78 Offfogond  Dingonetizalin

% i /}7 B yxn yalices

4cwd@c%e0%%wmf&mﬁ~g‘ﬂWA;
an w%(?jmd sl P Suck ot

Plar=p

% . :[ f y- U ar%gaﬂﬂ/{ 5‘mr°/a}vr é a c&‘z;m/

iy D

F 7/'?/9 =D,
.w/ &zj /Zf,;f A L5 w%ﬁmf dégw’d%a’!/e ana
ot P 0:«/&3«% MZ&”MJ@ A

[~

M A nxn i’r"?@z;ft')é. 'f:{g ﬁ(éu‘,\qj— .S'/E?tme»?
e ﬁ?tdm&nz( !

é’) A %ao am Q%narmd 5&5 of ? %enﬂ(cz;s
C) /} ,0'5' 57 mme Z;‘c.

L_// %@fw{. Fww‘nj thes Jﬂm’f 75’ Execc. #73) In page /).




) >b) y
il
&) = Thoe  <xisls 79,747,,,,/ Gkl Tt
P;}F:D o7 P*;/,’-)P::_D
I/ P: [/;:' /:w] Wﬁ ﬂm 5.2.] Wwe conclutle
Bt e st s- .[/5” ey s aset o

/éﬂ@;-/z (nclep ﬂﬂwzﬁd Moreorer, Wi %,
711 W_/W ﬁ’ ﬁ(mﬁs@»ﬁd .5'//5

@hso olhonormil 'fﬁe,.b%’p,e)
.g {,«gg--:/g”} /X an Offémarma{&fpf/

I

) 63" /,5 Lpunin} of igeneons
Y29 1 A),szww . aief
tud by tm 521 A B Aiagonalizable
aurd Php=D  wlh p=[ - br)
Since The  Columns of P mre wfiwor"”ﬂj , oty f%ﬂ 71/
o comclite Pt P &> orllagmals PP
Thetfors o _ppp = Pa7
deed A 05‘ at-fio?omj d‘ﬁgrmaégaéé //




/o
d) = ¢
Zf @) = P;?P D j C(/Zc’rc P s 0’#{?&“&”(.

1)

—=1 > T -
> A= ppp > A= (PP (P D' P'=
— P:DPT;-"- 4 v

C) = a) prore w'r/oébz"g -

77;;” 7 49.2.

A) A symem. = ﬁW&f ﬂm,e,,f
b A Symm. = ég,wwp@» . 7607;7 Mm«f
@wwef 724 0/‘7’43@:@[

A
Vo aTzad _ (274} 8= X =
Ax.§= Yl* = (57A)% /:f "
= %o hY

TZJW) 4 Gf oud L?z ar7 ﬁﬂg.enﬂ’déf-f H A w”ﬂ/a Mtf'nj

H"E’f: . é ﬂg M&m/ﬂddf N omd X2 f y‘egﬁeoﬁ/ 5

oW s

iV~ AU‘.JI N h:. A a Hygr -

Av..va, A,'/;. [/Z gﬂl/tvf. ATVQ — \/'l'Alj?'
MJ“”"‘LTMJ"(M;“@) pe > % _?':_':: >\ (\71\72)
g | o Nyl = Vg W T A

- 4\, VUpVa > - g,,-m),:f:z,
pﬂ/z'vd = N V2 (V Vo) = o n

Roide ol I WS ¥t ! |

kﬁig‘-’k\;{jlfdz'yo ( | ?\/ \"/ '\7 =5 o PR Cf, LV, /

) (M"'}q' 1 . 1eVv?

Now a3, Y- K=
-~ 1--&‘0 4 -
2V, AV, = AVl




1,
Find F %df O’é‘;f m(/@ 5’&&7""&%"‘ A and delermine
i PhP=FPar.

g =]
A= |1 & = @(w{?
B B }.J 14 M &mml/z:c‘:
7;[;‘ o 72l alBlsles Hat A 4 ar/@. oliagy.

We weed f &,,,,Z"@-! P (hose Ghomns Mr[ﬁr»w/ é/ ,&c;mm&

of 4t fo o el 5

- +1 1 ! 5

!M_Af: : 9;\;;1‘ H | = (>~—2)3+9-"(>*‘2)"'G*‘2J‘“)
1 1 n=? i~ G\-—Z-)a—*g(?*"z')_'/‘ *=%

& | k. 5 If_ ___3),3- L ol
= (', z)(kﬁ-lf)u+‘9—~5>~+e+;'= >**‘°>‘+’9\/ /
o . NS

= \ ()\2_6 )_-}"Ci>': >\(>~"'3) --":> {\‘\2‘33 593-%'/@‘&15

for Llgenveclors 5@1%}

| ¥.{e
o 020
1) (2
20 L O
[l : =% "3

i b

i -

=X o)
>?: —iz &+ O?, #‘)(g, | "")‘3[0
0 0 (

[ 1 10O

X3



%, Cony an’/ﬁ ﬁ” hag
a /ésda'/ Gpmbinalion of &[: [-:] . ﬁé-’-’-‘ (-%]
Simce /Zv - ”é” ’C}'(C&/’) ﬂﬁ f"fm a baus 72 170
lguapose orrepending & dzs.

