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NSE in 3D

(NSE) :


∂tu −∆u + u · ∇u +∇p = f in R3 × (0,∞),

div u = 0 in R3 × (0,∞),
u(·, 0) = u0 in R3.

Translation symmetry :

u(x , t) → u(x − x0, t)

. . .

Scaling symmetry :

u(x , t) → uλ(x , t) = λu(λx , λ2t)

p(x , t) → pλ(x , t) = λ2p(λx , λ2t)

u0(x) → uλ0(x) = λu0(λx)

f (x , t) → fλ(x , t) = λ3f (λx , λ2t)

Tuan Pham (Oregon State University) February 19, 2020 2 / 28



3/28

Main results

(cNSE) :

{
∂tu −∆u =

√
−∆(u2) in R3 × (0,∞),

u(·, 0) = 2γ
1+|x |2 in R3

Dascaliuc, Orum, Pham (2019)

For any γ ∈ R, (cNSE) has a solution in L5(R3 × (0,T )) for some
0 < T ≤ ∞.

If 0 ≤ γ < 1 then (cNSE) has a unique solution in L5(R3 × (0,∞)).

If γ = 1 then u(x , t) = u0(x) is the unique solution in
L5(R3 × (0,T )) for every T <∞.

If γ > 9
2e

8/3 ≈ 64.76 then the solution blows up in finite time.
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Diffusion equation – Probabilistic representation

In Rd × (0,∞), consider the initial-value problem{
∂tu − 1

2 ∆u = 0,
u(x , 0) = u0(x).

Classical solution:

u(x , t) =

∫
Rd

1

(2πt)d/2
exp

(
−|y − x |2

2t

)
︸ ︷︷ ︸

Φ(y−x ,t)

u0(y)dy .

Observe: Φ(· − x , t) is the p.d.f of an N (x , t Id)-random variable in Rd ,
e.g. Brownian motion Bx

t .

u(x , t) = E[u0(Bx
t )].
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Diffusion equation – Probabilistic representation
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Reaction-Diffusion equation – Probabilistic representation


∂tu − 1

2 ∆u = −K (x)u,
u(x , 0) = u0(x).

Feynman-Kac formula (1940s):

u(x , t) = E
[
u0(Bx

t ) exp

(
−
∫ t

0
K (Bx

s )ds

)]
.

The problem can be formulated and generalized (with drift term ∇u and
forcing f ) by Itô calculus (1950s).
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KPP-Fisher equation

In R× (0,∞), consider the equation (Kolmogorov-Petrovskii-Piskunov
(KPP), Fisher, 1937): {

ut − 1
2uxx = u2 − u,

u(x , 0) = u0(x).

With Ψ = e−tΦ,

u(x , t) =

∫
R

Ψ(x − y , t)u0(y)dy +

∫ t

0

∫
R

Ψ(x − y , s)u2(y , t − s)dyds.

Noting that Ψ is a p.d.f on R× (0,∞), McKean (1975) gave a
probabilistic description of this equation by branching process.

Tuan Pham (Oregon State University) February 19, 2020 7 / 28



8/28

KPP-Fisher equation

T ∼ Exp(1): holding time (the clock).

u(x , t) = E [u0(Bx
t )1T>t ] + E

[
u2(Bx

T , t − T )1T≤t
]

In other words, u(x , t) = E[X(x , t)] where

X(x , t) =

{
u0(Bx

t ) if T > t,

X(1)(Bx
T , t − T )X(2)(Bx

T , t − T ) if T ≤ t.

Here X(1) and X(2) are i.i.d copies of X and are independent of T .
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KPP-Fisher equation – Branching process

X(x , t) = u0(Bx11
t−T0−T1

)u0(Bx12
t−T0−T1

)u0(Bx2
t−T0

).
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Diffusion-reaction equation – Fourier domain – Ex. 1

The heat operator ∂t −∆ naturally induces a clock in the Fourier domain.
For example,

ut − uxx = bu, u(x , 0) = u0(x).

In Fourier domain,

û(ξ, t) = e−tξ
2
û0(ξ) +

∫ t

0
e−sξ

2
bû(ξ, t − s)ds.

