z> Os/s=0"
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For % close to 1,1 — D,s#(p, ﬁ) is an isomorphism from S onto itself. Then % Js=0 =

0. Therefore o(B,s) = O(s?). Now, let us insert ¢ = o(f,s) in the first equation of
(87), to arrive at the bifurcation equation

§= <v,%”<[3,%+sv—l— o(/i,s)) —%>

We first show that one can represent the branch in terms of a function f = B(s). To
see this, consider the function

1 1
%(S,ﬁ) _ v, Jf(ﬂ:zﬂ"'svs'i" a(B,s)) 2n>, 550,

which extends continuously to s=0 as %(0,f) :%. For 550, the bifurcation

equation reads as
B(s,p) = 1.

We have %(0,f5,) =1 and %@(0,[30) :,}—0¢0 and 4 is of class C* (see Remark
2(i)). So, the implicit function theorem applies and insures that near (0, f3;), the
solutions (s, B) of the equation %(s, ) = 1 lie in the graph of a function § = f(s)
such that 3(0) = B, and f3(s) is of class C*®. Accordingly, we denote G(s) = o(B(s), 5).
Our final goal is to compute a few derivatives of the function f(s). In terms of ¢ and
B, the bifurcation equation can be written as

§= <D,Jf<[§(s),2—17£+sv—l-6(s)> ~%> (88)

Differentiating the bifurcation equation (88) two times with respect to s, we get
0= <v, Dggff (/?(s),% +sv+ 5@)) (v+ (f'(s))2>
+ <v, Dy (B(s) , % +sv+ 5(s)> 5”(s)>
(o ot (a0 ()
+ <u,8%% (/)”’(s),—zl—yr + sv + o"(s)) (%;) >
+ 2<v,D5ﬂ,7f</§(s),2l—n+sv+5(s)> (g—{f) (v+6'(s)>. (89)

Using (73)—(75), combined with the fact that 6(.) and its derivatives belong to S the
supplementary subspace of Rv in X", invariant through D,s# (/So,ﬁ), formula (89)
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0= <u,D5,%”(ﬁo,%> v2> + /3%%/5-:0' | (90)

On the other hand, using (77), we obtain

comes down to

1
D23 ([)’O,E> v? = 2cos?(0) — 1,

<U,D5yf (/30,%> vz> =0. (91)

Together with (90), the above equality leads to Bﬂ(o) = 0. Then,

B(s) = Bo + O(s?).

Using the Taylor expansion, up to order three, of #(f, 2]_7r + u} in » in the right-hand
side of the bifurcation equation, substituting sv + o for u and using the fact that
a(p,s) = O(s?), then substituting S(s) for B, we arrive at

o= sB s (0,008 (015 )r0(0) ) + 5 (0,008 (B9 ) ) 015,

which can be rewritten as

s%%(@ =’<v, Dﬁ%(/}@),%) smf(s)> + §<U,D3W(B(s),%> v3> +o(s%).(92)

Dividing both sides of (92) by s* and evaluating the limit at s = 0, we obtain

e} ) o))

Let us now turn to the estimation of the first term of the right-hand side of (93).

Straightforward computation gives ¢'(0) = ‘?;92 (Bo,0). Differentiating the second

equation of (87) with respect to s, we obtain

which implies that

0? 1 g
8—;27(/30’0) :D5%<50,E>02+Du (3012 >g 5280, 0)

- <v,D5%(/}’O,%>v > <v D ff(ﬂo, )6 =5 (Bos )>

Via (91), combined with the fact that ¢(.) and its derivatives belong to
S the supplementary subspace of Rv in X§", invariant through Dy (By,5), we
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arrive at

o 1 1\ &%
8_.5-2([30’ 0) = Dl (/30;%) v+ Duf<ﬁo,’2;)’6?(/3m 0). (94)

Denote, for a moment, ¢ the function %2—;’(/30,0) and differentiate both sides of
Eq. (94) with respect to 0 to obtain, via (77), (61) and (54)

¢'(0) = —2sin(20) + 5 g1 (£)(0). (93)
Using the fact that g;(P) =0, for each polynomial or series P in sin(20n) and
cos(2n0) (see formula (5)), one can see that £(6) = cos(26) is a particular solution of
(95). So, the general solution of Eq. (95) is
£(0) = cos(26) + &,(0), (96)
where £,(0) denotes an arbitrary solution of the homogenous equation associated
with (95). One can immediately see that this equation is analogous to the
eigenfunction problem (78) for f = f8,. Using (78), (80) and (86), we arrive at the
following expression:

£.(0) = A cos(0) + Bsin(0).