F;_m enVc wlis
Up He ollor lomty [/ N=0) M oigeneds S 4

’“"2 [ /’] r)(; 0
22 N ) X, &
(\i-A)E= e ok (L

1

L§ 1 =2
% T 1T =2 @
[ 1| -2 © )
) 'Q;IJ%N /-2104/0330
[ - i
;1 -30 g, § F 2 |

3"2"3)(3 =0

/
o |
3 -3 =
2 0 Yo = X3\

[ Xf s Q.x.?ﬂ Xy = X__g

/2



(3

A/ﬁa)} %ZZ ma%')( A 25 S}MM-. 'fzer%r‘? / fﬁ" 7'9-2)
' = - % -2 K!‘I Lg

He @cgmve%r U L U, ad U LUz (LLM{:’?"’%@
. ‘noﬂ
dud flo Set 5= {J;,Q,,&;’, oo St .

TZ&“) ZJJ!};"?? /%M S5.2./

/fﬂed'é M'ﬂd(feﬂaé,d' wgmm&x.
A s éﬁ&;&na{;aé& or

P AP=D
(Where ~ [I -1 =l 000]
P“’ L 1 o awd D= [OB o
I B ] 003

J;f?fe A %mm&'? G b égﬁ,. gt %ﬁa{

) SIA

P p»ff()g,o,od /Aa/{ 0’%?&”1% dk?onz(fa&g /?‘fPﬂ?::Dl

’q“""“é”j £ Wy 701 Wt we reed 8 3 ollonomet

‘@L?eam’”- 7’% Can be Wé Oblaine A ﬁam

(5: {ﬁ!]zj‘lfﬁjg . ) q |

Lt we find Uy 0ed U fom o and Ty o
Gyeem - Schmid! /};«ocg;‘y




/4

In fact,

-l 4{;3} E(;) = [-;o/‘][-y"r’?‘(:
o0, = 7 :
//UJ/ % = U,
~ 2 = PN N = “f/ﬁ
Z/ZI: % e ((/3, Uz) Uy = [ 0:}-— ,/‘ﬁ l/g:. =
[
- +2 A ) .
e J2 = | ) //uj'/[: e =
’ I =é"*l[5= o

T an ainate 1y S0k Ut =1 & 5 ¥ P jgy
A «/[f'

- e [
e

?}1_]_ @71 M Z.;,_LUJ

cg/'ﬂ(,'@ |
’ 7 7 L5 o
&rfiag- t Uy O Uy - o | 1z V] o Tomom
. A I 71 I e B PR |
S:{ i, Us Uz}" ps || 10| g || o deneds
3 O
s IR ©
Qema-rp! o ‘Z','L lan & 064;/2/ ﬁmwn Maft z(_',- ,65 ﬂé"’ 772 ﬂgfﬂwﬂéf apsoc. ﬁ Az_g
Zn fuaf,l . % ; \ 7, — J-‘?\zuz N2 [Ug -"Uz] >\7.
/?2(3::'/4&(3"?-'-2“1”3 2“3 3



/5

7%@) Wfﬂ?, f/m ?52/ 4 ,(:5 @%ﬁamd? Q'/‘a;&’onavé}ﬂf/é
T&ﬁ(,//) ﬁSmﬁf{c{/;Qﬁ:D(
e oce
C{/&e : ,.ur !;7,, ag, dud ’D.‘:"[ ifp;}
s - g

?’-’- |/'(-3 '/ﬁ. 'Vl@
s o M

g/aécm @@wméf%/@ﬂ of a Malix A

%’f) (onsider % /m da&f of »
2{ EZ é 5:2 'f ﬂrréfr'f' dﬂ-é;, Qubpat Y132
. ” 3 . 225
[ ” i !z ba bz Vo by + Gl 09 by +d2 bz
2 2
An but Au b, A2 bz Aizbzz
= n ol Y i
' b
i U by Aza b2 (22 b2z

[g;"][b;, b 4 [0"’][52, Lu]__:

|

Q22

= 5!;1*62(2. )
,Q nxn 74 Ces .
Thes Mﬂﬁw Frgwmf A



/G

/[émy/ 4% ﬁv a given mahix /4 nn %mmgtc

>\l) “ey AV\ Ore g,iﬁwv«,(uﬁs w;ﬂ\ Coﬂt&d’*‘ Orﬁonormwg ﬂ‘ﬁtnv{’&gfs
Z}:' .y Un 5 7%-8»

