Ph.D. Qualifying Exam in Analysis Feb. 2000

Work at least 7 problems from Real analysis and 3 from complex analysis. Clear explanation is required at all stages of each ansv
You may quote standard theorems other than the one you may be trying to prove.

Real analysis questions

1. Let{FE;} be a sequence of measurable sets with the property that
Z,u(Ei) < 0.
i=1

Let S = {w € Q such thatw € E; for infinitely many values of}. Showu(S) = 0 andS is measurable.

2. Letf,, f be measurable functions with valuesGnWe say thatf,, converges in measure if

lm p(z e Q:|f(x) — fulz)] >€)=0

n—oo

for each fixect > 0. Prove the theorem of F. Riesz.jIf converges tg in measure, then there exists a subsequéiige} which
converges tg a.e.Hint: Choosen; such that

pla | f (@) = fo, ()] 2 1) < 1/2.

Choosens > n; such that

o |f(2) = fro (@) > 1/2) <1/2%

n3 > no such that

pla o |f(@) = faa(@)] 2 1/3) < 1/2°,
etc. Now consider what it means fei, () to fail to converge tof (). Use appropriate theorems to prove this.

3. Let(Q, F, 1) be a measure space and@tC L!(£2). We say thats is uniformly integrable if for every > 0 there exist® > 0
such that for allf € &6

|/ fdu| < e whenevep(E) < 6.
E

Show thai&| = {|f| : f € &} is uniformly integrable ifS is. Also show thats is uniformly integrable ifS is finite.

4. The theorem of de la Vallee Poussin states th&ti$ a family of measurable functions defined on a finite measure sfface)
and there exists a functiop, which is positive and increasing @f, co) with lim; ., g () = co and

sw{ [ 1fla(fhan: 1 e 8} <.
then is a uniformly integrable subset df' (2) having
sup{/|f(w)|du:f€6}<oo. (0.2)

Prove this theorem.

5. Let(2,F, u) be a measure space and supppseL! () has the property that wheneve(E) > 0,

1
m\/EfdM <C.

Show|f(w)| < C a.e.
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. Let(Q, F, u) be a measure space and suppfise: 2 — [—oo, oo] are measurable. Prove the sets

{w: flw) <glw)}and{w: f(w) = g(w)}

are measurable.

. Let{f,} be a sequence of real or complex valued measurable functions. Let

S ={w: {fn(w)} converges.

ShowsS is measurable.

. Letm(W) > 0, W is measurablel/’ C [a,b]. Show, using the axiom of choice, there exists a honmeasurable suli§et of

Hint: Letz ~ y if z — y € Q. Observe that- is an equivalence relation dR. LetC be the set of equivalence classes. Let
D={CnW:CeCandCnNW # 0}. If CNW e D, pick exactly one element ¢f N /. Denote byA the collection of these
points.

. Show that ifg is Borel measurable anflis measurable, thejio f is also measurable. Give an example of a Lebesgue measurable

function, f and a continuous function such thatf o g is not Lebesgue measurablélint: The second part of this can be
accomplished through the use of that strange function based on the Cantor set which is continuous, climbs from 0 to 1 and yet |
its derivative equal to zero on the complement of the Cantor set. Call this funktidhen considey; (z) = h (x) + z. Showg,

maps the Cantor set into a set having positive measure and then use the theorem which says there is a nonmesurable subset ¢
set. Now consideg = g; *, a continuous function along with = Xs o g;.

If S is an uncountable set of irrational numbers, is it necessarysthas a rational number as a limit poirint: Consider the
proof that a countable set of numbers has measure zero when applied to the rational numbers.

Complex analysis questions

. Itis desired to find an analytic functioh,(z) defined for allz € C \ {0} such thae’(*) = 2. Is this possible? Explain why or

why not.

. If f is analytic, show that — f (Z) is also analytic.

. Letf : U — C be analytic andf (z) = u (z,y) + iv (z,y) . Showu, v anduv are all harmonic although it can happen thas

not. Recall that a functiony is harmonic ifw,, + wy, = 0.

. Suppose that for some constamts # 0, a,b € R, f (z +ib) = f(z)forallz € Candf (z +a) = f(z)forallz € C. If fis

analytic, show thaf must be constant. Can you generalize thi?t: This uses Liouville’s theorem.

. Supposg is an entire function and thgthas the property that whenever we wrjtéz) as a power series expanded about a point

w, it follows that at least one of the coefficients in the power series must equal zero. Shgiwtlust be a polynomialHint:
Define a setA,, to be the pointsw such that iff (z) = > p-jax (z — w)" | it follows a,, = 0. Thus A,, consists of the points
where the power series gfcentered at these points has ttté coefficient equal to zero. Argue that somg is uncountable and
therefore has a limit point.

. We say a real valued function,is subharmonic it,, + uy, > 0. Show that ifu is subharmonic on a bounded region, (open

connected sef), and continuous o andu < m ondU, thenu < 0 on U. State and prove a theorem about the uniqueness of
the solutions to the equation,, + u,, = 0in U andu = f ondU. Hint for the first part: If not, « achieves its maximum

at (zo,yo0) € U. Letu (zg,y0) > m + J whered > 0. Now consideru. (z,y) = ex? + u (z,y) wheree is small enough that

0 < ex? < ¢ forall (x,5) € U. Show thatu. also achieves its maximum at some pointoénd that thereforey.,, + Usyy < 0

at that point implying that.,, + u,, < —¢, a contradiction.