Put χ = ξ2û. Then

χ(ξ, t) = e−tξ
2
χ0(ξ) +

∫ t

0
ξ2e−sξ

2︸ ︷︷ ︸
p.d.f

b

ξ2
χ(ξ, t − s)ds.
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Diffusion-reaction equation – Fourier domain – Ex. 1

χ(ξ, t) = E[X(ξ, t)]

where

X(ξ, t) =

{
χ0(ξ) if T > t,

b
ξ2X(ξ, t − T ) if T ≤ t.

X(ξ, t) =

(
b

ξ2

)Nt

χ0(ξ), Nt = inf {n : T0 + T1 + ...+ Tn > t}
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Diffusion-reaction equation – Fourier domain – Ex. 2

ut − uxx = (cos x)u, u(x , 0) = u0(x).

û(ξ, t) = û0(ξ)e−tξ
2

+
c

2

∫ t

0
ξ2e−sξ

2
(
û(ξ − 1, t − s)

ξ2
+

û(ξ + 1, t − s)

ξ2
)ds

X(ξ, t) =

{
χ0(ξ) if T > t,

c
ξ2X(W , t − T ) if T ≤ t.

Pξ(W = ξ − 1) = Pξ(W = ξ + 1) = 1/2.
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Navier-Stokes equations

(NSE) :


∂tu −∆u + u · ∇u +∇p = 0 in Rd × (0,∞),

div u = 0 in Rd × (0,∞),
u(·, 0) = u0 in Rd .

Integro-differential equation:

u(x , t) = e∆tu0 −
∫ t

0
e∆sPdiv[u(t − s)⊗ u(t − s)]ds.

In Fourier domain:

û(ξ, t) = e−|ξ|
2t û0(ξ)+c0

∫ t

0
e−|ξ|

2s |ξ|
∫
Rd

û(η, t − s)�ξû(ξ − η, t − s)dηds

where a�ξ b = −i(eξ · b)(πξ⊥a).
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Fourier-transformed Navier-Stokes equations (FNS)

Normalization to (FNS): LJS 1997, Bhattacharya et al 2003.

χ(ξ, t) = e−t|ξ|
2
χ0(ξ)

+

∫ t

0
e−s|ξ|

2 |ξ|2
∫
Rd

χ(η, t − s)�ξ χ(ξ − η, t − s)H(η|ξ)dηds

where χ = c0û/h and H(η|ξ) = h(η)h(ξ−η)
|ξ|h(ξ) .

h: majorizing kernel, i.e. h ∗ h = |ξ|h.
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Cascade structure of FNS

Define a stochastic multiplicative functional recursively as

XFNS(ξ, t) =

{
χ0(ξ) if T0 > t,

X
(1)
FNS(W1, t − T0)�ξX

(2)
FNS(ξ −W1, t − T0) if T0 ≤ t.
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An example of XFNS

Consider the following event:

On this event,

XFNS(ξ, t) = (χ0(W11)�W1 χ0(W12))�ξ χ0(W2).

Three ingredients: clocks, branching process, product.
Cascade structure = clocks + branching process.
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Stochastic explosion

Sn = min
|ν|=n

n∑
j=0

Tν|j , S = lim
n→∞

Sn = sup
n∈N

Sn

Explosion event: {S <∞}.
Non-explosion event : {S =∞}.
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Examples of non-explosion

ut − uxx = u2 − u, u(x , 0) = u0(x).
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Examples of non-explosion

ut − uxx = (cos x)u, u(x , 0) = u0(x).

Pξ(W = ξ − 1) = Pξ(W = ξ + 1) = 1/2.

∞∑
n=1

Tν|n =
∞∑
n=1

T̄ν|n
|Wν|n|2

≥
∞∑
k=1

T̄νk
ξ2

=
1

ξ2

∞∑
k=1

T̄νk =∞ a.s.

Tuan Pham (Oregon State University) February 19, 2020 20 / 28



20/28

Examples of non-explosion

ut − uxx = (cos x)u, u(x , 0) = u0(x).

Pξ(W = ξ − 1) = Pξ(W = ξ + 1) = 1/2.

∞∑
n=1

Tν|n =
∞∑
n=1

T̄ν|n
|Wν|n|2

≥
∞∑
k=1

T̄νk
ξ2

=
1

ξ2

∞∑
k=1

T̄νk =∞ a.s.