T
D= FPAP a1 )
%500 gu‘r-’
= T N+ O e
P A = ?DP [U; Uz Un] O . L.
d d : s -
) 9] )\H Luﬂ

% @x/mméa s Catld S/xa?;@é’ .D,zwm/baﬁ@" of A

In our previos exe0cses

Wity o)t
[-Qw 3 Z:]: 0[.,,1[% fo 1) 3 {Wlw N

ol =f 9 Wi e
=6 L(J‘:h”/ﬂ tfa 216]

| [ &) l}ﬂv
- L 1 =&
= 3 ® > ¢ ¢ [~
— .,_l._ o —'_
R +3 4 t ¢
o o © -2 -2 4
e ¢ T



Geometne Zn/ér/or&ﬁazg'n o a %ifrzf Decaywﬁ’u
Lt Cae be poed that é; ’Wézﬁﬁ‘”;’

.AJT_'- 5’(
UU X e i}

Tty te spectnl cocompsilon (1) applic %
@ W % G e obllined by Prps X ”Z"’%
B tiwd cleloaminet 53 e u“gpwwo@ of A,
o Z% WVMS’/ and ﬁ”“t?
oty Mo frep 4
W.ﬂ? e Scalest /nr(yacfaﬂs- 9
Spow>  Figure 781 foc example 805

/F[l 32] Giguiess | fi]
2 - \,:-—3 — U ’?@J gyﬂ\of\afﬂ‘“ﬁ

" . Yis s ['1
| = '3[15; ‘f‘&[ﬂ*; 2 vs |L
a2 -2 3 s 3, rz/;J [5]
@i 6/5 = ; ,',. = O
el thot ={-3) [gﬁ]—f‘ @) [3/5] [ 6/;] [ ofs

Yy . e ; B B
4 0= [ (2] (0 20)= £ (1)

(¥



402 Chapter 7 Diagonalization and Quadratic Forms
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The Nondfagonafrzable
It Case ification in the form of PTAP by choosing the orthogon
.":I matrix P appropriately. We wil] consider two theorems (without proof) that illustra;
il this. The first, due to the German mathematic; '

(il matrix 4 js orthog

onally similar to an Upper triangular matrix that has the eigenvalues
of A on the main diagonal,

IfAisann x matrix that i
to achieve considerable simpli

ected
dismissal in 1935, Schur, who thought
persecution and humiliatio,

n he received
any for Palestine in 1939, a broken man, Lacking in financial
resources, he had to sel| his beloved mathematics books and lived in Poverty until his death
Issai Schur in 1941,
(1875-1941) Umage: Courtesy Electronjc Publishing Services, Inc. New York Cini




7.2 Orthogonal Diagonalization 403

otor It is common to denote the upper triangular matrix in (11) by § (for Schur), in which
this case that equation can be rewritten as

1by ‘ LR A= PspT : ' | (12)
'titg which is called a Schu;t—iéco'mposition of A. v
al

The next theorem, due to the German mathematician and engineer Karl Hessenberg
(1904-1959), states that every square matrix with real entries is orthogonally similar to

a matrix in which each entry below the first subdiagonal is zero (Figure 7.2.2). Such a
matrix is said to be in upper Hessenberg form. . - !

X

X
X X X X
X X X X X

X X
X X
X X X

First subdiagonal

4 Figure 7.2.2

' Note that unlike those in (11),

. the diagonal entries in (13)
ssible “ are usually not the eigenvalues * -
gorial ; of A, 4 » »
strafe o ' Tt is common o denofe the upper Hessenberg matrix in (13) by H (for Hessenberg),
qllla?: ; ' in which case that equation can be rewritten as

ralue o

A=PHPT . a4
which is called an upper Hessenberg decomposition of A.
Bgm?rk In many numerical al goﬂti}ms the initial matrix is first converteAd“tvo uppef Hessenberg

form to reduce the amount of computation in subsequent parts of the algorithm. ‘Many computer
packages have built-in commands for finding Schur and Hessenberg decompositions. E

Concept Review o e

. * Orthogonally similar matrices * Spectral dec&ﬁpdsiﬁon (or
* Orthogonally diagonalizable eigenvalue decomposition)
matrix ’ * Schur decomposition

* Subdiagonal
* Upper Hessenburg form
* Upper Hessenburg decomposition

Be able to orthogonally diagonalize a symmetric matrix.

: * Be able to find the spectral decomposition of 2
Know that eigenvalues of symmetric matrices are real symmetric matrix.
numbers. SR ' ’

Be z;ble to recognize an orthogonally diagonaiizable .
matrix. o ,

IS, o ‘ * Know the statement of Schur’s Theorem.
Kf“’“’ that for a symmetric matrix eigenvectors from . ¢ Know the statement of Hessenburg’s Theorem.
different eigenspaces are orthogonal. : : g o




