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Student Number

Math 112 — Fall 2005

Departmental Final Exam

Instructions:

e The time limit is 3 hours.

e Problem 1 is a matching question; each correct match is worth 1 point.

e Problems 2(a) through 2(g) are true-false questions, each worth 1 point.

e Problems 3 through 10 are multiple choice questions, each worth 3 points.

e For problems 11 through 22, give the best answer and justify it by giving suitable reasons
and/or by showing relevant work.

e Work on scratch paper will not be graded.
e Please write neatly.
e Notes, books, and calculators are not allowed.

e Expressions such as In(1), ", sin(7/2), etc. must be simplified for full credit.

For administrative use only:
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Matching.

1. (6 points) Assign each graph to its most likely family of functions. (Some families are not
represented—leave them blank.)

d——ﬂ"ﬂf

D\ Jans] o

\/ |
F_ Cubic A Exponential Hyperbolic
C __ Linear B Logarithmic Logistic
D Quadratic E _ Sinusoidal Surge

True or False.

2. (7 points) Mark T if true under all circumstances; mark F otherwise.

_ T a) The function f(x) = 22 does not change concavity.

_ T b) A cubic function on R always has an inflection point.

_ T _ c¢) The function f(z) = 2 changes concavity but has no inflection point.
_T d) A strictly increasing function defined on R may have a critical point.
_F e) A strictly increasing function defined on R may have an extremum.
_ T f) A global extremum is also a local extremum.

T  g) A continuous function may not be differentiable.



Multiple Choice. Use the following chart to show your choices for Problems 3-10. Shade in your
choice. Only this chart will be graded on these problems.

Problem 3 || (a) | (b) | (c) | W | (e) | (f)
Problem 4 || (a) | (b) | (c) | W | (e) | (f)
Problem 5 || B | (b) | (¢) | (d) | (e) | ()
Problem 6 || (a) | B | (¢) | (d) | (e) | (f)
Problem 7 || (a) | B | (c) | (d) | (e) | (f)
Problem 8 || (a) | (b) | (c¢) | (d) | W | ()
Problem 9 | (a) | (b) | (c¢) | (d) | W | ()
Problem 10 || (a) | W | (c) | (d) | (e) | (f)
3. (3 points) f03 2z cos(z? + 1) dox =
(a) fog cosu du (b) (f03 2 da:) (f03 cos(x? + 1) dx) (c) flw cos(u+ 1) du
(d) fllo cosu du (e) fow cos 2z dx (f) None of the above.

4. (3 points) The integral ffz(az‘l + 323 — 722 + 52 — 3) dr may be simplified to
(a) 2 [2(z* —72?) dx (b) [2,(22% —T2® —3)dzx  (¢) 2[7(32%+ 5z)da

d) 2[2a* =722 =3)de  (e) 2/ (32 +5x—3)dr  (f) None of the above.

5. (3 points) A particle in a force field experiences an acceleration a(t) = 15sin3¢. If the initial
position is s(0) = 0 and the initial velocity is v(0) = 6, find the position function s(t).

(a) 11t — 2sin3t (b) 11t — 2sin3t+ 3 (c) t—2sin3t

(d) t—2sin3t—2 () 11 —5cos3t (f) None of the above.

6. (3 points) The position (in centimeters) of a particle at time t (in seconds) is given by s(t) =
t3+t+8,t €[0,1]. Find a time ¢; € (0,1) such that the velocity of the particle at time ¢; is
equal to its average velocity over the time interval [0, 1].

) - b) L © V3
(d) =+1 (e) No such t; exists. (f) None of the above.



7. (3 points) The base of a rectangle is increasing at the steady rate of 3 cm/sec at the same
time that the altitude of the rectangle is decreasing at the rate of 0.5 cm/sec. At a particular
instant, the rectangle is a square with side 20 cm. At that instant, how is its area changing?

(a) 40 cm?/sec (b) 50 cm?/sec (c) 60 cm?/sec
(d) 70 cm?/sec (e) The area is not chang- (f) None of the above.
ing.

