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unaerdetermined. L'hus, AX = b must be consistent for some b, and for each such b tF
general solution must have 7 — r parameters, where r is the rank of A. ‘

SUMMARY In Theorem 4.3.4 we listed eight results that are equivalent to th
invertibility of a matrix A. We conclude this section by adding eight more results to th:
list to produce the following theorem that relates all of the major topics we have studie
thus far.

Theorem X% M Equivalent Statements

If Aisannxnmatrix, andif To: R" — R" is multiplication by A, then the following
are equivalent.

(a) A is invertible.

(b) Ax = 0 has only the trivial solution.

(¢) The reduced row-echelon form of A is I,.

(d) A is expressible as a product of elementary matrices.
(e) Ax = b is consistent for every n x 1 matrix b.

(f) Ax = b has exactly one solution for every n x 1 matrix b.
(g) det(A) # 0.

(h) The range of T4 is R".

(i) Ty is one-to-one.

(/) The column vectors of A are linearly independent.
(k) The row vectors of A are linearly independent.

(I) The column vectors of A span R".

(m) The row vectors of A span R".

(n) The column vectors of A form a basis for R".

(0) The row vectors of A form a basis for R".

(p) A has rank n.

(@) A has nullity 0.

Proof. We already know from Theorem 4.3.4 that statements (@) through (i) are equiv-
alent. To complete the proof we will show that ( J) through (g) are equivalent to (b) by
proving the sequence of implications (b) = ( 7= k) =)= (m) = 1 = () =
(p) = (@) = (b).

(b) = (J). If Ax = 0 has only the trivial solution, then by Theorem 5.6.8 the column
vectors of A are linearly independent.

(j) = (k) = () = (m) = (n) = (0). This follows from Theorem 5.4.5 and the
fact that R" is an n-dimensional vector space. (The details are omitted.)
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