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Example 1 Consider the heat equation

2

%?(x,r}—-g;%(x,t)z(}, O<x<1, 0<1,
with boundary conditions
w0, ) =u(l,nN=0 0<t,
and initial conditions
w(x,0) =sin(rx), 0<x<l1.
The solution to this problem is

2
e ' |

ulx,t)=e sin(mwx).

The solution at ¢+ = 0.5 will be approximated using the Forward-Difference method, first
with h = 0.1, k = 0.0005, and A = 0.05, and then with 4 = 0.1, k = 0.01, and 1 = 1.

The results are presented in Table 12.3. ]
:’m i > /
123 \= e =05 % )\
Wi, 1000 W 50
Cuw(x;, 0.5) k = 0.0005 let(x;, 0.5) — w; jo00l k=0.01 lae(x;, 0.5) — wy 59l
0 0 0
0.00222241 0.00228652 6.411 x 1077 8.19876 x 107 8.199 x 107
0.00422728 0.00434922 1.219 x 107 —1.55719 x 108 1.557 x 108
0.00581836 0.00598619 1.678 x 10~ 2.13833 x 108 2.138 x 10%
0.00683989 0.00703719 1.973 x 10~* —2.50642 x 10% 2.506 x 10%
0.00719188 0.00739934 2.075 x 10~* 2.62685 x 108 2.627 x 10%
0.00683989 0.00703719 1.973 x 10~ —2.49015 x 10® 2.490 x 108
0.00581836 0.00598619 1.678 x 107* 2.11200 x 10* 2.112 x 108
0.00422728 0.00434922 1.219 x 107 —1.53086 x 10° 1.531 x 108
0.00222241 0.00228652 6.511 x 1073 8.03604 x 107 8.036 x 107

0 0 0




Backward Time Centered in Space

CHAPTER 12 = Numerical Solutions to Partial Differential Equations

subject to the constraints
w@, N =u(l,r)=0, 0<t, ux,00=snmx, 0<x=<I,

considered in Example 1. To demonstrate the unconditional stability of the Backward-

Difference method, we again compare w; so to u(x;, 0.5), wherei =0, 1, ..., 10.

The results listed in Table 12.4 have the same values of /& and k as those in the fifth
and sixth columns of Table 12.3, which illustrates the stability of this method. ]

o~ _
:‘W i 1- ) % =0.1
Tahle 12'4 X; Wi sn 1 (.T,', 0.5) |w;‘50 — H(I,—. 05)' “ = 9' 0!’

0.0 0 0
0.1 0.00289802 0.00222241 6.756 x 1074
0.2 0.00551236 0.00422728 1.285 x 1073
0.3 0.00758711 0.00581836 1.769 x 1073
0.4 0.00891918 0.00683989 2.079 x 1073
0.5 0.00037818 0.00719188 2.186 x 1072
0.6 0.00891918 0.00683989 2.079 x 1073
0.7 0.00758711 0.00581836 1.769 x 1073
0.8 0.00551236 0.00422728 1.285 x 10~3
0.9 0.00289802 0.00222241 6.756 x 10~
1.0 0 0

Crank-Nicholson

CHAPTER 12 = Numerical Solutions to Partial Differential Equations

Table 12.5

X; w; 50 u(x;, 0.5) |w; s0 — u(x;, 0.5)]
0.0 0 0

0.1 0.00230512 0.00222241 8.271 x 1073
0.2 0.00438461 0.00422728 1.573 x 1074
0.3 0.00603489 0.00581836 2.165 x 10~
0.4 0.00709444 0.00683989 2.546 x 10~
0.5 0.00745954 0.00719188 2677 x 10°°
0.6 0.00709444 0.00683989 2.546 x 107°
0.7 0.00603489 0.00581836 2.165 x 10~*
0.8 0.00438461 0.00422728 1.573 x 10~*
0.9 0.00230512 0.00222241 8.271 x 1073

1.0 0 0