Tuan Pham (Oregon State University) February 19, 2020 20 / 28



21/28

Cheap Navier-Stokes equation

(cNSE) :

{
∂tu −∆u =

√
−∆(u2) in Rd × (0,∞),

u(·, 0) = γȟ/c0 in Rd

With χ = c0û/h, we have

χ(ξ, t) = e−t|ξ|
2
γ

+

∫ t

0
e−s|ξ|

2 |ξ|2
∫
Rd

χ(η, t − s)χ(ξ − η, t − s)H(η|ξ)dηds

= E[X(ξ, t)]

where

X(ξ, t) =

{
γ if T0 > t,

X(1)(W1, t − T0)X(2)(ξ −W1, t − T0) if T0 ≤ t.
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Stochastic explosion

Branching process may never stop, potentially making XFNS not
well-defined.

Property of cascade structure, not of product.

Depending on the majorizing kernel h.

3D self-similar cascade hdilog(ξ) = C |ξ|−2: stochastic explosion a.s.
(Dascaliuc, Pham, Thomann, Waymire 2019)

3D Bessel cascade hb(ξ) = C |ξ|−1e−|ξ|: non-explosive a.s.
(Orum, Pham 2019)
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Cascade solutions

When stochastic explosion happens, how can we define a stochastic
cascade solution and is it unique?

Introducing a ground state X0 = X0(ξ, t):

Xn(ξ, t) =

{
γ if T0 > t,

X
(1)
n−1(W1, t − T0)X

(2)
n−1(ξ −W1, t − T0) if T0 ≤ t.

If γ = 1 and X0 = 1 then Xn = 1 for all n. Thus, χ = limEXn = 1.

If γ = 1 and X0 = 0 then χ = limEXn = P(Sξ > t).

χ(ξ, t) =
∞∑
n=1

γnpn(ξ, t)

pn(ξ, t) = P(Sξ > t, exactly n branches cross).
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Cheap NSE in 3D

Bessel majorizing kernel: h = hb(ξ) = 1
2π

e−|ξ|

|ξ| .

(cNSE) :

{
∂tu −∆u =

√
−∆(u2) in R3 × (0,∞),

u(·, 0) = 2γ
1+|x |2 in R3

Dascaliuc, Orum, Pham (2019)

If 0 ≤ γ < 1 then (cNSE) has a unique solution in L5(R3 × (0,∞)). If
γ > 9

2e
8/3 ≈ 64.76 then the solution blows up in finite time.
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Cheap NSE in 3D when γ < 1

pn(ξ, t) = P(Sξ > t, exactly n branches cross).
By conditioning on the first time of branching, we get

pn(ξ, t) =

∫ t

0
|ξ|2e−s|ξ|2

∫
R3

n−1∑
k=1

pk(η, t − s)pn−k(ξ − η, t − s)H(η|ξ)dηds

By induction, one can prove

pn(ξ, t) ≤ θλn−1Cne
−|ξ|
√
t ,

where

θ = e1/4, λ = 2e3/4,

(Cn) is the Catalan sequence
C1 = 1

Cn =
n−1∑
k=1

CkCn−k
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Cheap NSE in 3D when γ < 1

For any 0 < κ < 1,

pn(ξ, t) ≤
(
θλn−1Cne

−|ξ|
√
t
)κ

. (4λ)κne−κ|ξ|
√
t .

If γ < 1, choose κ small such that 4κλκγ < 1.

χ(ξ, t) = P(Sξ > t) =
∞∑
n=1

γnpn(ξ, t) .
∞∑
n=1

(4κλκγ︸ ︷︷ ︸
<1

)ne−κ|ξ|
√
t .
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Cheap NSE in 3D when γ is large

qn(t) = inf
1/3≤|ξ|≤1

pn(ξ, t)

qn(t) ≥ α
∫ t

0
e−(t−s)

n∑
k=1

qk(s)qn−k(s)ds

By induction,
pn(ξ, t) ≥ qn(t) ≥ αn−1tn−1e−nt .

For large γ and for some t,

χ(ξ, t) =
∞∑
n=1

γnpn(ξ, t) &
∞∑
n=1

(γαte−t︸ ︷︷ ︸
>1

)
n

=∞.
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Thank You!
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