1S Sinpuer Voo Deconposillon

ExTension of /fz D«ajona/gazzt ]Zéof(? ér & geewore movices

ixn ZLo Non—3 Geewsrt whices  rxh .
.Zn ﬁWWS Sec@'nf we "g.a—p‘e ﬁVﬂd 7%G.ZL

ot (Gggemalue Decrp)

e A,
D : clizgonal aud  cotemns o P &%ﬁﬁ».

—_—

E) .Z‘f A Ws;mm
A= PP Uessenbers Decomf
P Wﬂﬂj ulix  qud H GppEr Hessenberg .
ol
i) s )z«ugzumé”.f of f ot
A= psp’

pwg;_? gl 8 Wﬁbﬁ«,&r.
i i M

I% “)2-— A enrors Gre nOf_ majmﬁm(,

> (pr-al=tFEe




j n 7‘@ Sesllim . wne todll ﬁy};{ f;abt ﬁranfrér{'a7 A men
’ ' alvix

A=U >'yT
UV ollog. and  Z b5 fise-dig. for nonsuore
rmalices.
Thm 9.5, A mxn mahix
& D and AD Aiove same nitll Spoce.

b)) A and /}7;? o " Poer: Sfce.
e) AT ansl ,41;4 o “«  Colamn Spece
0{/ A and A™A " “  rane

%ﬂ"ﬁ(_—?) WLW -
) Ax-2 » An)ES-

r
i {M‘f, 14 AR =0 2 (AA

&

._‘

A (Pr X): AT(‘-'S):

o o A
@’) Werct = ‘i:f‘? (@) s ull

A&O, AA% € ol (FA) 2
g = X (AR E
T =

e (A?) AR =
v

or 0_.__ (AT—A_Q

e, ppsfo » 4O



m 752 4 V3] Mx} /Jh’cn.

4 49 150 Olingonatbizadle
b The tgorlits of A are romnegdlic
facf - (7= 7ET=AP

TA 185 Symm putice :
ﬂ') “ 57 AT4 45 ﬁrﬂg Mj

Then é; fheoern 721

ARV = .
a4 N =
71 i & . YodaV B y
oy f’;‘ o I'= @A -0 = oo 417
Vi3 norm
it e o 5 NBo. ¥V
ATy will dyer
A

SRR «©«

DL o A e i
Iy N2,., An

e peall ruwrmbers
=y Gz Pa 5a= Vo

e



n

or
pls]

2

)

|

fer

Singular Value

Decomposition

X X X X X X
X X X X X X
X X X X X X
X X X X X X

B X X X—

X X X

X X X

X X X

X X X X

X X X X

_X xX X X~_

. Main diagonal ;

ot

4 Figure 9.5.1

Harry Bateman
(1882-1946)

Historical Note The term singu-
lar value is apparently due to the
British-born  mathematician Harry
Bateman, who used it in a research
paper published in 1908. Bate-
man emigrated to the United States
in 1910, teaching at Bryn Mawr
College, Johns Hopkins University,
and finally at the California Insti-
tute of Technology. Interestingly, he
was awarded his Ph.D. in 1918 by
Johns Hopkins at which point in time
he was already an eminent mathe-
matician with 80 publications to his
name,

Umage: Courtesy of the Archives,

California Institute of Technology]

The vectors uy, uy; .. ., w, are
called the left singular vee-
tors of A, and the vectors’
V1, ¥y, 04, Vi, are calléd the
right singular vectors of A.
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Before turning to the main result in this section, we will find it usefyl to extend the notion
of a “main diagonal” to matrices that are not square. We define the main diagonal of an
m X n matrix to be the line of entries shown in Figure 9.5.1-—it starts at the upper left
corner and extends diagonally as far as it can go. We will refer to the entries on the main
diagonal as the diagonal entries.

We are now ready to consider the main result in this section, which is concerned with
a specific way of factoring a general m x n matrix A. This factorization, called singular
value decomposition (abbreviated SVD) will be given in two forms, a brief form that

captures the main idea, and an expanded form that spells out the details. The proof is
given at the end of this section.

. THEOREM 9.5.3 Singular Value Decomposition

If Ais anm x n matrix, then A can be expressed in the form
A=Uxzv?

where U and V are orthogonal matrices and T is an m x n matrix whose diagonal
entries are the singular values of A and whose other entries are zero.

THEOREM 8.5.4 Singular Value Decomposition (Expanded Form)

If Ais anm x n matrix of rank k, then A can be Jactored as
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in which U, T, and V have sizes m x m, mxn, and n x n, respectively, and in
which

(@ V=I[vi vo - v,]orthogonally diagonalizes ATA.
(b)  The nonzero diagonal entries of T are oy = /A1, 02 = /%3, ..., 00 = /3z,
where Ly, My, ..., A are the nonzero eigenvalues of ATA corresponding to the

column vectors of V.

(¢)  The column vectors of V are ordered so that o1 >03> .- >0, > 0.
AV,' 1

(@) w= =—Av, (=12..k
oA e
(&) {ui.wy,...,w} is an orthonormal basis Jor col(A).
() f{u,u, ..., u, Wetts ..., Uy} IS an extension of (ug, uy, ..., uy} to an ortho-

normal basis for R™.
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