8. (3 points) Given f(z) = 22 + 1 and g(z) = Inz, compute di[g(f(x)]
x

1 2lnx
(a) 2z + - (b) . () 2
241 2
(d) 2zlnz+ a ;_ (e) 2 j_ ] (f) None of the above.

9. (3 points) Given the position function s(t) = ¢t — cos2¢,¢ > 0, what is the velocity when the
acceleration first becomes zero?

(a) —2v3 (b) -1 (c) 1 (d) 2 (e) 3 (f) None of the above.

10. (3 points) Walter wants to estimate /15 and decides to use Newton’s method to find the
positive zero of f(z) = 22 — 15. If he chooses x1 = 4, what does he get for 5?

(a) 3873 (b) 3875 (¢) 4 (d) 4.125 (e) wz2isundefined. (f) None of the above.



Essay Problems. Write out your solutions to Problems 11-22 in the space provided. Show enough
work to reveal your thought processes. Make the obvious simplifications.

1
11. (4 points) Given f(x) = vt 5 find a formula for f=!(z).
x p—
1
SOLUTION: p=21
y—2
Switching variables: 2pts. xy—2x=y+1
Correctly solving: 2pts. xy—y=2x+1
—1 per mistake (x—1ly=2x+1
2z +1
_1 = =
fra)=y=——

12. (4 points) Sketch the graph of a continuous function f defined on (—o0, 00) and satisfying the

properties
—1<f(x)<1, f(0)=1, lim f(z)=0, and lim f(z)=-1.
r—00 r——00
1‘/7\\
: each condition is 1 pt.
0 57 not continuous: —1
10 -5 0 | 5 10 15
] S x
\ /
Jos54 N/
\
]
R 1

13. (8 points) Find the limits. If the limit is co or —oo, so state; if the limit does not exist but is
not oo or —oo, write DNE.

- 4
aall Y p lir%(m—k?)) =6 (e) lim lz =4 lim (1) = -1

r—4—- T — 4 r—4—

(a) lim

v_1 z —4
(b) lim & = lim = =1 (f) lim |i_4|




14. (5 points) (a) State the definition of lim f(z) = L.

xr—c

SOLUTION: lim f(z)=Liff Ve>030>0:0<|z—¢|<d=|f(z)—L|<e

r—cC

worth 2 pts. —1 for any mistake (up to 2 mistakes).

(b) Use the definition in (a) to prove that lin%(élx -3)=5.
r—

SOLUTION: Given € >0, let 6 < §.

Then 0 <[z 2|/ <d= |4z —3) -5 =4z - 8| =4[z - 2| <4 - | =«
Worth 3 pts: Choice of §: 1 pt.

Reduction of |(4z — 3) — 8|: 1 pt.

< e 1 pt.

15. (4 points) A certain radioactive substance loses 20% of its mass in one year. What is the
half-life of the radioactive substance?

SOLUTION: Q= Qe ™, t=1yr=Q =.8Q0:.8Q) = Qe " =

1 1
.8:e_k:>;:ek:>k:1n<80>:ln<i>.

In2 In 2
kh=Tn2=h=—-= 1
decay formula: 1 pt. computation of k: 1 pt.

relationship of h to k: 1 pt. finding h: 1 pt.

av
16. (4 points) A certain commodity grows in value V at the rate of i 30e%93 at time ¢,

0 <t < 10. If its initial value is $50, what is its value at time ¢ = 107 [Hint: Use the
Fundamental Theorem; you need not simplify.]

10 dV 10
SOLUTION: / —7 At = V(10) = V(0) = V(10) = V(0) + / 30e%03 gt
0 0

6.03t 10

Fund. theorem or equivalent: 1 pt. =50+ 30 <03‘0 >
o 30 , 4

correct antiderivative: 1pt. =50+ 03 (e” —1)

correct initial value: 1 pt. = 50 + 1000(e® — 1)

correct answer: 1 pt.



17. (3 points) Estimates of f; f(x)dx by the trapezoidal rule with n = 5 and n = 10 are 1.057 and
1.125, respectively. Determine the concavity of f, given that the concavity does not change

over (a,b).
SOLUTION:
Observ.: Ty > T5: 1 pt.

indication that T}, is linear estimate: 1 pt.

