
Math 113 Exam 2 Practice

February 12, 2008

Exam 2 will cover sections 6.5, 7.1-7.5 and 7.8. This sheet has three sections. The first section will
remind you about techniques and formulas that you should know. The second gives a number of
practice questions for you to work on. The third section give the answers of the questions in section
2.

6.5: Average Value of a Function

(a) Find the average value of the following functions over the specified interval
(b) Find a c in the interval on which the function achieves its average value. (Such a c is guaranteed
to exist, by the Mean Value Theorem for Integrals.)

7.1: Integration by Parts
∫

u dv = uv −
∫

v du

• Integration by parts is most often useful when integrating a function of the form xnex, xn sin x,
xn cos x, xn ln x. If possible, you want to choose u to be a function that becomes simpler when
differentiated, and dv to be a function that can be readily integrated. This usually means you
should choose u = xn. (But in the case xn ln x, choose u = ln x).

• Integration by parts is also useful for integrating inverse functions such as sin−1 x, tan−1 x,
ln x or functions involving these as factors. In this case, you should choose u = sin−1 x,
u = tan−1 x, or u = ln x accordingly, even if there are no other factors in the integrand (i.e.,
you can set dv = dx).

7.2: Trigonometric Integrals

• For
∫

sinm x cosn x dx:
If n is odd, save one cos x and convert the rest to sin using cos2 x = 1− sin2 x
If m is odd, save one sin x and convert the rest to cos using sin2 x = 1− cos2 x
If both m and n are even, use the identities sin2 x = 1−cos 2x

2 and cos2 x = 1+cos 2x
2 .

• For
∫

tanm x secn x dx:
If n is even, save one sec2 x and convert the rest to tan using sec2 x = tan2 x + 1
If m is odd, save a sec x tan x, and convert the rest to sec using tan2 x = sec2 x− 1.
If m is even and n is odd, convert everything to sec and integrate by parts with dv = sec2 x.
(This last case will require “solving” for the desired integral.)

• For
∫

tann x dx, convert one tan2 x to sec2 x− 1 and split the problem into two integrals.
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•
∫

sec x dx = ln | sec x + tan x| + C.

• A similar strategy applies for
∫

cotm x cscn x dx.

7.3: Trigonometric Substitution

• If the integrand involves
√

a2 − x2, use x = a sin θ.

• If the integrand involves
√

x2 + a2, use x = a tan θ.

• If the integrand involves
√

x2 − a2, use x = a sec θ.

• If the integrand involves
√

ax2 + bx + c, complete the square to get it into the form
√

a(x− h)2 + k.
After factoring out the a and applying the substitution u = x− h, the integrand will then fit
one of the three forms above.

• Avoid using a trigonometric substitution when a regular u-substitution is possible.

7.4: Integration of Rational Functions by Partial Fractions

Rational functions consist of fractions of polynomials. We can split rational functions into simpler
pieces by partial fractions. Remember that partial fraction decompositions are based on linear and
quadratic factors in the denominator. For each linear factor, we have a term with a constant in the
numerator and the factor in the denominator. For each irreducible quadratic, we have a term with
a linear function in the numerator and the quadratic in the denominator. For example,

x2 − x + 2

(x− 1)(x + 2)(x2 + x + 3)
=

A

x− 1
+

B

(x + 2)
+

Cx + D

x2 + x + 3
. (1)

We just need to determine the values of A, B, C and D. This is done by plugging in values for x:
You need to plug in as many numbers as you have constants. Using some numbers, (like -2 and 1 in
this case) makes your life easier, but any four numbers will do. Notice that if we multiply equation
1 by the denominator on the left side, we get

x2 − x + 2 = A(x + 2)(x2 + x + 3) + B(x− 1)(x2 + x + 3) + (Cx + D)(x− 1)(x + 2). (2)

Letting x = −2 in equation 2 gives 8 = −15B, so B = −8/15. Letting x = 1 gives 2 = 15A, so
A = 2/15. Letting x = 0 gives 2 = 5A− 3B − 2D. Knowing A and B helps us to find D. Finally,
if x = −1, 4 = 9A− 6B + 2C − 2D, allowing us to solve for C.

