
Phd Exam Fall 2002
Work at least 7 problems from the real analysis section and at least 3 from the complex analysis section.

Real Analysis

1. Give an example of a measure space,(Ω, µ,F), and a sequence of nonnegative measurable functions{fn}
converging pointwise to a functionf , such that inequality is obtained in Fatou’s lemma.

2. Let(Ω,F , µ) be a measure space and supposef, g : Ω → [−∞,∞] are measurable. Prove the sets

{ω : f(ω) < g(ω)} and{ω : f(ω) = g(ω)}

are measurable. Note you can’t add or subtract functions which have values in this space and expect the
operations to be continuous.

3. LetE be a countable subset ofR. Showm(E) = 0.

4. Given1 > ε > 0, show there exists an open setE ⊆ [0, 1] dense in[0, 1], andm(E) = ε. Hint: Recall
the construction of the Cantor set. Next show there exists a strictly increasing function,f, which has the
property that its derivative equals zero on a set of positive measure.

5. Let f : Rn→ R be defined byf (x) ≡
(
1 + |x|2

)k
. Find the values ofk for which f is in L1 (Rn). Hint:

Use polar coordinates.

6. LetB be a Borel set inRn and letv be a nonzero vector inRn. SupposeB has the following property. For
eachx ∈ Rn, m({t : x + tv ∈ B}) = 0. Then showmn(B) = 0. Note the condition onB says roughly
thatB is thin in one direction.

7. If f : Rn → [0,∞] is Lebesgue measurable, show there existsg : Rn → [0,∞] such thatg = f a.e. andg
is Borel measurable.

8. SupposeE is a Lebesgue measurable set which has positive measure and letB be an arbitrary open ball
and letD be a set dense inRn. Establish the result of Sḿital, which says that under these conditions,
mn ((E + D) ∩B) = mn (B) where heremn denotes the outer measure determined bymn. Is this also
true forX, an arbitrary possibly non measurable set replacingE in which mn (X) > 0? Hint: Let x be a
point of density ofE and letD′ denote those elements ofD, d, such thatd + x ∈ B. ThusD′ is dense in
B. Now use translation invariance of Lebesgue measure to verify there exists,R > 0 such that ifr < R,
we have the following holding ford ∈ D′ andrd < R.

mn ((E + D) ∩B (x + d, rd)) ≥

mn ((E + d) ∩B (x + d, rd)) ≥ (1− ε) mn (B (x + d, rd)) .

Argue the balls,mn (B (x + d, rd)), form a Vitali cover ofB.

9. LetE be a Lebesgue measurable set inR. Supposem(E) > 0. Consider the set

E − E = {x− y : x ∈ E, y ∈ E}.

Show thatE − E contains an interval.Hint: Let

f(x) =

∫
XE(t)XE(x + t)dt.

Notef is continuous at0 andf(0) > 0. Remember continuity of translation inLp.
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10. Suppose for allf ∈ Cc (0,∞) , ||Af ||Lp(0,∞) ≤ K ||f ||Lp(0,∞) whereA is a linear operator defined on
Lp (0,∞) . Does this inequality hold for allf ∈ Lp (0,∞)? Explain why or why not. Here it is understood
that the measure is ordinary Lebesgue measure.

11. Letf be inL1
loc(Rn). ShowMf, the Maximal function, is Borel measurable. Recall

Mf (x) ≡ sup
r>0

1

m (B (x, r))

∫
B(x,r)

|f (x)| dx.

Complex Analysis

1. It is desired to find an analytic function,L (z) defined for allz ∈ C \ {0} such thateL(z) = z. Is this
possible? Explain why or why not.

2. If f is analytic, show thatz → f (z) is also analytic.

3. Letf : U → C be analytic andf (z) = u (x, y) + iv (x, y) . Showu, v anduv are all harmonic although it
can happen thatu2 is not. Recall that a function,w is harmonic ifwxx + wyy = 0.

4. Suppose that for some constantsa, b 6= 0, a, b ∈ R, f (z + ib) = f (z) for all z ∈ C andf (z + a) = f (z)
for all z ∈ C. If f is analytic, show thatf must be constant. Can you generalize this?Hint: This uses
Liouville’s theorem.

5. Supposef is an entire function and thatf has the property that whenever we writef (z) as a power series
expanded about a pointw, it follows that at least one of the coefficients in the power series must equal
zero. Show thatf must be a polynomial.Hint: Define a set,An to be the points,w such that iff (z) =∑∞

k=0 ak (z − w)k , it follows an = 0. ThusAn consists of the points where the power series off centered
at these points has thenth coefficient equal to zero. Argue that someAn is uncountable and therefore has a
limit point.

6. We say a real valued function,u is subharmonic ifuxx + uyy ≥ 0. Show that ifu is subharmonic on a
bounded region, (open connected set)U, and continuous onU andu ≤ m on ∂U, thenu ≤ 0 on U. State
and prove a theorem about the uniqueness of the solutions to the equation,uxx +uyy = 0 in U andu = f on
∂U. Hint for the first part: If not, u achieves its maximum at(x0, y0) ∈ U. Let u (x0, y0) > m + δ where
δ > 0. Now consideruε (x, y) = εx2 +u (x, y) whereε is small enough that0 < εx2 < δ for all (x, y) ∈ U.
Show thatuε also achieves its maximum at some point ofU and that therefore,uεxx +uεyy ≤ 0 at that point
implying thatuxx + uyy ≤ −ε, a contradiction.

7. Use Rouche’s theorem to prove the fundamental theorem of algebra which says that ifp (z) = zn +
an−1z

n−1 · · · +a1z + a0, thenp hasn zeros inC. Hint: Let q (z) = −zn and letγ be a large circle,
γ (t) = reit for r sufficiently large.

8. Prove Liouville’s theorem from the Cauchy integral formula.
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