Incompressible and Inviscid Fluid Equations

Ryan Jensen and Prof. Vianey Villamizar

September 13, 2010

1 The Continuity Equation

In this section we will develop the continuity equation. This is the basic equation that will enable us to
derive many other useful formulas. For this derivation we will be working with some arbitrary volume of
water, which we will call D. This could be a lake, the ocean, or some more controlled system such as a tank.
Later when we begin our work with waves, we will specify exactly what we want D to be.

Let u = (u1,us,us) be a velocity field, where u; = u;(z,y, 2,t) for i =1,2,3.

The density of the water at a point (x,y,z) and at time ¢ will be denoted as p(z,y, 2, ).
Let V be some control volume within D, and S the surface of V.

The mass of V' can be written as m = [, p(x,y, z,t) dV.

The rate of change in mass for the volume V can then be written as d/dt ( [;, pdV').

The rate of change of mass is also equal to then net mass that passes through the surface S, that is
-, g pu-ndS where n is the outward unit normal. Hence we can write

Jdp /
— = — u-ndS. 1.1
ot .’ (1.1)

A quick check shows that the units work out correctly =2 kg (Zgn )3()7:)) (kg(zgf))(gl )

The integral on the left is obtained by applying Leibmz s rule. It means

[ pav = / % g
dt

The conditions are that
p(x,t) is an integrable function on V for each ¢t € Rt and
2‘: (x,t) exists and is continuous in V' x RT.

Remark 1.1. The negative in the equation above can be explained as follows: Adding mass to a system
results in a positive change in volume, hence inflow is a positive change in volume. However, the unit normal
to S points outward and must be negated to reflect a positive inflow.

The Divergence Theorem applied on (1.1) results in

/de/(pu).nds/vv(pU)dV

[ [% 49 ] v -0 »

Since the volume V is arbitrary, then the integrand should be zero, i. e.,

Op
E“LV (pu) = 0, (1.3)



which is known as the continuity equation. If the fluid is incompressible, then the density is constant. Thus
dp/0t = 0, and Vp = 0. Expanding (1.3) and making the suggested substitutions yields

dp B

a+v'(pu)70
0
af:+(Vp)‘u+p(V-u):0

V.-u=0. (1.4)
The equation above is the continuity equation for a fluid of constant density. Assuming constant density for
water is a valid assumption, which we will make for the remainder of this paper.
2 Euler’s Equation of Motion

We will now use the continuity equation (1.3) to derive Euler’s equation of motion which will allow us to
find Bernoulli’s equation. In order to derive Euler’s equation of motion, we will use techniques similar to
those used to derive the continuity equation. We are still considering the same domain D, velocity field u,
and volume V with a surface S.

We will also need to use the following two results.

Lemma 2.1. If u = (u1,us,us) is a continuously differentiable vector function, then
(u-V)u= (u-Vuy,u-Vug,u- Vus)

Lemma 2.2. If f is a continuously differentiable scalar function, V' a bounded region in the space, and S

the surface enclosing the region V', then
/ fndS = / vfdv
s v

Proof. Let f be a scalar function, and define a vector function F so that F = fc for some non-zero constant
vector ¢. Then by Gauss’s Theorem (Divergence Theorem),

/SF-ndS:/Vdiv(F)dV
/S(fc)-ndS:/Vdiv(fc)dV
/andS-c=/V(Vf-c)+fdiv(c)dv

/andS'C:/V(Vf-C)dV
/andS-c=/VVfdv-c
UsfndS—/VVfdv] e— 0. Sincec£0, then

/andS:/VVde

Now, let’s consider the law of conservation of momentum.
The momentum, I, can be written as I = [|,(pu) dV,
and the rate of change of momentum as dI/dt = d/dt [,,(pu)dV.

where n s the outward unit normal.



Also the net inflow of momentum is given by — fs(pu)u -ndS.

By the Law of Conservation of Momentum, the rate of change of momentum within the volume V' equals
the net inflow of momentum through the surface S plus the force F,, due to the pressure forces acting on
the surface S and the force F. due to the body forces per unit of mass acting inside the volume V. Thus we
have

al  d
dv = -ndS +F, 2.1
= Lo == [ (uuonds+ (21)
where F = F, + F. A quick check insures that the units work out correctly, (kfs)gn) = (]?i'))((::gg?z;) =

(kg)(m)(m)(m?)
(m3)(s)(s) -
Upon expanding (2.1) component wise, we get

/V %(pU) W /s ((puru) - m, (pugu) - m, (pugu) - n) dV +F.

Gauss’s Theorem (Divergence Theorem) applied to each component on the right hand side of the above
equation yields

/ ( %4‘% ) dV:—/V<V-(pU1U),V-(quu),V-(pusU)>dV+F-

Using the incompressibility condition and vector calculus gives

/ Py = - / (p(u- Vuy) + 13 (V - (o)) . p(u - Vg + 1 (V - (o)), p(u - Vasz) + a5 (V - (pu))) dV+F,
\%

Applying Lemma 2.1 leads to

/ gl:dV—/V(p(u~V)u+V~(pu)u) dV +F.

Now, using the continuity equation (1.4) and the incompressibility condition leads to V - (pu) = pV -u =0,
then

/ [aat-l-(u V) } dV =F. (2.2)

Notice that F is the total force acting on the fluid, so we can break it up so that F = F, + F., where F,
is the force due to pressure, and F. is some other external force. Pressure is force per unit area, so we can
write

- /S PndS (2.3)

where P = P(z,y, z,t) is the pressure. Again note the negative sign since the unit normal is outward. Also,
if A, represents the body forces per unit of mass, then the external force F, is given by

F, = / pA, dV (2.4)
1%

Substitution of (2.3), and (2.4) into (2.2) yields

/p L de/pAedV—/PndS.
v Lot | v s

By Lemma 2.2 (a consequence of the Divergence Theorem),

/p a—u—l—(u V)u dV:/pAedV—/VPdV
v Lot l v v

/ [ %t + p(u V)u—pAe—i-VP} dv =0.



Once again, the volume is arbitrary, so it must be the case that

Ou
P ot
Or by rearrange terms, we get Euler’s equation of motion

Ju VP
E""(UV)U—AE—T

+pu-V)u—pA,+VP=0.

(2.5)