Remember that repeated factors must give repeated terms with increasing exponent in the
denominator. For example,

x3 + 2x2 + 2x− 5

(x− 2)3(x2 + 9)2
=

A

x− 2
+

B

(x− 2)2
+

C

(x− 2)3
+

Dx + E

x2 + 4
+

Fx + G

(x2 + 4)2

Finally, remember partial fractions only works if the degree in the numerator is less than the
degree in the denominator. Otherwise, you need to divide and use partial fractions on the remainder.

7.8 Improper Integrals

Since this is the only section from chapter 7 on this exam, it should be pretty easy to spot Improper
integrals. However, that will not be the case on the final. You should make sure you can recognize
improper integrals and know how to solve them.

Remember, there are two types of improper integral:
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• Infinite length: Integrals of the type
∫ a

−∞
f(x) dx,

∫ ∞

a

f(x) dx.

• Unbounded integrand. Integrals of the type

∫ b

a

f(x) dx,

∫ a

c

f(x) dx

where f has an infinite discontinuity at a.

Remember, in each type, there is a ”problem” that a definite integral cannot handle. We remove
the problem by turning it into a limit:

∫ ∞

a

f(x) dx = lim
b→∞

∫ b

a

f(x) dx

∫ a

c

f(x) dx = lim
b→a−

∫ b

c

f(x) dx.

Some things to remember when calculating improper integrals:

• Do not forget to set up an improper integral as a limit. You will likely have points deducted
if you do not. It is the only way for the grader to tell that you know what you are doing.

• Watch out for infinite discontinuities in the middle of the interval. You must split the integral
at the discontinuity in that case.

Appendix G

This section is somewhat of a departure from Chapter 8. This section is basically included to fill
some gaps in your mathematical education. We can understand the natural logarithm better if we
define it as an area integral, than if we just define it as the inverse of the natural exponential. In
some ways, it is a more ”natural” way to develop these two functions.

As you prepare for the exam, you should concentrate on two aspects:

• Use the area integral form of the natural logarithm to approximate it (by approximating the
area).

• Be able to prove some of the properties of the natural logarithm using the area integral form
of the natural logarithm.
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Questions

Try to study the review notes and memorize any relevant equations before trying to work these
equations. If you cannot solve a problem without the book or notes, you will not be able to solve
that problem on the exam.

For the questions 1 to 3, find the average value
of the function over the interval, and find the
value c where f(c) is equal to the average value
(or show why no such value exists).

1. f(x) = x2 − x + 2, [−1, 2]

2. f(x) = sin2 x, [0, π
2 ]

3. f(x) = 1/(x + 1), [0, 2]

For problems 4 to 30, evaluate the integral.

4.
∫

x cos x dx

5.
∫ π

2
0 x sin x dx

6.
∫ 1

0 x2ex dx

7.
∫ 1

0 sin−1 x dx

8.
∫

2x tan−1 x dx

9.
∫

ln x
x2 dx

10.
∫

ex cos x

11.
∫ √π√

π
2

x3 sin(x2) dx [Hint: First use a u-

substitution]

12.
∫ π

6
0 sin2 x cos3 x dx

13.
∫ π

3
0 cos4 x dx

14.
∫ π

4
0 tan x sec2 x dx

15.
∫

tan2 x sec2 x dx

16.
∫

tan6 x dx

17.
∫

tan2 x sec x dx

18.
∫

1
x
√

x2+1
dx

19.
∫ 2
√

3

0
x3

√
16−x2 dx

20.
∫

1
x2
√

25+x2 dx

21.
∫

x√
x2+2x

dx

22.
∫ 1

2

− 1
2

x√
x2+x+ 5

4

dx

23.
∫

x√
4x−x2 dx

24.
∫ 1

0
2x−1

x2−x−2 dx

25.
∫

6
x3+2x2+x dx

26.
∫

x2+x−5
x2−1 dx

27.
∫

x−1
x3+x dx

28.
∫

x3

x4+2x2+1 dx

29.
∫ 16

9

√
x

x−4 dx [Hint: Use a rationalizing sub-
stitution]

30.
∫ π

2
0

1
2−cos x dx [Hint: Use the substitution

t = tan(x
2 )]

For questions 31 to 37, evaluate the inte-
gral, or show that it diverges.