Correct answer: 1pt.

18. (6 points) Consider the function

et —1, <0
f@) = {ln(l—f—x), z >0,

(a) Is f continuous at 07 Justify your answer.

SOLUTION:

lirél_ flz) = li%l_(ex -1)=0 (1 pt.)
lir{)l+ fz) = lir(r]l+ In(l14+2x)=0 (1 pt.)
- lim () =0 = (0) (1 pt).

(b) Is f differentiable at 07 Justify your answer.

SOLUTION:
. f(O+h)—f(O) .. f(h)
! _ —
F0) = =
1
h<0: lim @_1 M:hmﬂzl
h—0— h h—0— h h—0— 1
h h
h>0 lim@— m € 1:hm 6——1
h—0t h h—0+ h—ot+ 1
f1(0) =1
. : 2 2 dy
19. (4 points) Given z* — zy + y~ = 5, calculate T
x
SOLUTION:
dy dy
20 —y—x— +2y— = 2 .
x—y xdx+ ydm 0 (2 pts.)
dy
—x)— =y —2 1 pt.
2y—2) - =y—22 (1 pt.)
dy y— 2z
= = 1 pt.
dx 2y — x (1pt.)

Ti9 > 15 = f is concave downward.



200t

20. (6 points) The function I(t) = —— represents the rate of infection of a disease (the rate at

21.

341

which a disease spreads), in people per month, where ¢ is the time, in months, since the disease
broke out.

(a)

At what time is the rate of infection the highest?

200(t3 + 1) — 200¢(3t2 200t3 + 200 — 600¢3
SOLUTION: I'(f) = 00(3 4+ 1) — 200¢(3 ): 00t3 + 200 — 600

(t341)2 (13 +1)2
—400¢% 4+ 2 1 1
:M:O:>400t3:200:>t3:7:>t:—.
(t3+1)2 2 V2

1
1(0) =0; I { —= ] > 0. Unique cr. pt. = max.
(0) (%> q p

Compute I'(t): 1 pt.
Find crit. pt.: 1 pt.
Argue for max: 1 pt.

t
Suppose N (t) = / I(x)dxz. Explain in the context of the problem what the function N ()
0

measures.

SOLUTION: Since I(t) is a rate of change, N(t) is the total change, or the total number
of people infected by time t. (2 pts.)

Calculate d—N
dt

AN
SOLUTION: —- =1(t).  (1pt)

(6 points) Given the function F(z) = [ V2 +4 dt

(a)

(b)

Explain why F' is increasing on (0, 00).

SOLUTION: F'(z) =+Vax?2+4> 0= F is increasing.

Explain why there is a point p between 0 and 1 such that F(p) = 2.
1 1
SOLUTION: F(1)= / VT ddt > / 2dt  (Since Vi +4 >4 on [0,1].)
0 0
=2
0
F(0) = / V2 +4dt =0 < 2. Since F is continuous, there must be some p € (0,1) such
0
that F(p) =2, by IVT.
F(0) <2: 1pt; F(1) > 2: 1 pt; IVT: 1 pt.



22. (9 points) Suppose g is a differentiable function defined on all of R and having the properties
(1) For all real numbers v and v, g(u + v) = g(u) + g(v) + 2uv, and

@) o 252 =

(a) Use the definition of derivative to find ¢'(x).

SOLUTION:

g(xz +h) —g(z) g(x) + g(h) + 2zh — g(z) g(h)

o) = oy D < o ARV 9 e
def. of der. 1 pt. Using (1): 1 pt. Using (2): 1 pt. Finding limit: 1 pt.

(b) Use Property (1) to find g(0).
SOLUTION:
9(0) = g(0 +0) = g(0) + g(0) + 0 = ¢(0) = 29(0) = g(0) = 0.
Using (1): 1 pt.
Setting u or v = 0: 1 pt.

Answer: 1 pt.
(¢) Find g(z). Justify your answer.
SOLUTION: ¢'(z)=22+3=g(x)=2*+3z +c
0=g(0)=c= g(x)=2°+3z

antiderivative: 1 pt.
c=0:1 pt.