The additional restriction to even functions yields B = 0, and the requirement that £
be in S leads to 4 = 0. So, we get

%o
w(ﬁo, 0) = cos(20),

from which, using formula (77) with the fact that g; (P) = 0 therefore & (P) = 0, for
each polynomial or series P in sin(20n) and cos(2n6), we obtain

1 1 6%
Dy 1
<v, U (ﬁO’Zn)U2 8s2(B0’0)> 0

- Yoma(n L))

Using (77) and (76) again, we get

Therefore

1
Di”(ﬁmz) v® = 4n*v’ — 6mw,
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<v, Di%(ﬁo,i—) v3> = —37.

which yields that

Then,
B(s) = Bo+75 Bos” + o(s"). ©7)
The result reads, in terms of A = A(s) = E%Sl’ as
I(s) =g+£42-s2 +o(s2). (98)

Consequently the branch of nontrivial solutions emanating from (%,5) is super-
critical (i.e., takes place for A > ).

3.5.2. Expectation and variance

In this part, we will compute the expectation and the variance on the local branch.
Let Us(.) be the bifurcated solution of (59) for s > 0 small. The expected value of U,
E; is by definition

+n
E;

I

0U,(6) do

-7

+n 1
/_n 0<E—I—scos(9+o(s))d0.

I

Then

The variance V; is the integral

(

Vs= / +n(@. — E,)*Uy(0) d6

= /_+”(6 —0(s))* (% +scos 0+ 0(s)>d0

7
2

b

=3~ 4ms + o(s).
The expectation and the variance can be computed in terms of A. In view of (98), one
then obtains the following approximate expressions:

EQQ) =o(v/A—Io); V(A) =21 —dn

(99)
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On the other hand, the computation of the same quantities on the trivial branch
leads, respectively, to
2
E=0 and V =—,
3
that is a slight deviation from uniform distribution can be seen in the angular mean
} value becoming possibly nonzero, while the angular dispersion is going below the
value %, giving a rough estimate of the gain incurred by the fish when playing the
gregarious strategy.
So far we have only considered local results, i.e., existence of solutions in a small
neighborhood of a bifurcation point. However, it is possible to show existence of an
extended branch of nontrivial solutions, as a result of a global bifurcation theorem

(see [8, Theorem 1.6]). In fact, in view of U >0 and fg " U(0) d6 = 1, it may be easily
seen that #°(f, U) is uniformly bounded on bounded f intervals; on the other hand,
#(0, U) = 5- (immediate from (58)), that is, the only feasible fixed point of #°(0, U)
is U. So, Theorem 1.6 in [8] allows us to conclude that, if ¥ denotes the connected
component of the set of nontrivial fixed point having (f,, U) in its closure, then % is
unbounded in f: for each f > f,, one can show that s#(f, U) has a fixed point
U#U.

4. Concluding remarks

f Let us first consider the results of the above two sections together. In Section 2, we
proved that the Cauchy problem associated with the system of equations (1)—(3) is
well posed in a suitable function space. Indeed, we have discussed existence,
uniqueness and positivity of solutions. We have also seen that the value of the
) integral of the solution is a constant, so that the solution remains a proportion
density for all positive time. Section 3 focused on the study of the stability of the
trivial solution as a function of the parameter . Assuming that D(6) = D and
F(0) =1, the trivial steady state is the constant function U:TIna that is, an
individual’s orientation is uniformly distributed in all directions. It was shown that
stability is lost as the parameter f crosses a certain threshold f, and a set of
nontrivial steady states emerges near this value. In fact, below that value f;, the
dispersion dominates and the population organizes itself asymptotically as if there
were no gregarism. We have shown that the branch of nontrivial steady-state
solutions emerging from that trivial solution is supercritical. Close to f = f3, the

e e ———

b bifurcated solutions read as: U(6) = + C(B)cos 0+ o(C(B)) with a constant
C(f) > 0 for § > f,.

¢ As a final remark, we comment on the interpretation to be given to the solutions in

i the context of the physical environment of the fish. The angle 6 characterizes the

¢ angular orientation of an individual fish body, lying supposedly in a horizontal
plane, with respect to a fixed direction, arbitrarily chosen. This has nothing to do

¢

.

&—4
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with the actual location of the fish in the water volume. In what concerns the steady-
state solutions, a privileged direction has emerged from the preparatory study,
namely a symmetry axis has been found which has been used as the origin for the
orientation of angles. But, this axis is by no means connected to a specific horizontal
direction in the sea. Not only could this symmetry axis be supported by any one of
the horizontal directions but there is also no relationship between a given orientation
and the actual location of fish having this orientation. Introducing some rules linking
spatial locations and tail-to-head orientations of fish will be the subject of future
research.
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