31.

∫ ∞

2

1

x ln x
dx

32.

∫ ∞

1

ln x

x4
dx

33.

∫ ∞

1

1

(2x + 1)3
dx

34.
∫ 1

0 ln x dx = −1

35.
∫ π

π/2 sec x dx

36.
∫ 1

0 ln x dx =∞

37.
∫ 4

1
dx

x2−4

For questions 38 to 39, use the Compari-
son Theorem to show whether the improper
integral converges or diverges.

38.

∫ ∞

1

tan−1 x

x2
dx

39.

∫ ∞

1

2 + e−x

3
√

x2
dx
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40. By comparing the areas, show that
2(1

3 + 1
5 + ... + 1

2n+1) < ln(2n + 1) <
2(1 + 1

3 + ... + 1
2n−1).

41. Find the equation of the tangent line to
the curve y = 1/t that is parallel to the
secant line AD, where A = (1, 1) and D =
(1, 1/3).

42. What is log√10 10 + ln(1
e) + 2 log5

5
2 +

log25 16?

(a) 5

(b) 7
2

(c) 3

(d) 3
2

(e) 3− log5 2

(f) 5− log5 2

43. Which one is NOT right?

(a) ln x means the area under the curve
y = 1/t from t = 1 to t = x;

(b) limx→−∞ ex = limx→−∞ xex = 0;

(c) limx→0+ x ln x = limx→0+
√

x ln x = 0;

(d)
∫∞

1
1

x(ln x)dx is convergent;

(e) d
dxax = (ln a)ax.

Answers

1. fave = 5
2 , c = 1±

√
3

2

2. fave = 1
2 , c = π

4

3. fave = 1
2 ln 3, c = 2

ln 2 − 1

4. x sin x + cos x + C

5. 1

6. e− 2

7. π
2 − 1

8. x2 tan−1 x− x + tan−1 x + C

9. − 1
x ln x− 1

x

10. . 1
2e

x(sin x + cos x) + C

11. 1
2(π − 1)

12. 17
480

13. π
8 + 7

64

√
3

14. 1
2

15. tan3 x
3 + C

16. tan5 x
5 + tan3 x

3 + tan x− x + C

17. 1
2(sec x tan x− ln | sec x + tan x|) + C

18. ln |x| − ln |
√

x2 + 1 + 1| + C

19. 40
3

20. −
√

x2+25
25x + C

21.
√

x2 + 2x− ln |x + 1 +
√

x2 + 2x| + C

22.
√

2− 1− 1
2 ln(

√
2 + 1)

23. 2 sin−1(x
2 − 1)−

√
4x− x2 + C

24. 0
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25. ln |x| − ln |x + 1| + 1
x+1 + C

26. x− 3
2 ln |x− 1| + 5

2 ln |x + 1| + C

27. − ln |x| + 1
2 ln |x2 + 1| + tan−1 x + C

28. 1
2(ln |x2 + 1| − tan−1 x + x+1

x2+1)

29. 2(ln 5− ln 3)

30. 2
√

3
9 π

31. Diverges.

32. 1
9

33. 1
36

34. -1

35. Diverges.

36. ∞

37. Diverges.

38. Converges. Make the comparison
tan−1 x

x2
<

π/2

x2
.

39. Diverges. Make the comparison
2 + e−x

3
√

x2
>

2
3
√

x2
.

40.

41.

42. c)

43. d)
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